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ON COMPLETE TOPOLOGICAL SPACES* 


BY 
JOHN von NEUMANN 


INTRODUCTION 


1. The notion of “completeness” is usually defined only for metric spaces 
(cf. for instance [1], p. 103). This seems reasonable, because this notion 
necessarily involves a certain “uniformity of the topology” of the space under 
consideration. Indeed, the definition of “completeness” is as follows: 


DeriniTion I. Jf M is a space in which there is defined a metric dist (f, g) 
satisfying the usual postulates for distance ({1], p. 94), then a sequence F: 
hi, fo, - + - is fundamental if, for every 5>0, there exists an m=m,(6) such that 
m, n=m, imply dist (fm, fn)<5; and F is convergent if there exists an f such 
that, for every 5>0, there exists an n2=n2(5) such that n=nz implies dist 
(f, fn) <6. M is complete if every fundamental sequence is convergent. 


The need of uniformity in M arises from the fact that the elements of a 
fundamental sequence are postulated to be “near to each other,” and not 
near to any fixed point. As a general topological space (cf. for instance [1], 
pp. 226-232) has no property which lends itself to the definition of such a 
“uniformity,” it is improbable that a reasonable notion of “completeness” 
could be defined in it. 

However, linear spaces (cf. [1], pp. 95-97, and Definition 1 in this paper), 
even if only topological, afford a possibility of “uniformization” for their 
topology: because of their homogeneity everything can be discussed in the 
neighborhood of 0. Thus one might introduce 


Dertniti0n I’. If L is a linear space (cf. above) with a topology (cf. [1], 
pp. 226-232; of course the “linear” operations of [x a real number] and f+g 
are supposed to be continuous), then a sequence fi, fe, - - - is fundamental if, 
for every neighborhood U of 0 (zero), there exists an m=m,(U) such that 
m,n=n, imply fn—fr.eU ;} and convergent if an f can be found so that for every 
neighborhood U of 0 there exists an n2=n2(U) such that n= nz implies f —f,eU. 
L is complete if every fundamental sequence is convergent. 


* Presented to the Society, December 28, 1934; received by the editors June 7, 1934. 

+ The fact that an element x belongs to a set S will be denoted by xeS (not by xC S), while TC S 
will mean that the set T is a subset of the set S. Other set-theoretical notations will be used: the sum 
of a set (S, T,- + + ) of sets isO(S, T, - - - ), the product (that is, the common part of the elements) 
of T,--+)isPB(S, +++), and the complementary set to S is CS. (These are not the notations 
of [1].) 
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This coincides with the previous definition if one defines, as usual, the 
neighborhoods of a point fo in the linear-metric case (in which dist (f, g)= 
dist (f—g, 0) =dist (f—g)) as spheres S(fo; 5): dist (f, fo) =dist (f—fo) <4, 
5>0. 

Another important notion is “total boundedness” (cf. [1], p. 108). We 
give the usual definition in the metric case and the generalization for the 
linear-topological case: 

DEFINITION II. Jf M is a space in which a metric dist (f, g) is defined (cf. 
above), a set Sc M is totally bounded if, for every 5>0, there exist a finite num- 
ber of spheres S(fi; 5), - - - , S(fn; 8) (of course n, fi, --- , fn all depend on 5) 
such that M S(S(fi; 6), - , SCfn; 8)). 

DeFIniTION II’. If Lis a linear space with a topology (cf. above), aset Sc L 
is totally bounded if, for every neighborhood U of 0, a finite number of points 
hi, fn exist (n, fi, -- +, fn all depend on U) such that McS(fit+U,---, 
fn+U).* 

Finally, we repeat the well known definition of “compactness” in a form 
which is particularly suited for our purposes. 


DeFiniTI0Nn III. Jf N is any topological space (cf. above) a set Sc N is 
compact if every infinite set T ¢ S has a condensation pointt feS. If we require 
only feN, this expresses (at least if the countability axiom is satisfied) that S 
has a compact closure. 


An important fact connecting these notions is that I and II imply III 
(with NV =M), the proof resulting from a simple application of the diagonal 
principle (cf. [1], pp. 108-109). The proof can be transferred immediately to 
the non-metric case: I’ and II’ imply III (with N=L), provided that the 
topology of Z fulfills Hausdorff’s first countability axiom (cf. [1], p. 229, 
axiom (9); for the proof, cf. Theorem 15 in this paper). That is: if L is com- 
plete and fulfills Hausdorff’s first countability axiom, every totally bounded 
set Sc Z has a compact closure. 

2. It seems desirable, for various reasons, to get rid of the restriction rep- 
resented by the countability axiom. Some important examples of linear spaces 
do not fulfill it.{ Furthermore, the notions of total boundedness and closure- 

* If L is a linear space, we use the following notation: (f, geL; S, TC L; a, B real numbers): 
aS is the set of all af, feS; f+S is the set of all f+g, geS; S+T is the set of all fg, feS and geT. 
Note that a(S+T7)=aS+aT, (a8)S=a(8S), and S+T=T+S, (S+T)+R=S+(T+R); but only 
the weakened conditions aS+8S> (a+8)S, (S+T)FT2 S are valid. 

tf is a condensation point of T if $(7, U) is infinite for every neighborhood U of f. 

t For example, Hilbert space in its “weak” topology (cf. for instance [2], p. 379); the space of 
all bounded operators in Hilbert space, in its “strong” and in its “weak” topology (cf. [2], pp. 381- 
382; for the discussion of all these topologies, [2], pp. 378-388). 
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compactness play an important role in the general theory of almost periodic 
functions (cf. the following paper of S. Bochner and J. von Neumann on this 
subject), and their equivalence is necessary for the smooth working of this 
theory, which makes no other use of the countability axiom, and which there- 
fore should be workable without its help. (This has actually been done, loc. 
cit., by the use of the results of this paper.) But if we use the definition of 
completeness given in I’, then II’ does not necessarily imply III (that is, total 
boundedness does not imply closure-compactness) if the countability axiom 
does not hold. Therefore we have to find another definition of completeness 
which leads to the desired implication. 
The simplest thing is to postulate this directly: 


DerFiniTIon IV. Jf L is a linear space with a topology, it is topologically 
complete if every totally bounded set Sc L has a compact closure. 


For metric linear spaces, and even for every linear space satisfying the 
countability axiom, this is equivalent to the usual definition of completeness 
(I or I’; cf. Theorem 15). The various spaces mentioned at the beginning of 
this chapter are topologically complete (cf. Theorem 23). The most impor- 
tant property of this notion is, however, that if LZ is topologically complete, 
the linear space formed by the functions with a given domain D and with a 
range CL is (if subjected to certain restrictions, like boundedness, etc., 
cf. Definition 11) topologically complete too. This is rather obvious for the 
Definitions I and I’, but not at all for IV; we will prove it in Theorem 18. 
All these properties make our notion of topological completeness just as use- 
ful for various applications (for instance in the generalized theory of almost 
periodic functions, as mentioned above), as the usual notion of (metric) 
completeness, while its range of generality is essentially wider. 

We now pass on to the exact exposition of the subject. 


I. DEFINITIONS 


3. We define linear spaces in the usual way (cf. for instance [1], pp. 
95-97): 


DEFINITION 1. The set L is a linear space, if, for f, geL and any real number 
a,* af and f+g are in L and are defined so that 
(1) (2) 
(3) (4) a(Bf) = (o8)f, 
(5) (a + B)f = af + Bf, (6) a(f + g) = of + ag, 
(7) fth=g+himblies f = g. 


* It would be sufficient to admit only rational a’s. 
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By (3) and (5), f+0-f=f; by (1) and (2), (f+g)+0-f=f+g; by inter- 
changing f and g, (f+g)+0-g=f+g; by (7), 0-f=0-g. Thus 0-f is independ- 
ent of f; and we call it 0 (zero). We have f+0=/. Writing —f for (—1)-f, (5) 
gives f+(—f)=0; writing f—g for f+(—g), (1) and (2) give (—g)+g=f; 
and by (7), x=f-—g is the only solution of «+g=f. Now all rules of compu- 
tation for 0, —f, f—g are easily deduced. 

A metric (or an “absolute value”) in L is defined in the usual way (cf. 


[1], p. 97): 
DEFINITION 2a. The linear set L is metric if, for every feL, a real number 
\|f||, its “absolute value,” is defined, such that 


(1) > ors 0, (2) (3) +llell. 


The metric is then defined by dist (f, g) =||f—gl|. 

This dist (f, g) possesses the characteristic properties of a distance and 
can be used to define a topology in L (cf. [1], p. 94; also the end of paragraph 
1 of this paper). However, we shall not assume that L is metric, but only that 
it has a topology. This is done in the following definition, in which it was 
attempted to reduce the strength of the postulates to the necessary minimum. 


DEFINITION 2b. The linear set L is topological if a set U of sets UcL is 
given such that 


(1) if Vell, then 0€U, 

(2) there is a sequence U;, Us, - - such that B(Ui, U2, - - - ) =(0), tt 
(3) if U, Vel, there is a Well with Wc 

(4) if Vell, there is a Vell such that, for every a with -1SaS1,aVcU,§ 
(5) if Vel, there isa Vell with V+V CU,§ 

(6) if feL, Ue, there is an a with feaU.§ 


L is “convex” if the further condition 
(7) if Vell, then U+U 


is fulfilled. 

+ If Hausdorff’s first countability axiom holds, (2) is fulfilled by choosing a complete system of 
neighborhoods of 0 for Ui, Us, - « - (cf. [1], p. 229, axiom (9)), but the converse is not true: (2) is 
essentially weaker than the countability axiom. This is shown by the examples of Part IV, Theorem 
23; cf. [3], p. 264. 

t (2) and (3) could be replaced by two other postulates (2’) and (3’) which extend (2) and re- 
strict (3): ; 

(2) there is an aleph &* and a set (U, V, - - - )CU with this aleph N*, such that B(UV, V, - - - ) 
=(0); 

(3’) for each set (U, V, - with an aleph there is a Well with WCP(U, V,---). 

All our discussions could be carried through, with little change, on this basis. In the present form 
of (2) and (3), S*=No (the set (U, V, - - - ) is countable). 

§ See first footnote on p. 2. 
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If L is metric, we consider the spheres (5 >0) 
S°(fo; 6): the set of all f with ||f — fall < 4, 
S*\(fo; 5): the set of all f with ||f — fol] < 6. 


Choosing U as the set of all S°(0; 5) or as the set of all S*1(0; 5) makes L 
topological and convex (one easily verifies Definition 2b, (1)—-(7)), and the 
topology, which we will define with the aid of U1 in Definition 4 and Theorem 
6, coincides in this case with the usual metric topology of L. 


II. GENERAL THEOREMS 


4. In the following discussion of Chapters II and III, Z is assumed 
merely to be a topological space, that is, to fulfill Definition 2b, (1)—(6), ex- 
cept where the contrary is expressly stated. 


THEOREM 1. Jf Vell, A>O, n=1, 2, - - - , there is, for each value of n, a 
Vell such that, for all sets a,+++, an with —ASam,---, anSA, 
aV+ +a,VcU. 

Increasing A and m strengthens the statement, so we may assume 
A=2?,n=21, p,g=0,1,2, -- -.Itissufficient toobtainAV+ ---+AVcU 
(nm addends), because the W of Definition 2b, 4 (withaW ¢ V for —1<a<1) 
will then have the desired properties. As AV ¢ V+ --- +V (A addends),* 
the statement is strengthened if we replace A, m by 1, An=2°*4, respectively. 
Thus we may assume A =1, n=2", r=0, 1, 2,--- . We have to find a Vell 
with V+ --- +VcU (2* addends). 

For r=0 we may choose V = U; if we have a V for any r=0, 1, 2,---, 
we can apply Definition 2b, (5), to it, and thus obtain a V for r+1. This 
completes the proof. 

DerFinirTI0n 3. If Sc L, S; is the set of all f for whicha UM withf+UcS 
exists. 

THEOREM 2. Si =S§; eS. 

0eU, fef+U, so that S;¢S. Therefore S;;¢S;. Now if feS;, that is, if 
f+U cS, choose a Vell with V+VcU (Definition 2b, (5)). Then for 
gf+V, and geS;. Thus f+VcS;, feSi:, and 
therefore S;¢ S;;. This completes the proof. 

THEOREM 3. 0€U;; if (aS) ;=aS;; S:+T;¢ (S+T);. 

The first two statements are obvious. If feS; and f+UcS, then 
af+aU caS,and if V is chosen by Theorem 1 with V/ac U, af+V caS and 


* See first footnote on p. 2. 
¢ Sis the set of inner points of S (cf. Theorem 4). 
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afe(aS);. Thus aS; ¢ (aS);; substitution of 1/a, aS for a, S leads to the re- 
sult that (aS;)caS;, proving the third statement. If feS; and geT;, 
¢(S+T);, proving the fourth statement. 

DEFINITION 4. S is open if S=S;; S is closed if €S* is open. This means 
that if S is closed, S=Sa, where we define Sa =€((CS);).F 

THEOREM 4. S; is open and the greatest open set ¢S, S.i is closed and the 
smallest closed set 2S. 


The statements about S; follow from Theorems 2 and 3; those about S.. 
result from considering CS. 


THEOREM 5. For every S, Si =B(S+U), where U runs over all elements of U. 


If Uell, there is a Vell with —V cU (Definition 2b, (4)), and thus 
Vc —U. For this reason $(S+U)=$(S—V) (U, V run over all U). Now 
feB(S—V) means that for every Vell, feg—V for some geS, that is, geS, 
gef+V. But this is equivalent to feSa. 


THEOREM 6. In the sense in which Hausdorff defined a topology, using the 
open sets as fundamental notions (cf. [1], p. 228), Definition 4 describes a 
regular Hausdorff topology, that is, one which fulfills Hausdorff’s axioms (1)—(3) 
and (6) (cf. [1], pp. 228-229; thus all axioms (1)-(6) are fulfilled). 


Ad (1): 0 and LZ are obviously open. Ad (2): If S:, Sz are open, assume 
feB(Si, S2). Then f+Ui¢S:, f+U2¢S2, and so with Vell, VcB(Ui, U2) 
(by Definition 2b, (3)) and f+V ¢ (Si, S2), proving that feP (Si, S2);. Thus 
$(S:, S:) is open. Ad (3): If S, T, - - - are open, S(S, 7, - - - ) is obviously 
open. Ad (6): Let 5 be closed, f not an element of S. Then GS is open, feCS, 
so that Vell, f+U ¢ GS. Choosing Vell with V+V (by Definition 2b, 
(3)) we have (f+Vija¢(f+V)acf+V+V (by Theorem 5) ¢f+UcGS, 
that is, for T=f+V;, T is open, feT, and B(T.a, S) is empty. 

In the following discussions we shall always consider L as topologized by 
the topology of Definition 4 and Theorem 6, except where the contrary is 
explicitly stated. Thus we can use the whole topological terminology: we can 
speak of open and closed sets, which have already been defined in harmony 
with this by Definition 4, of continuous functions, limits of sequences, con- 
densation points, etc. 


THEOREM 7. af and f+g are continuous functions of a, f and f, g respec- 
tively. 


* See second footnote on p. 1. 
t Se, the closure of S, is the set of all points and all condensation points of S (cf. Theorem 4). 


1935] ON COMPLETE TOPOLOGICAL SPACES 7 


Ad f+g: Assume fot+goeS, S open. Choose Vell, fot+got+U cS, Vell, 
V+VcU. Then 


(fot Vi) + (go + Vil got Vit 


that is, the sets T2=go+V; are open, foeT1, goeT2, T1+72¢S. 

Ad af: Due to the continuity of f+g (and Definition 1, (5)—(6)) we need 

consider only a9=0 or fo=0. Then, in any event, agfo=0, so that we have 

the situation 0eS, S open. Ad ap=0: Choose Vell, Uc S, and Vell by The- 

orem 1 with n=2, A =1. Now choose a 8 with fyeBV (by Definition 2b, (6)); 
1 


then for 
max (1, | B| ) 


we have a(fo+V) caBV+aV cU CS, that is, the sets 
1 
max (1, | B| ) 


and T=f,+V; are open, 0€A, foeT, AT cS. Ad fo=0: Choose Vell, UcS 
and Vell by Theorem 1 with n=1, A=|ao| +1. Then |a—ao| <1 implies 
|a| <A, aVcUCS, that is, the sets A: |a—ao| <1 and T=V;, are open, 
aceA, AT CS. 

5. We now introduce the notion of boundedness, which is usually con- 
sidered as a metric notion. One sees at once, remembering the remarks made 
at the end of §3, that our general definition coincides in the case of a metric 
L with the usual definition. 


DEFINITION 5. S is bounded if, for every U ell, there is an a such that ScaU. 


Remark. We could replace herein the Uell by the open sets T with 0eT 
for if T is sucha set, a Vell, U CT, exists, and for Uell an open 7, 0eT, Tc U 
exists: T=U;. 

THEOREM 8. Every finite set is bounded. If S,--+-,T are a finite number 
of bounded sets, S(S, - - - , T) is bounded. If S, T are bounded sets, aS, f+S, 
S+T are bounded. 


It follows by Definition 2b, (6), that a one-element set (f) is bounded; 
therefore every finite set is bounded if the second statement is true. If the 
second statement holds for two addends, it holds by induction for any finite 
number. Let S, T be bounded, Uell, choose Vell by Definition 2b, (4), and 
a, B with ScaV, T¢BV. Then for y=max (|a|, ||), 


A: lal< 


Qa 


ScaV = 


Vow; 
Y 
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similarly, TcyU, S(S, T) cyU. Thus the first two statements are proved. 

In the last statement the first part (concerning aS) is obvious; the second 
follows from the third by putting T =(f),so that we have to prove only the 
third part. Assume Uell, choose Vell by Theorem 1 with n»=2, A =1. Choose 
8, y with ScBV, Then, for 6=max |y]), 


= i(= v) cou. 


This completes the proof. 
The next definition is a repetition of Definition IT’ in §1 (cf. the comment 
given there). 


DEFINITION 6. S is totally bounded if, for every U ell, there is a finite number 
of elements fi, fn of L, such that S(f,+U, - +--+, fa+U). 


Remark 1. The fi, - - - , f, could be restricted to S. In this form the con- 
dition is obviously sufficient; but it is also necessary: Choose Vell by The- 
orem 1, with n=2, A=1; then V—VcU. Apply Definition 6 to V: 
ScS(gitV,---, ga tV). As the sets g,+V which contain no point of S$ 
can be omitted, we may assume that every g,+V contains a point of S, say 
f,. Then gf, -V, Se SG(fi—-V+V, ---,fa-V+V) ¢S(fitU, - - - 

Remark 2. For the reasons given in the Remark after Definition 5, we 
could replace the U ell by the open sets T with 0eT in all these considerations. 

Remark 3. The set of all real numbers is a particularly simple linear space. 
It is clear that its customary metric, ||«||=absolute value of x, is a metric 
in the sense of Definition 2a, and a topology in the sense of Definition 2b 
(cf. the end of Part I). The boundedness in the sense of Definition 5, and 
the total boundedness in the sense of Definition 6, obviously coincide with 
the customary notion of boundedness for real numbers in this case. 


THEOREM 9. Every finite set is totally bounded. The set of all af, -1SaS1 
(f fixed), is totally bounded. If S, T are totally bounded, aS, f+S,S+T are 
also totally bounded, and so is S(S, T). 

If In,--+, Li, L are topological linear spaces, if S,cL, and is totally 
bounded, x=1,---, k, if ---, fx) is function with the domain f,€S;, 
k=1,---, k, uniformly continuous in this domain, and with a range cL, 
then the set of all §(fi, - - , fu), K=1, , ts totally bounded. 


The statements for finite sets, +S, S(S, T), are obvious, and the state- 
ment for aS follows from Theorem 1. The statements concerning the sets 
af, —1<a<1, and S+T are both special cases of the last statement (k=1, 
L=set of all real numbers, L:=L, fi is to be replaced by a, §(a) =af; and 
k=2, L1=L,=L, §(f, fe) =fitfe respectively; cf. Theorem 7 and Remark 
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3 after Definition 6). So our only task is to prove that statement. Denote 
the U of Li,--- , Li, L by Us,--- , Us, U respectively. If a Uell is given, 
the uniform continuity of § means that we can choose Uyelli,--- , Uxelle 
so that the conditions f,—geU., fr, K=1,--+, &, imply that 
B(fi,---, fe Now apply Definition 6 and its Re- 
mark 1 to Sx: Sen, If a 
system f,eS,,k=1,--- , k, is given, we have with avy,=1,- , 
for each x=1,---, k, and thus §(f, fe) °° Siem) +tU. So 
if we put m=m--- m,, and arrange the §(g1,,,°--, gin) 
k) in some order - - -, §n, then our set is contained in 
THEOREM 10. Every totally bounded set S is bounded. 


Let S be totally bounded, Uell. Choose Vell by Theorem 1, with »=2, 
with f,ex,V and put 8=max (1, |ai|, - - - , |@n|); then 


a, 1 


fy+VeaV+V = a(= v) v) cpu. 


THEOREM 11. The boundedness (total boundedness) of S is a necessary and 
sufficient condition for that of Sa. 


As ScSq, the condition is necessary. If Uell, choose Vell, V+VeU; 
then by Theorem 5, Vi cV+V CU, and thus ScaV (or ScG(fitV,---, 
fnt+V)) implies Sa caU (or Sac S(fit+ VU, - - , fa+U)). Thus the condition 
is also sufficient. 

We now investigate convexity. 


THEOREM 12. If L is convex (Definition 2b, (7)) then, for Ue and 
a, ++, @,20, aUat taUa=(at +an)U a. 


Induction proves this theorem for all n=1, 2, - - - , if it holds for n=2. 
For a: =a2=0 it is obvious, therefore we may assume a;+a2>0. Division 
by ai+a2 then gives 

+ (1 — = Ve («= = 1). 
a; + ae 
As > is obvious, we need to prove only c. 

Now Definition 2b, (7), states that U+-U ¢ 2U; iterated u times, this be- 
comes U+ - - - +U (2"addends) ¢ 2*U, and, a fortiori, kU -+(2"—k)U 2°U, 
k=0,1,---,2". ThusaU+(1—-a)U cU if 0<a<1 with a dyadic-rational; 
from this, consideration of continuity leads to aUa+(1—a)Ua ¢ Ua for all 
0<a<1, completing the proof. 


10 JOHN von NEUMANN [January 


DEFINITION 7. Sconv iS the set of all anfit - ++ +Onfn, with n=1,2,---, 
a1, ee a, 20, ee +a, =1, fi, owe 

THEOREM 13. If L is convex, then, for all Ue, (Uei) conv = Vai. 

This follows immediately from Theorem 12. 

THEOREM 14. The boundedness (total boundedness) of S is a necessary con- 
dition for that of Scnv; if L is convex, it is also sufficient. 

As S¢Sconv, the condition is necessary. For the sufficiency we have to 
assume that L is convex. If Uell, choose Vell, V+-V ¢ U; then Veony ¢ (V1) conv 
=V.icV+VcU (by Theorems 5, 13). Thus ScaV implies Seony ¢ aV conv 
caU, settling the case for boundedness. S¢ S(fi+ V, - - - , fat+-V) implies 
Sconv S(Bifi+ +Bifnt+ Veonv) where the 


Bi, - , 8, run over all combinations with (i, - - - ,8,20,8i:+ ---+8,=1. 
If the set of these §,fi+ - - - +8,/, is totally bounded, then this set is con- 
tained in G(git+U,---, gpt+U), and thus 


£p+U+U). We could replace U by V, and we would then have Seoy 
S(git+ U,---, gy+U). This settles the case for total boundedness too, 
provided that the set of the Bifit+ ---+,f, (m and fi,---, f, fixed) is 
totally bounded. 

This is a subset- of the (Aifi+ ---+nf,)-set with O<(,51,---, 
0<8, <1. This set is disposed of by Theorem 9, if each set 6,/,, 0<8, <1, is 
totally bounded, but this again follows from Theorem 9. 

Finally we repeat Definition III in §1. 

DEFINITION 8. S is compact if every infinite set T¢S has a condensation 
point feS. 

Note that we did not assume that any of Hausdorff’s countability axioms 
hold (cf. [1], p. 229, axioms (9) and (10)), and that we still are considering 
“compactness” and not the Alexandroff-Urysohn “bicompactness” (cf. [3], 
[4], in particular [3], pp. 259-260), although the latter is specially adapted 
to these cases. The reason is that for the totally bounded sets S compactness 
implies the countability axioms (although they need not hold for L, cf. 
Theorem 16) and thus bicompactness. 


III. TOPOLOGICAL COMPLETENESS 

6. The two definitions of completeness which we discussed in §1, I’, and 
IV, are the following: 

DEFINITION 9. L is sequentially complete if every “fundamental sequence” 
fi, fo, L (i.e., every sequence such that for each U ell there is ann, =n,(U), 
such that m, n=n, imply fn—fnreU) is “convergent” (i.e., an f exists such that 
for each Ueu there is an n2=n2(U), such that n= nz implies f, —feU). 
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DeFIniTION 10. L is topologically complete if every closed and totally bounded 
set Sc L is compact. 


To characterize the relationship between these two notions, we prove 


THEOREM 15. Sequential completeness is a necessary condition for topological 
completeness; if L satisfies Hausdorff’s first countability axiom (cf. above), it is 
also sufficient. 


Assume first that L is topologically complete, and let fi, fe, - - - be a fun- 
damental sequence. If UeUl, fnefv, +U for m=Ni=N,(U); thus (fi, fe, - - - ) 
cS(fitU, ---, fv, +U). So (fi, fe, - - is totally bounded; (fi, fe, - 
is also totally bounded (by Theorem 11) and closed, and thus compact. If 
infinitely many fi, fe,--- are different, (fi, fe,---) is an infinite set 
¢ (fi, fe, - - - )et, and has a condensation point f, that is, an f such that, for 
each Uell, there are infinitely many for which f,¢f+U. If only a finite 
number of fi, fe, - - - are different, infinitely many f, must coincide, and their 
common value f has the above property. So such an f exists in any event. 
Corresponding to Uell, choose Vell, V+V cU, m,:=m,(V), and the above f 
with respect to V. Then f,—feV occurs for some n2>m, and fn—fnreV for 
every m, n=m,; thus, for every m2m, fn—f=(fm—fn) + CU. 
Putting m2.(U) =m,(V) we see that fi, fe, - - - is convergent, and thus L is se- 
quentially complete. 

Now consider the converse situation. Let L be sequentially complete, let 
U,, U2, - - - be a complete system of neighborhoods for 0 (cf. [1], p. 229; 
this means that for each Uell some U,¢U), and assume S to be totally 
bounded and closed. As every infinite T ¢ S contains a sequence fi, fe, - - - of 
distinct elements, we may assume T=(fi, fe, - - - ). As every fundamental 
sequence is convergent and thus has a condensation point f, we need only ex- 
hibit a fundamental subsequence f, f®, - - - in a sequence (fi, fo, - - -) ¢S. 
Now we can apply the well known diagonal process. 

Choose * with Se (gat Samat U,). Some 
say vy=v,, contains infinitely many elements f;, f, - - - of the sequence 
Si, fo,--+. Some g2,+U2, say v=v2, contains infinitely many elements 
fi, fo, - - - of the sequence fi, fo, - - -. And so on. Now put 
fP=f,---. If Vell, choose Vell, V-VcU (cf. Definition 2b, (4), 
(S)) and U,cV. For m=, f™ =fn(™ belongs to (fi(™, - - - ), thus to 
(fi, fo, ---), and to g»,+U,. Thus, for m, n=p, f™—f{™eU,-U, 
—VcU. Putting m(U) =p we see that f™, f®, - - - is fundamental, thus 
completing the proof of the topological completeness of L. 

As our main interest belongs to the cases in which L violates the count- 
ability axiom, and as the equivalence of sequential and of topological com- 


12 JOHN von NEUMANN [January 


pleteness has not been established for them, we continue by investigating the 
properties of topological completeness. 


THEOREM 16. If L is topologically complete and S totally bounded, then if 
we consider S as a space with the topology of L, this is a normal and separable 
Hausdorff topology in S, that is, one which fulfills Hausdorff’s axioms (1)—(3), 
(8), and (10) (cf. [1], pp. 228-229; thus all axioms (1)-(10) are fulfilled). 


Remark. For this reason we can replace condensation points in S by 
limits of convergent sequences.— 

As S ¢ S,; and as S.; is also totally bounded, we may consider S,) instead 
of S, that is, we can restrict ourselves to closed sets S. Then S is compact. 
The topology of L fulfilled axioms (1)—(3), (6) in Z, therefore it also fulfills 
them in S. Let us therefore consider the other axioms. 

Ad (9): Choose U;, U2, - - - by Definition 2b, (2), with B(Ui, Us, - - - ) 
=(0). Now choose (by Definition 2b, (3), (5)) Vnell, VatV,ncU, and 
Well, W,cB(Vi, ---, Vn). Let T be an open set, 0e7. Assume that, for 
n=1,2,---,B(W,, S) is not a subset of $(T, S). Then there exists an f, 
with f,eB(W,, S), f, not an element of $(T, S). If infinitely many fi, fe, - - - 
are different, (fi, fe, - - - ) isan infinite set ¢ S, and has a condensation point 
f, that is, an f such that, for each Uell, there are infinitely many m for which 
fmef + U.If only a finite number of fi, fe, - - - are different, infinitely many f, 
must coincide, and their common value f has the above property. So such an 
f exists in any event. Choose m2n and fnef+U. fneWme Vn, fmeST, so 
that f is a point or a condensation point of V, and of 7; hence fe(V,) 01 
cV,+V,¢U, (by Theorem 5), and fe€T (CT is closed). Thus (Ui, Us, 

- + +)=(0), f=0eT7, contradicting the condition that fe€7. This proves that 
ann=1,2, - - - with $(W,, S) ¢ (7, S) must exist, so that (W1);, (W2);, - - - 
form a complete system of neighborhoods of 0 in S, and f+(W:);, f+(W2);, 

- - form a complete system of neighborhoods of f in S (consider 0 in —f+5). 

Ad (10): Take the Wi, We, - - - constructed above and choose X, ell, 
X,—X,¢W, (by Theorem 1, A=1, and then gn, gama With 
Sc S(guit(Xn)i, » Samat Tf an open set T and an feP(S, are 
given, there is an m for which $(S, f+W,) ¢B(S, T), and a v with feg,, 
Then of+(X,—X,); (by Theorem 3) 

cf+W,, and B(S, gu +(X,):) ¢ B(S, f+W,) ¢ B(S, T). So in the sequence 
of open sets +(X,):i, +--+, ma, we can find, for every 
open set T and every feB(S, T), a T’ with feB(S, T’) c B(S, T). Therefore 
they form a complete system of neighborhoods in S. 

Ad (8): In separable spaces regularity implies normality (cf. [5]), that 
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is, (8) follows from (6) and (10).f 
7. We are now in a position to formulate and prove the fundamental 
Theorem 18. 


DEFINITION 11. If D is an arbitrary set, L is the set of all functions F(a) 
with the domain D and a range cL (that is, aeD, F(a)eL). A function F(a) 
is “bounded” if its range (the set of all F(a), aeD) is bounded (see Definition 5, 
this set being <L). The set of all bounded FeL? is Ly. If Vell, define a set 
U'’ cL, as the set of all FeLy” with a range cU. The set of all U' is UV’. 


Remark. If L is metric, this boundedness means that the (real-numerical) 
function ||F(a)|| should be bounded. Our WU’ corresponds to the metric || F||’ 
of L,? defined by ||F||’=1.u.b.||F(a)||. 

THEOREM 17. L? forms with W’ a topological linear space, that is, it satisfies 
Definition 2b, (1)—(6). It is convex, that is, it also satisfies Definition 2b, (7), 
provided that L is convex. 


All parts of this theorem are obvious. 


Tueorem 18. If L is topologically complete, so is LP. 


Remark. It is easily seen that this statement holds for sequential com- 
pleteness instead of for topological completeness. But, in view of the ap- 
plication to the generalized theory of almost periodic functions, and because 


we believe that this notion of completeness is the natural one, it is important 
to prove our theorem in its present form.— 

Let S*¢L? be a closed and totally bounded set; we have to prove that 
it is compact. As every infinite T* ¢ S* contains a sequence §:, §2, - - - of 
distinct elements, we may assume 7* = (i, 2, ). 

For a fixed aeD denote the set of all §(a), FeS*, by Ra. As S*¢ S(F:1+ UV’, 

§n+U’) implies that R. S(Fi(a)+U, - - - , is totally 
bounded, and, with it, R,—R, and (R.—R,).i (by Theorems 9, 11). The lat- 
ter set is also closed, and as it is contained in L, it is compact. Thus Theorem 
16 applies to it; and, in particular, the open sets (W:);, (W2);, - - - constructed 
in the part “Ad (9)” of its proof form a complete system of neighborhoods of 
0 in (Ra—R.) 1. (Note that the (W,); do not depend on (Ra—Rz).1, that is, 
on a; but if we choose for an open set T with 0eT the p=p(T, a) with 
$((Ra—Ra) ei, Wy) ¢B((Ra—Ra) 1, T) does depend on T and on a.) 

Now apply the diagonal process used in the last paragraph of the proof of 
Theorem 15 to $1, $2, - and Wj, - - - in LP (instead of fi, fo, - - - and 


t Tychonoff proves, loc. cit., only normality, that is, Hausdorff’s axiom (7) ([1], p. 229). But 
if we replace in his result ([5], p. 140) the closed sets F, ¢ by two sets F, ¢ without common condensa- 
tion points, and the space R by F+¢ (in which F, ¢ are relatively closed), (8) obtains. (Hausdorff’s 
notations for F, ¢, R are Fi, F2, £.) 


14 JOHN von NEUMANN . [January 


U,, U2, - - - in L, which we considered there). As S* is totally bounded (as S 
was there) we obtain a subsequence §”, §, - - - , such that, for each W,, 
an mj =n; (p) exists so that m, imply Thus 
— eW,. If any open set T ¢ L with is given, there is a p= p(T, a) 
with B((Ra—Ra)ei, Wy) B((Ra—Ra)ei, T). AS 
(R.—Rz)ei, we thus have §™ (a) —§™ (a) eT. Putting m(T, a) (p(T,a)), 
we see that §(a), F(a), - - - is a fundamental sequence (in L) in the 
sense of Definition 9 (m, n= m implying §‘” (a) —§™ (a) eT). As L is topolog- 
ically complete, it is also sequentially complete (by Theorem 15), and so 
(a), - - - is convergent. Denote its limit by §(a) (we know so far 
only that FeL”). 

We constructed above an mj =n; (p), independent of a, such that, for 
m, n=ni, §™—F™eW,. (Note that, for an arbitrary open set T, OeT, in 
the place occupied by W,, the corresponding m=m(T, a) would have de- 
pended on a.) Thus (a) —§™ (a) (a) —F(a) cr. 

Now assume that there exists a U’ell’, such that, for infinitely many n, 
§ —§ is not «U’. Then we can select a subsequence Fi, Fo, - - - from 
- -- such that, for all x, Fi —F is not «U’. Now choose Vell, 
V+VcU, and repeat the preceding construction with Ji, 2, - - - and 
V, Wi, We, - - instead of with - - - and Wi, We, - - -. We obtain a 
subsequence , - - - of Fi, Fi, - - - and a such that, for every 
aeD, @(a) is the limit of § (a), Fe (a), - - - . But this is a subsequence of 
(a), F(a), - - - and therefore has the limit §(a); thus §(a@) = G(a) for 
all aeD, and § = G. Furthermore, we have, from a certain m on (it is nj’ (1), 
if ni’ (p) is the analogue of m/ (p) in the present construction, and thus inde- 
pendent of a) —FeU’. But as F., 
he”, - - - is a subsequence of Fi , Fi, - - - we should always have Ff” —F 
is not eV’. This is a contradiction. Thus there is an m¢ =n¢ (U’) for every 
U’ell’ such that n=n/ implies }” —FeU’. (Remember that the sequence 
GD, F, . - is independent of U’.) So if FeL?, it is the limit of the sequence 
§°?, §, - - - and therefore a condensation point of the original sequence 
#1, . Thus the compactness of S* would have been established. 

Assume U’ell’. We proceed as in the last paragraph of the proof of 
Theorem 8. Choose Vell, V+V ¢U and Well, aW cV if —1S<a<1. There 
is an m such that §,—feW’, that is, all §.(@)—G(a)eW. The set of all 


%.(a), aeD, for this m, is bounded, say ¢8W. Thus, with y = max (1, |61), 
= — (F(a) — F(a) BW W 


1 
+ - —w) c ¥(V+V) yU. 
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So the set of all (a), aeD, is bounded, and §eZ;. This completes the proof. 


IV. NON-METRIC EXAMPLES 


8. Many metric and complete linear spaces are known, so that it is not 
necessary to point out such examples. By Theorem 15, our notion of topologi- 
cal completeness gives nothing new as long as L satisfies Hausdorff’s first 
countability axiom. For this reason those examples will be of particular in- 
terest which violate this axiom. We mentioned three such spaces in the last 
footnote on page 2, and we shall discuss them now in detail. 


DEFINITION 12. Denote Hilbert space by $ and the space of all bounded linear 
operators in S by B (cf. for instance [6], Chapter 1; [7], Chapter 1, paragraph 
2; [2], pp. 372-373). There are various ways to define sets U for L=§ or &, of 
which we shall consider the following. (Cf. [2], pp. 378-388, where the discus- 
- sion of all these topologies is to be found. The notations ||f||, (f, g), etc. are ex- 
plained in each of the above references.) 


(a) For any 5>0 define U,(5) as the set of all feS with || f|| <5; Un is the 
set of all U,(6). 

(b) For any n=1, 2,° » 5>0, define Qn; 5) 
as the set of all feD with l(f, ¢,)| <6 for v=1,--+ , m; Us is the set of all 

(c) For any 6>0 define U;(8) as the set of all Ae®B with ||| A ||| <5, where 


ll 4 Ill = 


(that is, the set of all Ae® with \|Af|| <4||f\| identically); Us is the set of all 
U;(6). 

(d) For any n=1, 2,--- , bi,-- , 5>0, define , Gn; 5) 

, m; is the set of all 


l.u.b. 


Ui(dr, Qn; 5). 

(e) For any n=1, 2,---, diy dn, 5>0, Us(¢1, 
Us is the set of all fi, Wnj 4). 

U, describes the strong, Us the weak topology of ; Us describes the uni- 
form, Us the strong, Us the weak topology of B. 


THEOREM 19. § and & are convex topological linear spaces (that is, they 
fulfill Definition 2b, (1)—(7)) in all five topologies of Definition 11. 


The proof is immediate. 
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THEOREM 20. §, Ul, and B, Us are originated by metrics (in the sense of the 
remark after Definition 2b), with the absoluie values || f || and ||| A ||| respectively. 
Both are sequentially, and thus topologically, complete. 


The metric properties are verified immediately. Sequential completeness 
is one of the fundamental properties of §, Uh: (cf. [6], pp. 66 and 111), and 
extends from it immediately to %, Us. Topological completeness follows by 


Theorem 15. 
We now investigate the non-metric topologies $, Ue, and %, Us or Us. 
Theorem 22 has some independent interest. 


THEOREM 21. A set Sc § or & is totally bounded in the topology Us or Us 
(these are the weak topologies), if and only if the (real-numerical) sets of all 
| (f, )|, feS, or |(Ad, AeS, are bounded for every choice of or 
(no uniformity is required). 

Consider Ue. If S is totally bounded, take U=U.(g; 1), Se 
+U,-++, fa+U). Then each feS is such that |(f—f,, ¢)| <1 for some 
v=1,---,m, and thus 


= )_max |(f,9)| +1, 
proving the necessity-of our condition. To prove its sufficiency, consider a 
Uellz, that is, on; 6). Choose c2|(f, ¢,)| for all feS, 
v=1,---,m, and choose N=1, 2,--- with 2?/c/N<6. Consider all 
systems of 2m integers pi, 01, Pay On = —N+1, —N+3,---,N-1. If 
for a combination 01, , Pn, 7, there exists an f with 


o — 1 py 
ys 


o,—1 


a es 
c¢=> gd, Cc or y= 


choose one and call it f,,c,.--o,0,- Lhe number of these f,,.,-.-o,0, iS finite, say 
M <= N**; let us denote them by f™, - - - , f@. One easily sees that, for each 
feS, there exists some f with 


2 2 
é i 


implying that 


| (f — fw), ¢»)| < < 6. 
N 


N 
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Thus Se S(f+U, ---, f42°+U), proving the total boundedness of our 
set S, and the sufficiency of our condition. 
%, Us are discussed in the same way. 


THEOREM 22. A set Sc § or % is totally bounded in the topology Us or Us, 
if and only if it is bounded in the topology WU or Us (these are the metric topol- 
ogies), that is, if the (real-numerical) set of all ||f||, feS, or ||| A |||, AeS, és 
bounded. 


Consider $, Us. If ||f||<c, then |(f, <cll¢||, proving the 
total boundedness by Theorem 21, and thus the sufficiency of our condition. 
To prove the necessity, assume S totally bounded and the absolute values 
\|f||, feS, not bounded. For each n=1, 2, - - - choose fr€S, || f,|| =n?. For each 
¢, | (fn, ¢)| are bounded (by Theorem 21). Thus lim,.... ||f,/n|| = 00 and, for 
each ¢, lim,.. (f,/m, ¢) =0, contradicting a basic property of “weak con- 
vergence” (cf. [2], p. 380, footnote 32, those considerations being a special 
case of a result of S. Banach, cf. [8], Theorem 5, pp. 157-160). Thus our 
condition is necessary. 

%, Us are discussed in the same way (using [2], p. 382, footnote 35). 


THEOREM 23. Each of the three topologies Us, for $, Us and Us for B violate 
both countability axioms of Hausdorff, but all three are topologically complete. 


Hausdorff’s first countability axiom is not fulfilled, by [2], p. 380 and 
pp. 382-383; hence the second is not fulfilled either. Every U,-totally bounded 
set S¢ is a subset of some set U,(c): ||f|| <c. Now the latter sets are all 
compact (cf. [2], p. 381, footnote 34), and S, being a closed subset of a com- 
pact set, is also compact. Therefore § with Ul, is topologically complete. 
$ with U; is discussed in the same way. 

It remains to discuss 8 with ll,. We may replace every Ae® by its adjoint 
A*; then Aella(¢i, - , 5) means that ||A*¢,|| <6 for v=1, - - - , This 
means that, for every feS with ||f||=1, |(A*¢,, f)| <8 (the sufficiency 
follows from Schwarz’s inequality, the necessity from the substitution 
f=A*¢,/||A*¢,||), that is, | (Af, ¢,)| <6. The bounded linear operators A are 
characterized by the properties A(af)=aAf (a any complex number), 
A(f+g) =Af+Ag within the set %; of all operators A, subject only to the re- 
striction A (af) =aAf(a>0). The boundedness condition | (Af, g)| <c-|| fl] 
(or ||Af|| <c-||f||, cf. the remark made above), with some fixed c>0, is re- 
quired in any case. If we use the topology analogous to U, in B;, B is a closed 
subset of B1, therefore topologically complete if B, is topologically complete. 
For the operators A of %, we may restrict the definition domain to the set 
Si: ||fl] =1, as A (ef) =aAf(a>0) then allows a unique extension to §. Now 
in this interpretation %, Ul, coincides exactly with the S of S, Us, from 
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Definition 11, and thus it is topologically complete by Theorem 18. This 
completes the proof. 


V. THE PSEUDO-METRICS IN CONVEX SPACES 


9. If L is topological and convex, that is, if Z fulfills Definition 2b, 
(1)-(7), we can define a family of notions, each of which is an analogue to the 
absolute value, and which together describe the topology of L. In various 
applications (for instance, in the theory of almost periodic functions) this 
can be used to replace the metric, even when the countability axioms are 
violated. 

THeoreEM 24. If L is topological and convex, (aU)... ¢ (BU); for Uell and 
0<a<8. 

By Definition 2b, (7), U+U ¢2U; repeating this m times, U+ ---+U 
(2" times) ¢ 2"U, and thus, a fortiori, (22—2)U+U+U¢2*U. Therefore 
(2"—2)U.. ¢ (2"—2)U+U (by Theorem 5) ¢ (2*U);=2"°U;, ((2"—2)/2") Ua 
c U;. By Theorem 12, 0<a<1 implies and, 
upon replacing a by a/8 and multiplying by 8, 0<a<8, aU.1¢8U.1. Now for 
0<a<£ we can find an integer m for which a/8 <(2"—2)/2"<1, and then 


2*—2 


Un) c BU,. 


ave c a( 


DEFINITION 13. For feL and Uell consider the set of all a>0 with feaU. Its 
g.l.b. is denoted by ||f\|5. 

Tueorem 25. || is finite, >0, and continuous. If a=0, || f 
furthermore, || || means that feB (aU over all 
a>0)=(+0)U.+ 

As 6f is continuous, for small 8>0, BfeU, feU/B; thus the a-set is not 
empty and || f||} is finite; it is obviously non-negative. || af|| =al| f |Z is obvi- 
ous for a >0; for a=0 it states merely that ||0||7 =0. If feaU, ge8U, Theorems 
12 and 24 imply that f+ge(a+f)U.1 ¢ (a+8+6)U for every 6>0; from this 
it follows that || f+g ||5<||f||5+||¢||5. The last statement is obvious. It re- 
mains to prove the continuity of || ||. 

Assume 0<a<]| (If || then omit the a.) Choose a’, 6’ 
with a<a’ <p’ <B. Then ¢ BU;,, fois not ea’U 2aU ai, foeB(BUi, 
€(aU..)). If an f belongs to this set, we have fe8U; ¢ BU, fis note aU. 2aU, 
and thus a<|| Furthermore, B(8U;, €(aU.)) is obviously open, 
proving the continuity of || f||j. 


t We write (+0)U in order to distinguish this set from 0U, which of course is (0). 
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THeorEM 26. The sets || f—fol|><6, foeL, Uell, 5>0, form a complete 
system of neighborhoods in L. (It would be sufficient to consider 5 =1.) 

As ||f—f:|z is continuous in f, these sets are all open. If S is an open set, 
foeS, there is a Uell with fo+UcS, and || implies f—focV, 
feofo+U ¢S. Thus the set ||f—fo||; <1 contains f, and is contained in S. 

We could extend ||af||5=«|| || from the non-negative a’s to all real 
a by introducing || f||y=max ((|f||§, || but we shall not discuss this 
further here. 

Note that in metric spaces L (cf. the remark after Definition 2b), the 
functions ||/||; with U =5S°(0; 5) or with U =S1(0; 5) coincide with each other 
and with their ||f|| v, all of them being equal to || f||/5. If L is only topological 
and if we form Ly by Definition 11, then obviously 


APPENDIX I 


10. We wish to make two remarks which are useful for some applications. 

Remark 1. The linear space L, as defined in Definition 1, may allow 
complex numbers a (instead of the real ones alone) as factors. We then call 
L complex linear and we change Definition 1 so as to admit in its conditions 
(4), (5), (6) also complex a and 8. Then Definition 2a for the metric should be 
formulated with complex a’s in its condition (2). But the important change 
is the one in Definition 2b for topological L’s: here condition (4) must include 
all complex a’s with | a| <1 instead of only the real a’s with —1<a<1. Then 
Theorem 7, stating the continuity of af as a function of a and f, can be proved 
without any changes. (Note that the definition of convexity, Definition 2b, 
(7), is unaffected, and that Definition 7, Theorems 12 and 13 remain restricted 
to real coefficients.) 

This stronger form of Definitions 2b, (4), which we call (4’), can be re- 
placed by the following two conditions: 


(47) if Uell, there is a Vell, such that, for every real a with OSaSl, 
aVcU, 

(47) if Vell, there is a Vell with iV c U. 

(41) and (47), with the help of (3) and (5), include (4’): Choose V+V 
cU, W with aW cV for 0Sa<1, X with iX cW, Y with :Y cX, Z with 
iZc VY, ZcP(W, X, Y, Z), where V, W, X, Y, Z, Zareall ell. Thus##Zcw 
for n=0, 1, 2, 3. Now if a complex a is such that | a| <1, we can write 
a=i"B+i"y, m=0, 2;n=1, 3; 8, y real; yS1. ThusazZ chi 
cpW+7W cU, proving (4’) as we stated it. 
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Remark 2. If L is convex and S ¢ L, then 


As the left side obviously > the right side, we need only prove ¢. And 
as (Sconv)eony =Seonv; WE may write T for Scony and prove (T1)conv © (Teonv)el- 
Assume Uell, choose Vell, V+V ¢U. Then Veny¢U (cf. the beginning of 
the proof of Theorem 14), and Ta ¢ T+V, (Tet)conv © Toonv+ Veonv = Teonv + U. 
Thus (Tet)eony ¢ B(Teonv+U), where U runs over all elements of U. By 
Theorem 5, the right side is = (Teonv)e1, thus (Te1)conv © (Tconv)o1, completing the 
proof. 

II 


11. The coefficients a, which occur in Definition 1, play an important role 
in the applications of this theory, but the theory itself could be developed 
without them. That is, we could work on the basis of Definition 1, parts (1), 
(2), (7) alone; in other words, the theory could be extended from linear spaces 
to Abelian groups (except, of course, for the statements about convexity). 
Definition 2a has then to be restricted to (1), (3), and Definition 2b to (1), 
(2), (3), (4) with a=—1 only, and (5). Note that (1), (2), (3) are general 
topological axioms, while (4), (5) express that —f and f+g (that is, the 
“group operations”) are continuous. 

After these changes are made all our considerations remain almost unal- 


tered, except that the notion of “boundedness” must be avoided (because 
Definition 2b, (6), on which it is based, has been omitted); it has to be re- 
placed by “total boundedness.” 
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ALMOST PERIODIC FUNCTIONS IN GROUPS, II* 


BY 
S. BOCHNER anp J. von NEUMANN 


The present paper is a continuation of the article by J. von Neumann on 
Almost periodic functions in a group, I [1].} Its main object is to extend the 
theory of almost periodicity to those functions having values which are not 
numbers but elements of a general linear space L. For functions of a real 
variable this extension was begun by Bochner [2], and then applied by him, 
see [3], to a problem concerning partial differential equations. 

Bochner assumed L to be both complete and metric. In the present paper 
we shall admit more general linear spaces. We shall drop the metric but keep 
the completeness. Since the usual notion of completeness is based on the no- 
tion of metric, it was necessary to establish, for linear spaces, a notion of 
completeness independent of it. This was done in the preceding note of J. von 
Neumann [4]. The results of this note will be employed throughout, and we 
observe that, from the very beginning, we shall assume that L is linear with 
respect to arbitrary complex coefficients, see [4], Appendix I. 

Asin [1], the main difficulty to overcome was the definition and the estab- 
lishment of a mean. This was done in Part I. The definition of a mean re- 
mained actually the same as in [1], but the proof of the existence of a mean 
necessitated a more elaborate argument, although, in broad lines, the argu- 
ment does not differ essentially. 

In Part II we deduce the existence and uniqueness. of a Fourier expansion 
for any almost periodic function. It is worth pointing out that the represen- 
tations occurring in the Fourier expansions of abstract almost periodic func- 
tions are the same as for numerical almost periodic functions, only the con- 
stant coefficients by which the representations are multiplied are abstract 
elements instead of numbers. (More than that, if in a linear manifold L dif- 
ferent topologies are suitable for our purposes, then even the nature of the 
coefficients no longer determines the precise nature of abstractness of the 
almost periodic function.) Thus, roughly speaking, there are no more abstract 
almost periodic functions than numerical almost periodic functions. In par- 
ticular, if a group admits of no other numerical almost periodic functions than 
the constant ones, there exists no non-constant abstract almost periodic func- 
tion, no matter how general the range-space ZL may be. 


* Presented to the Society, December 28, 1934; received by the editors June 7, 1934. 
t Numbers in brackets refer to the bibliography at the end of this paper. 
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In Part III we deduce the approximation theorem. Moreover, what is new 
also for numerical functions, we deduce summation theorems, that is to say, 
theorems concerning the construction of an almost periodic function of which 
only the Fourier expansion is given. For functions of Bohr these theorems 
were established by Bochner [5]. 

Finally, in Part IV we consider the special case in which L is a Hilbert 
space, or the space of bounded linear transformations of a Hilbert space into 
itself. We particularly refer to Theorems 39 and 40. Theorem 39 treats one 
of the rare cases of a class of almost periodic functions for which the Fourier 
expansions may be completely characterized by direct properties. Theorem 40 
implies a necessary and sufficient criterion for a locally compact separable 
group to be compact. We should also mention that for the Abelian addition 
group of all integers, R. H. Cameron, in an unpublished paper, has found a 
result which has some connection with our Theorem 39. 


Part I. THE MEAN-VALUE 


Let L be a convex topological space which we shall assume throughout to 
be topologically complete (cf. [4], Definitions 1, 2b, and 10) ; and let G denote 
a fixed arbitrary group. The elements of © will be denoted by a, b,c,---, 
x,y, 2, -- + «Whenever a function is not specified, it will be tacitly assumed to be 
an element of Ly”. (Lx is the set of all bounded functions with the domain 
@ and arrange c L, cf. [4], Definition 11. L,* is a topologically complete con- 


vex topological set, cf. [4], Theorem 18.) 

If FeL,”, the “translated” functions r,F =F (xa), =F (ax) also belong 
to L,” for any ae@. We shall denote by %r the set of all r.F, and by &p the 
set of all 1.F(ae@). 


DEFINITION 1. A function F is almost periodic if both sets Rr and Lr are 
totally bounded (cf. [4], Definition 6). The set of all almost periodic functions 
will be denoted by Ap. 


THEOREM 1. Every constant function is almost periodic. 
The proof is obvious. 


DEFINITION 2. Given groups Gi, G2, - - , Gp; we denote by G2X - 
XG, the group consisting of all p-iuples 


with the rules 
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And we shall say that a function is “almost periodic in x,,-- +, Xp” if it is 
almost periodic in [x,---, xp] in the group G@i1X@G2X --- XGy. In case 
G@,=G,= --- =G,=G, we shall write G? for --- 


THEOREM 2. If F is almost periodic, the set of (x, y)-functions F,= F(xay) 
(eL®) is totally bounded (ae@). 

Given Uell, we choose Vell, with V+-V—VeU. We choose elements 

bi, - - - , 6, such that to any y there corresponds an index y=v(y) for which 

F(zy) — F(zb,)eV (ze). 

(Remember for this, and for all discussions below, [4], Definition 6.) Hence 

F(xay) — F(xab,)eV (x, a). 


We consider the functions F,(x) =F (xb,). For each v the set of x-functions 
F,(xa) is totally bounded in a. By a simple argument (compare [1], the corre- 
sponding part in the proof of Theorem 9) it follows that there exist elements 
- dm, and to each a there corresponds a u=y(a) such that 


F,(xa) — F,(xa,)eV (x@;v» = 1,--+,m). 
Hence to each a there corresponds a w»=p(a) such that, for all x, yeG, 


F(xay) — F(xa,y) = (F(xay) —F(xab,)) + (F(xab,) —F(xa,b,)) 
+(F(xa,b,) —F(xa,b))eV+V—VcU. 


THEOREM 3. Let F(z) be an almost periodic function. Let z be the product of 
positive or negative integer powers of elements x’, x’’,---, x, a’, 
a €& in an arbitrary fixed order, and let F(z) be considered as a function 


of L®, depending on the parameters a’, - - - , a. The set of these functions is 
totally bounded in a’, - , a. 

It is easily seen that in this proof we may replace in z any set of consecu- 
tive factors which are all powers of variables or all powers of parameters by 
a new variable or a new parameter respectively (this may increase the indices 
p and g). Thus we may assume that z has the form a’x’a''x"’ - - - or 

- + » ,We denote the number of factors in z by &. For k =2, our theorem holds 
by Definition 1, and we are going to apply induction from k to k+1. Denoting 
the product of the first k—1 factors in z by £, we have to dispose of two cases: 
(i) z=éxa, (ii) z=£ax. A subscript to ¢ shall indicate that special values have 
been assigned to all parameters occurring in é. 

In Case i we know that to each Uell there correspond quantities &, - - - 


with 
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(2) F(tx)e S (F(x) + V’). 


(Cf. [4], Definitions 6, 11.) Given UeM, let V+V ¢ U. Replacing x by xa in 
(2) we get 


(3) F(txa)e S + V’). 


We determine elements a, - - - , dm such that 


(4) F(za)e © (F(za,) + V’). 


Putting here z=£,” and substituting the result in (3), we obtain 


F(éxa)eS (F(E,xa,) + + VES (F(E-xa,) + UV’). 


p=l 


This proves Case i. 
In Case ii we determine quantities &, - - - , £,, such that 


F(éa)e S (F(E2) + V’); 
hence 


(5) P(gax)eS (F(G,ax) + 
By Theorem 2 we may determine elements a, - - - , @m such that 


F(yax)eS (F(ya,x) + V’). 


Putting here y =é, and substituting the result in (5), we obtain 


F(tax)eS S (F(E,a,2) + UV’). 


yl 


This proves Case ii. 


Corotiary. Let F(z) be an almost periodic function. Let z be the product of 
positive or negative integer powers of variables x’, x’’, - - - , x‘”), of parameters 
a’, a’’,- ++, a@, and of constant elements c’, c’’,-- in an arbitrary 
fixed order. The set of functions F(z) (eL,®) is again totally bounded in a’, 


pel 
p=1 
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If we consider also the elements c’, - - - , c‘”) as parameters, we get a larger 
set of functions eL® which by Theorem 3 is totally bounded. But a subset of 
a totally bounded set is also totally bounded. 


THEOREM 4. The function (1) of Theorem 3 is almost periodic in x’,-+-, 
x‘), for any fixed values of the parameters a’, ,a. 


If we multiply the element [x’, - - - , x‘ ]eG* by an element [b’,- - -, 
b‘») | on the right or the left, the argument z in F(z) goes over into a product 
of positive or negative integer powers of the variables x, the constants a, 
and the parameters b. Replacing in the corollary of Theorem 3 the letters 
aandc by band a, we find that the resulting set of functions is totally bounded 
in the parameters b. By Definition 1, the function (1) is almost periodic. 


THEOREM 5. If Fi,--+, Fx are almost periodic functions with values in 
linear spaces L;,---, Li respectively, if S, (k=1,---, k) is the range of 
F,, and if fx) ts function with the domain f.eS,, x=1, ---, k, 
uniformly continuous in it, and with a range cL, then the function 

G(x) =§(Fi(x), F ,(x)) 
is almost periodic. 

Definition 1 is fulfilled for the function G(x) on account of [4], Theorem 9, 
if this theorem is applied to the function §(/i, - - - , F,), considered as a func- 
tion of the functions Fi, ---, F;, with the L,, L of Theorem 9 in [4] put 
equal to L&, LS, and its ranges S, to the Rr,, &r, respectively (k=1,--- ,k). 

THEOREM 6. If F, GeAp, then F+GeAp. If FeAp, and a(x) is a numerical 
almost periodic function, then aF €A p. 


If FeAp, the set of functions r,F=F(xa) is totally bounded; if we put 
x=1 we find that the range of F is totally bounded. Theorem 6 follows from 
Theorem 5, since the functions f:+/2, fife are uniformly continuous if f; and 
fe run over totally bounded sets, the closure of such sets being compact and 
separable ([4], Theorem 11, Theorem 7, Definition 10, and Theorem 16). 


THEOREM 7. The set Ap is closed. 


Let F be a condensation point of Ap, Vell, V+-V cU. There is a GeAp 
such that FeG+V’. Obviously Choose elements Fi, ---, 
F,,€Ap, such that 


(F, + V’). 
Then 


(F,+V'+V) cS (F, + V’), 
vel 
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which proves that Str is totally bounded. Similarly, fr is totally bounded. 

Coroiiary. If a sequence of almost periodic functions is uniformly con- 
vergent, the limit function is also almost periodic. 

TuHeoreM 8. If FeAp, the set S=((Rv)eonv)ei has the following properties: 
(i) Sc Ap, (ii) S is compact and separable, (iii) S conv =S. The same is true also 
for T = ((2r)conv)el- 

(i) follows from Theorems 4, 6 and 7. (ii) follows from the fact that S is 
totally bounded ([4], Theorems 14 and 16). (iii) was proved in [4] Appendix 
I. 

THEOREM 9. If Ge((Rr)conv)e1, then 


(6) ((Re) c ((Rr) conv) et 


The same is true if we replace R by &. 


For any U ell, we have by assumption ([4], Theorem 5):G ¢ (Rr)eony + U’. 
This immediately leads to the result that 2¢¢(Rr)convt+U’. Since U is 
arbitrary, it follows ([4], Theorem 5) that Re ¢ ((Rr)conv)e1- The final relation 
(6) is now obvious by Theorem 8, (iii). 

DEFINITION 3. If two almost periodic functions G, F are in the relation (6), 


we shall write 
GF. 


Remark. It follows from Theorem 9 that the relation G-3F is equivalent 
to Ge((Rr)eonv)el- 

THEOREM 10. F-3G and G3H imply F3H. 

This follows immediately from Theorem 9. 


THEOREM 11. Jf FeAp, and Ueu, there is a G3F, and anumber p20, such 
that for H-3G and ae@ (cf. [4], Definition 13), 


= 


We consider, for K e((Qr)conv)o1, the numerical function 


(7) = Lub. 


It is a continuous function; hence it assumes, on every compact separable 
set, a maximum and a minimum; and it is easily seen that, for Ki:3Ksa, 
\|K;||z-<||Kollj-. Therefore, if G is an element for which (7) attains its 
minimum, and if » denotes the minimum value, we have 


= = for K 3 H 3G. 


i 
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Thus, for , @ne€G; a1, --- +a,=1, 


l.u.b. || ex (ax) a,H = Lub. 


Connecting this with 


xeG ym] 


we find for the numerical function (x) =||H(x)||5 the property 
(8) Lu.b. y(x) = L.u.b. (avy(aix) + +++ + 
xe 


By Theorem 5, (x) is almost periodic; and (8) proves that 
= Lub. 
xb 


(Cf. the definition of M, in [1], Definition 4.) Hence (x) is constant (cf. 
[1], Theorem 7, (4), putting f(x) = [l.u.b..¢7(x)]—v(x)), and the proof of 
our theorem is completed. 

Corotiary. If FeAp, feL, there is a and a number 
such that for H-3G, aeG, 


(9) — = 

Apply Theorem 11 to F,(x)=F(x)—f, and denote the resulting G,(x) 
by G(x) -f. 

THEOREM 12. If FeAp, there is an H-3F which is constant. 

We denote by S the range of F(x), and by T the set (Sconv)ei. S is totally 
bounded (compare the proof of Theorem 6). Hence by [4], Theorems 11, 14, 


T is totally bounded too. If f (eZ) is a value of a function G-3F, then f isa 
condensation point of elements of the form 


but an element of this form is contained in S,.ny; thus feT. Therefore there 
exists a compact separable set JT ¢ L which contains the ranges of all G-3F. 

Let fi, fe, - - - be a dense sequence in T, Wi, W2, Ws, - - - a complete set 
of open neighborhoods of zero. Write all pairs n, p=1, 2, - - - in a sequence 
Nr, Px, R=1, 2,---, and define a sequence of functions Go, Gi, Ge, - - + in 
this manner: Go=F; Gi: is the G of the corollary to Theorem 11 if applied 
to F=G,, U=Ui=W,,, f=f,,. Thus 


~ 
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and for all H-3G;, 
(10) \|2(x) — fallo, = ua, 


where y; is a number depending on k. 

The sets ((Ie,)conv)e1 are monotonely decreasing as k-, all closed and 
non-empty, and all subsets of the compact separable set ((Ivr)conv)e1; thus 
they have a common element H. Relation (10) means that for any p and any 
x, the relation 


(11) \|7(x) — = — 


holds for all f=f,. The f, being dense, and the pseudo-metric being continu- 
ous, the relation (11) holds for all feT. Putting f=H(y) we obtain ||H(x) 
—H(y)||7,=0; hence H(x)—H(y)eW, (p=1, 2,---) (cf. [4], Definition 
13); hence H(x) =H(y). 

Coroiiary. If FeA p, there is a beL, and a sequence of systems (n=1, 2, 
3,---) 
(12) °° * An,mn = 0, Qn ,1 + + 1, * Gn O 
such that for every Uell there exists an m=m,(U), for which n=m implies 

Gn (Gn 1X) Cn F (Gx — gel. 


We denote the constant value of the function H of Theorem 12 by ¢. 
Since (Rvr)eony is separable, and H is an element of its closure, H is the limit 
of a sequence of (equal or different) elements of (Qr)eony- Hence the corollary. 


THeEorEM 13. If FeAp, there is a WeL, and a sequence of systems (12), such 
that for every Uell there exists an m=m,(U), for which n=m implies 
+ +++ + may) — 
Apply the corollary to Theorem 12 to the function F(z-1y) of L™ (cf. 
Definition 2), and then replace z~! by zx. 


DerinitIon 4. If FeAp, every WeL which has the property described in 
Theorem 13 is a mean of F. 


THEOREM 14. If F, GeAp, and y, x are respective means of F, G, then V+x 
is a mean of F+G. 


Given Uell, choose Vell, with 2V —2VeU. Suppose that a,20, ai+ --: - 
+an=1, a,¢G, 8,20, --- +8,=1, b,€G, and that 


(13) a, F(xayy) + +++ + amF(xamy) — peV,— 
(14) Bi F(xbiy) + +++ + BaF (xbay) — xeV. 
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In (13) we replace y by b,y, multiply the equation by 8,, and sum over v. We 
obtain, using [4], Theorem 12, 


a8, F(x0,b,y) — veo €2V. 


p=1 
Similarly, if in (14) we replace x by xa,, multiply by a, and sum over yp, we get 


a8, G(xa,b,y) — xe >, a,V 


> a,8,(F(xa,b,y) — G(xa,b,y)) — (b — — 2VeU. 


a,8, 2 0, ob, 2 1, a,b,€G, 


p=1 

and U was arbitrary, we conclude that y— x is a mean of F—G. A similar 
argument proves that ¥+ x isa mean of F+G. 

Corotiary. If Fi, Fo, ---, FveAp (N=1, 2, 3,- +--+), with the means 
Vi, Yo, +, Ww respectively, and if Ue, then there exist numbers an, &n 
20,a:+ --- +a,=1, and elements a, - - - , dn€G, such that simultaneously 
forv=1,2,---,N, 

,(xa1y) + +--+ + (xany) — 

The case N =2 was treated in the proof of Theorem 14, and the same 
argument can be used to extend our statement from NV to N+1. 

THEOREM 15. Every almost periodic function has one and only one mean. 

If y and x are both means of F, y—x is a mean of F—F=0. But every 
mean of 0 is 0. Hence the uniqueness of the mean. 

Derinition 5. If FeA p, its (unique) mean will be denoted by MF or M,F(x). 
THEOREM 16. The mean has the following properties: 

. If F(x) =¢ (constant eL), then MF= 9. 
. If ais a number, M(aF) =aMF. 
. M(F+G) =MF+MG. 
. (ax) =M,F(x). 
. M,F(xa) =M,F(x). 
(a) 
. If Vell, and F—GeU, then MF —-MGe2U. 


on 


m n m 
Hence 
As 
m n 
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1 and 2 are obvious. 3 follows from Theorem 14. 4, 5, 6 are easily deduced 
from Definition 5. The first half of 7 follows from the relation 


|| (xazy) s a||F(xa1y)|lo a,||F(xany)|lo 


and the continuity of the pseudo-metric; the second half is a proved theorem 
on real almost periodic functions (cf. [1], Theorem 7). With regard to 8, from 
||F —G|| <1, it follows that || M@F—MG]|j <1, and thus MF—MGe2U. 

THEOREM 17. The properties 1, 2,3, 4 (or 5), 8, of Theorem 16, determine our 
mean uniquely. 

Replacing ab by ba in G shows that it is sufficient to consider the proper- 
ties 1, 2, 3,4, 8. Let NF be a notion defined in A p satisfying these properties. 
If V+V cUell, a+ +a,=1, and 

a, F(a,x) +--+ +a, F (a,x) — MFcV, 
then 
NF — MF = N(asF(aix) +--+ + (anx) — MF)C2VcU. 
U being arbitrary, NF=MF. 
Remark. The properties 3, 7 of Theorem 16 imply the property 8. Hence 


we have that the properties 1, 2, 3, 4 (or 5), 7, of Theorem 16 determine our 
mean uniquely. 


THEOREM 18. If xeG, yeG’, and F(x, y) is almost periodic in x, y, then 
F(x, y) is almost periodic in x for fixed y, and almost periodic in y for fixed x, 
G(x) =M,F (x, y) is almost periodic in x, H(y) =M.F(x, y) is almost periodic 
in y, and 


MF = M,G(x) M (MyF(x, y)), 
MF = M,H(y) = y)). 

If the sets F(ax, by), F(xa, yb) are totally bounded for aeG, beG’, then 
the sets F(ax, y), F(xa, y), which are parts of them, are totally bounded for 
ae®. Hence F(x, y) is almost periodic in x for fixed y. Similarly, if we inter- 
change x and y, F(x, y) is almost periodic in y for fixed x. 

Given Uell, choose Vell, with V+V cU, and elements a, - - - , Gm, di, 

++, 6,, such that 
F(ax, yleS(F(aix, y) + F(amx, y) + Vv’), 
F(xb, yleS(F (xb, y) + F(xb,, y) + V’). 
By Theorem 16, 8, 


G(ax) = M,F(ax, y)eS(M,F(ax, y) + U',--+ , MyF(amx, y) + U’), 


(15) 


i 
i 
iy 
3 
f 
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and similarly 
G(xb)eS(M,F(xbi, y) + U’, , MyF(xbn, y) + 


Hence G(x) is almost periodic, and similarly H(y). In order to prove the first 
half of (15) we have only to show that the “mean” NF =M,(M,F) satisfies 
the conditions 1, 2, 3, 4, 7, of Theorem 16. But this is easily verified; for 
instance, in the case of the first half of condition 7, we have 


(cf. [1], Theorem 10). Similarly for the second half of (15). 


Part II. FourrER EXPANSIONS 

DeErFiniTIon 6. If $(x) is a numerical almost periodic function, and FeAp, 

¢xXF is the function 
= Mu(o(xy)F(y~)) 

which again belongs to Ap. 

THEOREM 19. ¢ XF is linear in and in F, and associative: (6X 
X(WXF). 

The first follows from Theorem 16, 2, 3. The second follows from the 


following formal calculations, each step of which is justified by one of the 
foregoing theorems: 


X ¥) X F = = 
= Mwy 

= = 

and substituting yz for y, 

= )F(2)) = F(2)) 
= My )Y(2)F(y)). 

Tueorem 20. If F(x, y) is an almost periodic function of L®**, and Ue, 


there exist numbers on, +--+, @n20, +--+ +an,=1, and elements a,eG, 
such that, for all xeG, ye’, 


(16) > a,F (a,x, y) — M.F(x, yeU. 
yen] 


For fixed y, F(x, y) is almost periodic in x. Hence, by the corollary to 
Theorem 14, if any finite number of fixed values is assigned to the variable 
y, it is possible to choose quantities a,, a, which satisfy (16) for all x. 


be 
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Now, choose Vell, with 2V-++-V —2V cU, and then elements }y, - - - , bn, 
such that F(x, yb)eS(F(x, yhi)+V’,---, F(x, ybm)+V'). Putting y=1, 
we obtain 


F(x, b)eS(F(x, + , F(x, bm) + 


We determine quantities a,, a, such that 


(17) > a,F (a,x, b,) — Mz F(x, b,)eV 


for 4=1,---,m. To each b there corresponds a 8, such that 
(18) F(x, b) — F(x, b)eV. 

Hence by Theorem 16, 8, 

(19) M,F(x, b) — M.F(x, b,)e2V. 

On the other hand, it follows from (18) that 


(20) a,F(a,x,b) — a, F(a,x, b,)e2V. 
pel 
Combining (17), (19), (20), we obtain, for any deG’, 
a,F(a,x, b) — M.F(x, b)e2V + V—2VCU, 


and this proves the theorem. 


DEFINITION 7. A weight function is a real almost periodic function $(x) 
with the properties: o(x)=0, Mp=1. A special weight function is a weight 
function which is a finite linear aggregate of representation coefficients. (Cf. 
[1], Chapter III.) 


THEOREM 21. If FeA p, and is a weight function, then 6X F3F. 


If Uell, choose Vell, with V+V cU. Then ¢XF=M,(¢(y)F(y'x)). By 
Theorem 20 there are numbers a1,--- , @n20, --+ +a,=1, and ele- 
ments @,eG, such that 


n 


y=] 


The function 


= a#(a,y) 
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is a weight function. Hence there exist elements 1, ye, such that ¥(y:) 21, 
¥(y2) <1. Therefore we may find a y, OS 7 <1, with +(1-— = =1. 
From (20) we easily deduce that 


v=1 

It is easily seen that the function in x on the right side e(Mr)conv. Hence 

forany U’ell’. Thus ([4], Theorem 5) ¢ ((Rr)conv)el- 


Lemna 1. If $(x, y) is a real almost periodic function in x, y, then 
V(x) = Lub. 9) 


is almost periodic in x. 


If | (ax, by) —G(a,x, b,y)| <e, then also 


l.u.b. by) — L.u.b. o(a,x, by) | 


l.u.b. ¢(ax, y) — l.u.b. ¢(a,x, y) | Se. 
yeG 


Hence, if 2, is totally bounded, then so is Ry. Similarly for ,. 


Lemma 2. If ¥(x) is a weight function, and e>0, there is a special weight 
function x(x) such that 
| ¥(x) — x(x)| x. 
By the approximation theorem ([1], Theorem 30), for each 5>0, there 
is a finite linear aggregate of representation coefficients x:(x) such that 


(22) | ¥(x) — xa(x)| <6. 


We may assume x:(x) real, otherwise we replace it by (xi(x)+x:(x))/2. 
After that, we may assume it 20, otherwise x:(x) +4 satisfies (22) with 26 
instead of 6. Since My=1, (22) implies 1-5<5Myxi51+46; hence, for 
x =x:i/(Mx:), we obtain 


| v(x) — x(x) | | ¥(2) — x(n) | + | (: | 


1 — 6L 


n n 

that is, 
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and this is <e, if 6 is small enough. 


THEOREM 22. If FeAp, and Uell, there exists a special weight function x 
such that x XF —FeU’. 

F(x-!y) —F(y) is almost periodic in x, y, hence ||F(«-"y) —F(y)||5 is also 
almost periodic in x, y (Theorem 5). By Lemma 1, 


(x) = Lub. ||F(a-y) — F(y)||5 
ye 


is almost periodic in x. 
Given e>0, we form with the function 


~ or |u| Se, 
€ 

0 for |u| 


the almost periodic (Theorem 5) function y,.(x) =w,(t(x)). We have (1) 
¥.(x)=0, (2) ¥.(1)=1, since #(0)=0, (3) if ¥.(x)>0, then ||F(x-'y) 
—F(y)||i <e for all yeG, (4) m.=M.¥.(x) >0 by [1], Theorem 7, 4. There- 
fore 


— F(x))||o < — < 
and this is equal to 0 if y.(z) =0, and <e).(z) if y.(z)¥0. Thus 
xF Sem, 
and for the weight function ¥(x) =y.(x)/m,. we have 


lly XF —Fllo Se. 


For the special weight function x(x) from Lemma 2 we obtain 
XF —Fllo e+ || X Flo Se + — 


< ¢+M.(max|| + Se 
where C is a constant independent of e. Choosing e<(1+C)-', we obtain the 


theorem. 


THEOREM 23. If FeAp, there exists a sequence of special weight functions 
on(x), m=1, 2, 3,--- , such that F is the limit of the sequence $,XF, 
n=1,2,3,---. 


Consider the functions ¢ x F, for all special weight functions ¢, and denote 
their set by S. By Theorem 22, F ¢ S.1; but S.i, being ¢ ((Rr)conv)e1 (Theorem 


[January 
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21), is separable; hence, F is the limit of a sequence of (equal or different) 
elements 


Deriniti0n 8. If D(x) = { D,o(x) },,0=1, ---,2 an irreducible normal repre- 
sentation of & (cf. [1], Chapter III, Definitions 9, 10) we form, for FeAp, 


= = M(D,F), 


and the matrix 


{ foo(D) 

is the (D, p, o)-expansion-coefficient of F, f? its D-expansion-matrix. 

THEOREM 24. The expansion coefficients and matrices have the following 
properties: 

1. M(D,,(eF))=aM(D,.F), acl. 

2. M(D,.(F+G)) =M(D,.F)+M(D,,G). 

3. If F is the limit of a sequence Fy, N =1, 2, - - - , then, for each (D, p, ¢), 
M(D,,F) is the limit of the sequence M(D,,Fw), N=1,2,---. 

4. If G=oxXF, and if g,.(D), d0(D), are expansion coefficients 
of G, >, F respectively, then 

g? = f?, 

that ts to say, 


bee(D) = ber(D)fee(D). 


T=1 


In particular, the matrix g? vanishes if f° or b? vanishes (or both). 

5. If N =1, 2, 3, is a (finite or countable) sequence of irreducible 
inequivalent normal representations, if the s% are their respective degrees, if 
Nc are elements of L, and if 


(23) > 


N=1 p 


[meaning that FeA p is the limit, m— , of the sequence of elements 


= 
N=1 p,o=l 

from Ap], then 

0 if D# D*® 


hye if D = DN ( ) 


= 


i 
7 
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1 and 2 are obvious; 3 is easily deducible from the fact that G(x, y)eU 
implies My,G(x, y)e2U (Theorem 16, 8); and 4 follows from the relation 


bee = M (Depa) = Mi(F(y)M o(xy-"))) 


- 

As regards 5, if the number of the representations D¥ is finite, it follows by 
direct computation of M.(D,,(x)F(x)), applying 1 and 2 and [1], Theorem 
21, and in the general case by using this and 3. 


THEOREM 25. If Fe Ap, it has only countably many expansion matrices #0. 


By Theorem 24, 4 and 3, this is true if F has the form ¢XG, with ga 
special weight function, or if F is the limit of such functions. Now apply 
Theorem 23. 


Derinition 9. If Fe Ap; if DY, N=1,2,- +--+ , is the sequence of irreducible 
normal representations (in any fixed order) for which its expansion matrices 
#0; if the are their respective degrees; and if fy ; then 
we call the formal series 


aN 


(24) 
N=1 
the Fourier expansion of F. 

We call a sequence F m, m=1, 2, +--+, formally convergent (to F), if the se- 
quence of the Fourier expansions of the functions F,, is formally convergent (to 
the Fourier expansion of F), i.e., if for any (D, p, «), the sequence M(D,,F m) 
has a limit (namely M(D,,F)). 


Remark. Theorem 24 states properties of the Fourier expansion. 1 and 2 
state additivity. 3 states that the Fourier series of a limit is the formal limit 
of the Fourier series. 4 gives an important rule for the computation of the 
Fourier series of a convolution of an almost periodic function with a numerical 
almost periodic function. Finally, 5 states that the sum of a uniformly con- 
vergent series of the form (23) is its own Fourier expansion. 


THEOREM 26. (Uniqueness Theorem.) Almost periodic functions which have 
the same Fourier expansion are equal. 


If G and H have the same expansion, then the expansion of F=G—H 
vanishes identically. From 
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(25) X F = = Dor (x) 

T=1 
it follows that D,,XF vanishes for any (D, p, «). Hence ¢XF=0 for any 
special weight function. But F is the limit of such functions (Theorem 23). 
Therefore F =0. 


Part III. THEOREMS ON APPROXIMATION AND SUMMATION 


THEOREM 27. (Approximation Theorem.) If F is almost periodic, it is the 
limit of a sequence of finite linear aggregates of the form >. fD,. with feL. More 
precisely, if DY, N =1, 2,3, +--+, are the representations occurring in the Four- 
ier expansion of F, if the s% are their respective degrees, there exist elements 
IN. pe Of L (m=1, 2, 3,---) such that for each m only a finite number of them 
is #0, and that F is the limit, for m—@ , of the finite aggregates 


Fn = fit 
N=l1 
F is the limit of a sequence F,,=$mXF, each $m being a special weight 
function. Using (25) we find that this sequence has the property stated in 
the theorem. 


THEOREM 28. Let the sequence Fm, m=1, 2, 3,--- , be part of a totally 
bounded or compact set of Ap. In order that the sequence have a limit it is suf- 
jicient that it be formally convergent. 


As the closure of a totally bounded set is compact (cf. [4], Theorem 11 
and Definition 10), it is sufficient to consider the second case. Owing to the 
compactness, the sequence has at least one condensation point, and, using 
the compactness again, we have to show that it has no more than one con- 
densation point. Otherwise there would exist two subsequences F,,,, F,,, of 
F », having two different limits, G and H respectively. The Fourier expansion 
of G is the formal limit of the Fourier expansions of the sequence F,,,, and 
therefore, the sequence F,, being formally convergent, of the sequence F,,. 
Similarly, the Fourier expansion of H is the formal limit of the expansions of 
the sequence F,,. Thus G and H have the same Fourier expansion, and by 
Theorem 26, G =H, which contradicts our hypothesis. 


DEFINITION 10. The function Fe A p will be called a class function if for all 
x and y, F(yxy-) = F(x), or, which is equivalent, if for all x and y, F(yx) =F (xy). 
A formal series (24) will be called a class series if 


37 
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THEOREM 29. If F(x)eAp, then Fo(x)=MyF(yxy-') is a class function, 
and if (24) is the Fourier expansion of F(x), then the Fourier expansion of 
Fo(x) is 


N=1 


1 
fy = 
p=l 


In order that a function F of Ap be a class function, it is necessary and suf- 
ficient that its Fourier expansion be a class series. 


We have 
Fo(sxz-") = M, = M,F(yxy-') = Fo(x); 
hence F(x) is a class function. For a fixed representation {D,,} we have 


M = (yxy!)) = 


= My M 


2 


and this proves the statement about the Fourier series of Fo(x). 

If the Fourier expansion of F is a class series, the functions F and Fy have 
the same Fourier expansion. By Theorem 26, F = Fo, and hence F is a class 
function, because F4 is one. 

Conversely if F(x) =F(yxy-'), then F(x) =M,F(yxy-') =Fo(x), and by 
the first part of our theorem, the Fourier expansion of Fo(z) is a class series. 


THEOREM 30. (Summation Theorem.) Let DY, N=1, 2, 3,---+ , denote a 
sequence of irreducible normal representations, and the s™ their respective de- 
grees. There exists a sequence of special weight functions dm, m=1, 2, 3,---, 
with the following properties: 


1. is a class function. 
2. All Fourier coefficients of 6m are =0, $1. 
3. Any almost periodic function F whose Fourier expansion contains no other 
representations than the given ones, is the limit of the sequence onXF, 
m=1,2,---. 

In particular, there exists a square array of numbers ry, m, N=1,2,---, 
with the following properties: 


3 
- 
where 
| 
j 
fd 
| 
A 
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a. For each m only a finite number of them is 0. 
B. OSryS1. 
y. If an almost periodic function F has a Fourier expansion 


aN N 
N=1 


[any number of the coefficients fv,p. may vanish], then F is the limit, m> , of 
the finite aggregates 


aN N 
N=1 
We determine numbers é€w, all ~0, such that the series 
aN N 
(27) evs" ( 


is uniformly convergent, thus representing a numerical almost periodic func- 
tion f(x). There exist special weight functions xm(x), m=1, 2, --- , such that 
the sequence of functions fn(x) =xmX/f(x) is uniformly convergent to f(z). 
By [1], Theorem 21, 


= €y Dy. 
But Considering ey we conclude that 


(28) lim xn X Dy = Dp. 
m—> 


In particular, 


lim M = Bye 


m— 


We now consider the class function 
(29) Vm(x) = Myxn(yxy~); 


W(x) is obviously a weight function, and Theorem 29 shows that it has the 
form 


(30) Yn(x) = Ls ap ( x Dur) 


with a finite number of terms, so that it is a special weight function. From 
(28) it follows that 


39 
— 
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lim ap = 1 for D = D¥, 


m— 


T he function 


Vn = = Lisp Der) 


T=1 


has all the properties of ¥,,. Finally we introduce the class function ¢mn= Ym 
Xv! , for which we find 


om = soro( > Dn), 


D T=1 


where 


m m \2 
rp =|ap| , 


with 
(31) lim r5 = 1 for D = D*, 


It is easy to find that ¢,, is again a weight function. Its coefficients rp are=0, 
and as 7p, ém(x) are real and=0, 


= S M.(| Du(x-) | | | ) S = 1. 


Hence the properties 1 and 2 of our theorem are fulfilled. Using (31) we con- 
clude from Theorem 24, 4, that for any F whose Fourier expansion contains 
no other representations than the given ones, the sequence ¢» X F converges 
formally to F. By Theorem 21, this sequence is part of the compact set 
((Mr)conv ei. Thus we may apply Theorem 28, and this proves property 3. 

The second half of Theorem 30 is an immediate consequence of the first 
half. 


DEFINITION 11. A system of irreducible normal representations will be 
called a module MN if it contains with every representation its complex conjugate, 
and the Fourier series of the product of any two occurring representation coef- 
ficients contains no other representations than the given ones.* A module will be 
called countable if it contains only a finite or enumerable number of representa- 
tions. 


* If D”, D* are any two normal representations, then, in the sense in which these symbols are 
used in the theory of group-representations, the direct product D“D* is a finite sum 


(the c¥” are the “composition coefficients”). Hence the product of any two representation coeffi- ; 
cients has a finite Fourier expansion. Hy 


40 
— 
{ 
| 
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Lemna 3. There is always a smallest module containing a given set of repre- 
sentations ; if the given set is countable, then so is also the smallest module. 


Consider all finite subsystems of the given set of representation coef- 
ficients and their complex conjugates and form all possible power-products 
with them. The totality of the representations occurring in their Fourier 
series is the desired module. 


DEFINITION 12. Given any module M, we shall denote by {M} the set of Ap 
consisting of those functions whose Fourier expansion contains no other repre- 
sentations than those occurring inM. 


THEOREM 31. Given M, the set {M} has the following properties: 


. If F(x) is in {M}, every F(xa) is in {M}. 

. If F(x) is in {M}, every F(ax) is in {M}. 

. If F(x) is in {M}, every aF (x) is in {M}. 

. If F(x) and G(x) are in {MN}, F(x) +G(x) is in {M}. 

. If Fi, Fo, - ++ are in {MN}, and if F is the limit of Fn, then F is in {M}. 
If ++, fn are numerical functions of {MN}, and F(us,---, un) is a 
numerical function which is defined and uniformly continuous for the range of 
fis +++ yfny then F(fi(x), - - , fn(x)) is also contained in {Mt}. 

7. If at least one of the two functions a(x), F(x) is in {M}, thenaX F(x) is also. 
(a(x) is numerical.) 


Nuon 


1-5 follow easily from the formal properties of Fourier expansion. 7 is an 
immediate consequence of Theorem 24, 4. As regards 6, if f and g are nu- 
merical finite aggregates of representations from {9}, then f as well as fg 
is also e{M} by definition of {M}. Applying the approximation theorem 
and 5, the same holds for f and fg for any numerical functions f, g from 
{M}. Hence 6 is true if wn.) is a polynomial in m,--- , and 
their complex conjugates. F(m, -- +, #n) being uniformly continuous on the 
range of fi,--- , fn, which is a bounded set since fi,--- , fx are a.p., 
F(fi(x), --- , fa(x)) is a uniform limit of polynomials in f,(x),--- , fa(x) 
and their complex conjugates. Thus 5 completes the proof of 6. 


THeEorEM 32. If M=(D', D*®,---) is a countable module, there exists 
in {M} a sequence of special weight functions $1, $2, - - - such that 


(i) om = > > Din); 


(ii) O<ry <1, lim ry = 1. 

J 
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As in the proof of Theorem 30, we choose the ¢y #0 such that the series 
(27) is uniformly convergent, and construct the special weight functions 

By Theorem 30 these ¢:, ¢2, --~- have the properties (i), (ii) of our 
theorem, so we need prove only that they belong to {QM}. 

As f(x) belongs to {M}, for every finite subset a1, - - - , a, of G, all f(xa;), 
- ++, f(xa,) also do, and with them their continuous function 


max (| f(xa1) — f(a) |, coe, | f(xan) — f(an) | ) 
= lub. ( | f(xy) — f(y) |). 


Since f(z) is almost periodic, we can select a sequence of such sets a, - - - , Gn, 
so that this converges uniformly to the translation function 


t(x) = Lub. (| f(xy) — f(y) |). 


Thus ¢(x), as well as the y.(x) =w.(t(x)) of Theorem 22, which is a continuous 
function of ¢(x), belongs to {NM}, and with it 


The x:(x) of Lemma 2 contains only such representations as occur in the 
Fourier series of (x); therefore it also belongs to {M}, and with it x(x). 
The same is true of the x of Theorem 22 and also of the xi, x2, - ~:~ in the 
proof of Theorem 30 as well as of the ¥, yo, - - - , since these contain only 
such representations as occur in the Fourier series of the corresponding 
functions x1, x2,°--. It follows finally that ¢1, ¢2,--- ¢ {M}, and the 
proof is complete. 


THEOREM 33. (Isolation Theorem.) Let F be an almost periodic function, 
with a Fourier expansion 


(32) 


and let M be any module. There exists an almost periodic function, we shall de- 
note it by Fg, whose Fourier expansion consists of exactly those terms 


(33) 


of (32), for which D is contained in Mt. And we have Fa3F. 
The given module M need not be enumerable from the outset, but we may 


¥.(*) 

| 


| 
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replace it by the enumerable module generated by those representations of 
§ which occur in (32). Hence I may be assumed to be enumerable. Let it 
contain the representations D', D®, - - - . With the special weight functions 
$1, $2, - ++ from Theorem 32 we construct the functions ¢:1XF, @2:XF,---. 
By Theorem 21 the functions ¢,,XF are all 3, and by the properties of 
om, the functions ¢,,XF are formally convergent. By Theorem 28 the se- 
quence ¢» XF has a limit function fa, and by Theorems 24, 4 and 32 the 
Fourier series of f@ has the stated form. 


THEOREM 34. Let F be an almost periodic function and I, M2,--- @ 
sequence of monotonically increasing modules which in their sum contain all 
representations occurring in F. 

The sequence of functions 


(34) Fg 
converges to F. 


The functions (34) converge formally to F, and are all 3F. By Theorem 
28, F is the limit of the sequence. 


THEOREM 35. (Decomposition Theorem.) Let F be an almost periodic 
function and let it be possible to divide the representations occurring in F in 
a sequence of systems 81, $2, 83, - - - ,in such a way that for each k( =1, 2, 3, - - -), 
the least module containing S(81, $2, -- - , 8x) has no element in common with 
S(Si41, S42, - °°). There exists, for each k, an almost periodic function, we shall 
denote it by F3,, whose Fourier expansion consists of exactly those terms (33) 
of (32), for which D is contained in 8,; and the series 


Fg 
converges to F. 


If we denote the smallest module containing 81, ---, 8, by Dtx, the de- 
sired function Fg, is F@, for k=1, and Fa@,—Fam,, for k22, and our 
theorem reduces to Theorem 34. 


Part IV. APPLICATIONS TO HILBERT SPACE 


In this section we shall assume L to be either a Hilbert space §, or the 
space % of all bounded transformations in . We shall consider these spaces 
with the help of the various topologies which have been discussed in [4], 
Chapter IV, as well as in the places quoted there. According to whether we 
consider § in the topology based on the neighborhoods U; or Us, we shall 
denote © by §: or $2 respectively. As for 8, corresponding to the neigh- 
borhoods Us, Us, Us we shall denote it by B3, B., Bs, respectively. 


| 
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THEOREM 36. (a) If F(x)e S* is almost periodic in © it is also almost pe- 
riodic in $%. (8) If F(x)eB® is almost periodic in B® it is also almost periodic 
in B®, and (y) if it is almost periodic in BS it is also almost periodic in BE. 

(5) F(x) is almost periodic in S* if and only if the numerical function 
(F(x), g), which is the inner product of F(x) with the constant ge, is almost 
periodic for every 

(e) F(x) is almost periodic in Bf if and only if F(x)f, that is, the value of 
F(x) operated upon the constant fe, is almost periodic in $f for every fe. 

(¢) F(x) is almost periodic in Bf if and only if F(x)f is almost periodic in 
Hf for every feH, that is, if and only if the numerical function (F(x)f, g) is 
almost periodic for every pair f, g, €D. 


Ad (a). The topology of $2 is weaker than the topology of §:. More 
precisely: to any U2€ll, there corresponds a Uj, such that U, c U2. Hence, 
ifaset S c G is totally bounded in §; it is also totally bounded in $2. And this 
proves the proposition, if we remember Definition 1. 

Ad (8) and (y). A similar argument as ad(a). 

Ad (6). Let S be any set of &). If ge® we denote by S, the set of numer- 
ical functions (F(x), g), FeS, and for any finite number of elements 
£1,°**, gn€M we denote by S,, o, the set of n-dimensional vector 
functions with components (F(x), g1),---, (F(x), gn), FeS. It is easy to see 


that S is totally bounded in § if and only if all sets S,,,..., ,, are totally 
bounded. On the other hand, we have to prove that S is totally bounded 
in §: if and only if all S, are totally bounded. Thus it is sufficient to prove 
that, for a fixed S, the total boundedness of all sets S, implies the total 
boundedness of all sets S,,,.-- ,,,- This follows from [4], Theorem 9, if we 
observe that a vector { o1,°°°, bn} may be considered as a continuous 
function of its components ¢:,---, ¢, in the obvious topology of vector 


spaces. 
Ad (e) and (¢). A similar argument as ad (6). 


THEOREM 37. Let F(x) be an almost periodic function, its Fourier expansion 
being (throughout this part, we will write the Fourier coefficients a,.(D) without 
the factors sp, the degree of D) 


(35) F(x) ~ 


If F(x) is in $*, we have a,.(D)eS, and (F(x), g), for any ge&, has the 
Fourier expansion 


j 
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(36) (F(x), g) ~ (ape(D), 


If F(x) is in 8%, we have a,.(D)eB; for any feS, F(x)f has the Fourier 
expansion 


(37) F(x)f ~ -Dyo(x), 


Dipwe 
and for any f, ge, (F(x)f, g) has the Fourier expansion 
(38) (F(x)f, g) > (ape(D)f, g)-Dye(x). 


Remembering the definition of a,,(D), it is sufficient to prove 
(39) M (F(x), g) = (MzF(x), g) 
in the case of (36), and 
(40) M.(F(x)f) = (M2F(x))f 


in the case (37) ; (38) follows from their combination. 

The mean with respect to the strong topology ($1 or B,) has, a fortiori, 
all the properties of the mean in the weak topology (2 or Bs). Hence, by the 
uniqueness property of the mean (Theorem 17), it is sufficient to consider 
the cases of weak topology. In these cases the relations (39), (40) follow by a 
new application of Theorem 17, since (M,F(x), g) and (M,F(x))f have the 
properties required in this theorem. 


TueEoreEM 38. If F(x) is an almost periodic function of the class B°(v=3, 
4, 5), and aeB, then aF (x) and F(x)alaF and Fa are the operational products 
of F and «| are again almost periodic functions of the same class; and the 
Fourier expansions of aF and Fa may be obtained from the Fourier expansion of 
F(x) by term-by-term multiplication with a on the right or on the left. 


The first half of the theorem follows from the fact that, for a fixed a, 
aF and Fa are continuous functions of F in each of the topologies B3, 81, Bs. 
The second half (in the case of aF) follows from Theorem 37, Formula (38), 
if, in the formula of our statement connecting the expansions of aF and F, 
we apply (38) and then replace F, f, g by af, f, g in the left-hand member, and 
by F, f, a*g(a* is the adjoint of a) in the right-hand member and compare 
the results; in the case of Fa we replace F, f, g by Fa, f, g and by F, af, g 
respectively. 
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THEOREM 39. Let F(x) be an almost periodic function of B®; let (35) be 
its Fourier expansion. If F(x) is a representation of the group by means of uni- 
tary transformations, that is, if F(xy)=F(x)F(y), F(1)=1, F(a) =F(x)*, 
then we have the following: 

(i) F(x) is almost periodic as a function of 8%; moreover, F is the limit, 
in the 8-topology, of the sequence 


m SpN 


N=1\ 
(ii) The Fourier coefficients have the properties 
(42) = 0 
(43) = [p, 7,0 = 
(44) = ae(D) = 


(iii) The system of operators a,,(D) is a resolution of the identity, that 
is to say, each of them is a projection operator, any two of them are orthogonal, 
and their sum is the identity. 

Conversely, if a set of elements a,.(D) of 8 fulfills the conditions (ii) and (iii), 
then the series (35) is the Fourier expansion of an almost periodic function F(x) 
with the assigned properties. 


Remark concerning the theorem. Before proving the theorem we want to 
point out the algebraic aspect of the proposition. 

Since a,,(D) is a projection it corresponds to a closed linear manifold, 
say INP. Select an orthonormal system determining MP: ¥2,, 2, -- - (the 
sequence is empty, finite, or countable). Now, (43) and (44) imply 


a,1(D)*a,i(D) = a, (D), 


and this means that a,:(D) maps Jt? in a one-to-one and unitary way on 
MP, while a,:(D)f=0 if f is orthogonal to My”. Thus, if we define y,,(D) 
=a,i(D)~i,(D), the ¥,:(D), ¥,2(D), - - - determine By (43) we have 
a,»(D)a,i(D) =a,:(D), and this implies a,.(D)..(D) =¥,.(D). 

Since, by (iii), }°n,,@,,.(D) =1, the MP together determine §, and, 
since, by (42), (43), (44), a.,(D)*a,,(Z) =0 if DXE or o¥r, the MP are 
mutually orthogonal. Thus the ¥,,(D) form a complete orthonormal system 
in §. For this system we found 


0, if D Eoru xp, 
¥,(D) if D = E,v =p. 


an(EWn(D) = 


if D E, 
1, sp], 

1,--- Sp). 

a 
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Remembering that the a,,(D) form the Fourier expansion of F(x), we obtain 
the formulas 


F (2) = 2) 


t=1 


Thus our theorem proves that the representation F(x) may be reduced to 
split up according to the finite irreducible representations D(x). The sub- 
spaces which correspond to this reduction are determined by the 


(45) Vi(D), for all D, ».— 


We pass on to the proof. Let F(x) have the assumed properties. F(xy) is an 
almost periodic function in (x, y) ‘and for each y an almost periodic function 
in x. From the approximating properties of the Fourier expansion it follows 
that the Fourier expansion of F ,(x) =F (xy) as x-function may be derived 
from the series (35) in a formal way, namely 
(46) F,(x) ~ be y)Dyo(x), 


where 


(47) aipe(D; ¥) = 


T=1 


On the other hand, F,(x) =F (x)F(y), and by Theorem 38, 
(48) Fy(x) ~ F(y)Dyo() 
A comparison of (46) and (48) yields, for any D, p, ¢, 


(49) atee(D)F(y) = 


T=1 


Now we take y variable, and we again apply Theorem 38. This gives the rela- 
tions (42) and (43). In order to prove (44) we need only compare the relations 


(50) F(a) ~ >» = 


(51) F(x)* ~ 


(which follow from the approximating properties of the Fourier series), and 
observe that the representations {D,,} also form a set of irreducible normal 
representations of G. 

If we apply (44) to p =o we find that a,,(D) is self-adjoint, and (43) gives 
(a,,(D))?=a,,(D). Hence, each a,,(D) is a projection. It follows from (42) 
and (43) that any two of them are orthogonal. Hence any finite number of 
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them, and also their (infinite) sum, is a projection again. We still have to 
prove that >> p,,a,,(D) is the unity and that (i) holds. 
Let f be any element of 5. We want to evaluate the difference 
F,(x)f F,(x)f, 


F,(x) being given by (41). Let D be any representation occurring in 
F,(x)f—F,(x)f. Writing 


B(x) = 


p,o=1 


we have 


= (B(x)f, B(x)f) = > 


but 
= f) = f) = f); 


hence 


v,o=1 T=1 


5ve(Qve(D)f, f) 


v,o=1 


8D 


p=1 


Thus 


p ‘Spy 
N=q+1 p=1 
Since the a,,(D) are mutually orthogonal projections and the right side of 
(52) is independent of x, it follows easily that the sequence of functions 
F,,(x) is uniformly convergent in the topology 84. Thus F(z) is the limit of the 
sequence (41) and is almost periodic also in the class 6%. Now 


m Spn 


F(1) = lim Fm(1) = lim 2) ago(D¥) = 

m— 2 Nx] p= Dip 

But F(1) =1, by assumption, and this proves the last missing part of (iii). 
Conversely, let a set of elements a,,(D) of % satisfy (ii) and (iii). As 

before, we deduce the relation (52). Hence the sequence F,,(x), defined by 


3 
p=1 
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(41), is convergent, in the topology %., to an almost periodic function F(x) 
whose Fourier expansion is the uniformly convergent series (35). The group 
properties of F(x) are easily verified from its series (35) on the basis of the 
known properties (ii), (iii). 


THEOREM 40. Let the group © be a metric, locally compact, separable space 
in which the product xy is a continuous function of (x, y). We consider in © 
a right invariant Haar measure and the Hilbert space $ consisting of all Lebesgue 
measurable functions of integrable square in G, and let E(x) denote, for each x, 
the unitary operator which transforms every element f(t)eS into f(tx). 

In order that & be compact it is necessary and sufficient that X(x) be an 
almost periodic function of BS. 


Obviously &(x) has the properties 
T(x) = T(x)*, C(xy) = C(x) X(y), T(1) =1. 


It follows easily that T(x) is continuous in the topology Bs. 

If G is compact, every continuous function is almost periodic and this 
proves the necessity of our condition. Conversely, let T(«) be almost periodic. 
We consider its Fourier expansion and the complete orthonormal system 
W,»(D) constructed in the remark to Theorem 39. Consider one of its non- 
empty subsystems (45) and denote it by ~, --- , ¥. By the last relation of 
the remark we have 


(53) F(x)¥,(t) = ¥p(xt) = 2) Dro(x)¥-(2), 


except perhaps for a ¢-set of measure 0, depending on x. By the theorem of 
Fubini there is a value t=¢) for which (53) holds for all x except a set of 
measure 0. As D(x) is unitary we obtain 


| vp(xto) |? = | |? = C. 


Upon integrating over G, the left side gives sp whereas the right side is C 
times the total measure of G. Thus sp>0 implies that C0 and that the 
total measure of © is finite. If the total measure of © is finite there cannot 
exist an €¢ >0 and an infinite number of points on © any two of which have a 
distance > €. This implies that G is totally bounded. Being locally compact, 
® is also complete. Hence the compactness of ©. 
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ON REVERSIBLE DYNAMICAL SYSTEMS* 


BY 
G. BALEY PRICE 


INTRODUCTION 


In recent years great advances have been made in the theory of dynamical 
systems. Nevertheless comparatively few specific systems have been treated 
by modern methods in such a way as to set forth the characteristic features 
of the entire system. Among the specific systems which have been treated, 
we may mention (1) the restricted problem of three bodies [Birkhoff 5],f 
which is an irreversible dynamical system and further complicated by the 
presence of singularities; (2) the determination of the geodesics on a surface 
of negative curvature [Morse 2, 3; Birkhoff 4, pp. 238-248]; (3) a simple 
type of reversible dynamical systems on surfaces of revolution [Price 1, 2]; 
(4) the billiard ball problem [Birkhoff 6; 4, pp. 169-179]. The purpose of 
the present paper is to study reversible dynamical systems, with the emphasis 
on those which have an oval of zero velocity. 

It has been known for a long time that among the small oscillations 
[Whittaker 1, chap. VII] of a reversible dynamical system at a position of 
stable equilibrium there are two fundamental periodic orbits which join two 
points of the oval of zero velocity and are traced with a backward and forward 
motion. Part I of the present paper is devoted to proving that similar orbits 
exist in the actual system at least for sufficiently restricted values of the 
energy constant. These orbits appear to be one of the characteristic features 
of a reversible dynamical system with an oval of zero velocity. The property 
of reversible systems which distinguishes them from irreversible systems is 
that their trajectories in the manifold of states of motion are grouped in sym- 
metric pairs [see §2]. 

Using methods developed by Poincaré [1, vol. I, chap. III] and elabo- 
rated by Painlevé [1], Horn [1] has shown that there exist certain periodic 
orbits in the actual system which reduce to the fundamental periodic orbits 
of the small oscillations system, but their exact nature was not determined. 
In the present treatment a parameter p is introduced in such a way that nu =0 


* Part of a paper presented to the Society, February 25, 1933, under the title A study of certain 
dynamical systems with applications to the generalized double pendulum; received by the editors 
February 9, 1934. 

t We shall refer in this manner to the bibliography at the end of this paper. 
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gives the limiting case of small oscillations. Then the equations of motion 
are integrated in terms of series in parameters by Poincaré’s method, and 
two theorems on the analytic continuation of the fundamental periodic orbits 
of the limiting integrable system are proved. The second theorem applies only 
when the system is symmetric in the position of equilibrium. These theorems 
show not only that analytic continuation is possible in certain cases in which 
Horn’s method fails, but also that the continued orbits always touch the oval 
of zero velocity. 

Part II, using the results of Part I, is devoted to a detailed study of mo- 
tion in the neighborhood of a position of stable equilibrium in the case of two 
degrees of freedom. The methods are those of analytic continuation [Birk- 
hoff 4, pp. 139-143; Poincaré 1, vol. I, chap. III], surfaces of section, and 
surface transformations [Birkhoff 1, 3]. First, the manifold of states of mo- 
tion is studied, and a convenient representation of it is given in 3-space. Then 
the limiting integrable system is treated in detail. Next some general the- 
orems on a common type of surface of section are given. At this point the 
presence of the oval of zero velocity introduces essential difficulties, since the 
surface of section is formed from a periodic orbit which joins two points of it. 
The existence of periodic orbits is established by applying the general theory 
of surface transformations. Poincaré’s Last Geometric Theorem is useful 
here. When the system is symmetric in the position of equilibrium, the trans- 
formation on the surface of section can be factored in certain ways, and more 
specific results concerning periodic orbits are established. 

The author wishes to acknowledge his indebtedness and express his thanks 
to Professor Birkhoff, who proposed a problem which led to this paper and 
made valuable suggestions concerning the method of treatment. 


Part I. ANALYTIC CONTINUATION OF PERIODIC ORBITS 


1. Definitions and assumptions. Let (y;) and (y/),i=1,---,m, be the 
position and velocity coordinates respectively of a dynamical system with 
kinetic energy T and force function U. Throughout the paper a prime will 
denote a derivative with respect to the time. Let the (y;) be principal coor- 
dinates [Whittaker 1, chap. VII], and assume that T and U have the follow- 
ing specific forms: 


n 


1 
(1) [655+ Tilo, In) di (6 = 1;6;; = 0,7 #9), 


i,j=1 


1 n 


t=1 


2 
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where 

(3) | + yn) | 0, 
and the \; are either real or pure imaginary with 

(4) \i #0 


Here the T;;(y;) are functions which vanish at (0), and u(y,) has no terms of 
degree lower than the third; we assume that these are entire functions of the 
indicated arguments. 

The equations of motion in the Lagrangian form can be written down at 
once; because the determinant in (3) is not zero, these equations can be put 
in the form 


(5) yi’ = divs + Fa Yn) VE yi + Gi(y1, Yn)s 


k, j=l 
where i=1, - - - ,m. The integral of energy is 
(6) T=U+h/2. 


Since we assume T to be a positive definite quadratic form in the veloci- 
ties, it follows from (6) that the motion takes place in the regions U+h/2=0, 
bounded by the oval of zero velocity Z with the equation U+4/2=0. This 
system may be interpreted as a particle of unit mass moving on a surface with 


(7) ds? = 2T(dt)? 


and (¥,) as the coordinates, and acted on by forces derived from U [Birkhoff 
1, pp. 202 and 212-213; 4, pp. 23-25]. A curve on the characteristic surface 
(7) defined by a solution [y;(¢) ] of (5) will be termed an orbit of the particle, 
and the curve [y,(é); y/(é)] in the manifold of states of motion M with the 
equation (6) will be called a trajectory or stream line. 

2. Reversible dynamical systems. Now M is a (2n—1)-manifold in the 
2n-space with coordinates (y;; y/). We agree once and for all to exclude those 
values of # which lead to a double point on Z, i.e., we assume the equations 


(8) U+h/2=0, 


have no simultaneous solution. With this restriction, M is an analytic mani- 
fold, and there is no equilibrium solution y;=constant. 

The usual existence theorems of differential equations [Birkhoff 4, pp. 
1-14] can be applied to the system (5), (6). The orbits are regular curves 
except at those points at which they touch Z, for only at these points can 
(y/) vanish. If an orbit touches Z, the particle approaches and recedes from 
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it along one and the same curve, and spends only a finite length of time in 
the neighborhood of the point. On the other hand, the trajectories are the 
stream lines of a steady fluid motion in M. Since there are no double points 
on Z,(y! ;y/’) cannot vanish;hence the trajectories are regular curves without 
exception. 

Dynamical systems of the type introduced in §1 are known as reversible 
[Birkhoff 1, p. 205; 4, pp. 27-29]; their fundamental property is stated in the 
following theorem. 


THEOREM 1. An orbit of a reversible dynamical system may be traced in 
either direction; or again, the stream lines are paired, each stream line of a pair 
being the symmetric image of the other in the n-plane y{ =0,i=1,---,n. 


The proof follows from the fact that if [y,(#); y/()] is a solution of (5), 
then [y,(—2); —y!(—2)] is also a solution. The coordinates of symmetric 
points on the two trajectories are obtained by combining the coordinates of a 
point on the orbit with the two possible directions of the velocity vector. 
Each trajectory of a pair will be called the symmetric trajectory of the first kind 
of the other. If 7* is a trajectory, its symmetric image of the first kind may 
be represented by V,7*, where Vi may be thought of as a transformation. 


THEOREM 2. A mecessary and sufficient condition that T* and V,T* be 
identical is that the orbit which corresponds to T* pass through a point of Z. 


The proof of this theorem and the following one are left to the reader. 


THEOREM 3. A necessary and sufficient condition that an orbit which passes 
through a point of Z be periodic is that it pass through a second point of Z, dis- 
tinct from the first. 


A periodic orbit which passes through a point of Z is thus a curve joining 
two points of Z, and the particle traces this curve with a backward and for- 
ward motion. The length of time required for the particle to pass from one 
of the points of Z to the other is the same in either direction. 

In certain cases, J and U are symmetric in the origin of coordinates on 
the characteristic surface, i.e., 


(9) T(— yi3 98) = U(— = U(yi). 


THEOREM 4. If T and U satisfy (9), the orbits are paired, each orbit of a pair 
being the symmetric image of the other in the origin; or again, the trajectories are 
paired, each trajectory of a pair being the symmetric image of the other in the 
origin of coordinates in M. 


The proof follows from the fact that if [y,(é); y/(@] is a trajectory, then 
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[—y.(t); —y/()] is also a trajectory when (9) holds. Each trajectory of a 
pair will be called the symmetric trajectory of the second kind of the other. If 
T* is a trajectory, then V27* will denote the symmetric trajectory of the 
second kind. Thus when (9) holds, the trajectories are related by fours. The 
group associated with 7* is 7*, V2T*, ViT*, and ViV2T*. 


TueoreM 5. If T and U satisfy (9), a necessary and sufficient condition that 
an orbit which passes through the origin be periodic is that it pass through the 
origin a second time. 


The proof follows from the fact that if an orbit passes through the origin, 
it is its own symmetric image in the origin. Hence, the complete orbit can be 
obtained by reflecting in the origin the part between any two successive pas- 
sages through the origin. If an orbit passes through the origin at time /=¢o 
and closes at time ¢=4,, then it passes through the origin at time ¢ = (to +4)/2 
also. 

As a consequence of Theorems 1 and 5, we have the following theorem, of 
special importance later. 


THEOREM 6. If an orbit passes through the origin at time t=0 and touches 
Z at time t=t*, it is a periodic orbit with period 4t* and joins two points of Z 
which are symmetric in the origin. 

3. The limiting integrable system. The equations of motion and the 
integral of energy are given by (5) and (6). We now replace the energy con- 
stant 4 by uw? and make the change of variables 
(10) Vi 


The equations of motion and the integral of energy in the new variables are 


n 1 

(4) 

ai’ =?a;+ >> Fij (ux, XK x} + —G;(ux1, » Bia), 
k,j=1 


(11) pa xj? + Tx XE x} 


i=1 k,j=1 


> AP x? + » + 1, 
i=1 

where -- - , m, and G;, and are entire functions whose series ex- 
pansions have no terms of degree lower than the first, second, and third 
respectively. Now for every value of 40 these equations represent the 
actual system (5) and (6) for the velue 4 =y? of the energy constant. On the 
other hand, u may be considered as a parameter in the equations of the 
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system. The system is analytic in the parameter for all values of the par- 
ameter, including » =0. 
For » =0 the system (11) is integrable, being 


ai’ =P x, 


n 


«i? = +1. 


i=1 t=1 


(12) 


This system is a limiting case of the actual system (5) and (6) obtained by 
reducing the energy to zero and at the same time altering the units of length 
according to (10). The solution of (12) for which (x;; «/) reduces at time 
t=0 to (aj; B;) is 

= (a;/2) [exp (Ait) + exp (— Adt)] + (6;/(2A,)) [exp (At) — exp (— Add) ], 
x{ = [exp (Ast) — exp (— Ast) ] + (8:/2) [exp (At) + exp (— As) ], 


where i=1,---,m,and 


(13) 


(14) > = da? +1. 


t=1 t=1 


We now suppose that & of the \;, 0<&<n, are pure imaginary. We can 
suppose the notation is so chosen that they are \i, - - - , Ax. Then among the 
solutions (13) there are & of special importance. 


THEOREM 7. The limiting integrable system (12) has the k fundamental 
periodic trajectories 
x; = 0, 
=0 
x; = (1/|d;|) sin (| 8), 
= cos (| d;| + (Gj =1,--+,&). 


(15) 


4. Solutions of the equations of motion in terms of series in parameters. 
Our ultimate aim is to show that analytic continuation of the fundamental 
periodic trajectories of the limiting integrable system is possible. With this 
end in view, we shall obtain the solution of (11) in terms of series in certain 
parameters, following a method developed by Poincaré [1, vol. I, pp. 58-63; 
Moulton 1, chap. III]. 

Set 


The system (11) thus takes the form 


(i=1,---,n), 
4 
; 
(i=1,---,m). 
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= Vis 


n n 


y? + = MXn) Vid; 


t=1 t,j=1 
1 
x? + — » + 1, 
i=1 


where i=1,---, m, and the Y; are entire functions of the indicated argu- 
ments. Now set 


(18) i= t* (to + T)/to. 


Here ¢* is the new independent variable, 7 is a parameter, and fp is a constant 
whose value will be specified later. Now transform from the variables (x;; y;) 
to new variables (p;; g:) by means of 


= 
a+ 4; i =1,---,n), 


t 
sin +01), 
0 


1 


cos ( +04). 
0 


Here (7;; 5;) are to be considered as parameters in the transformation. The 
equations of motion in the new variables are 


= (4; + 
to 


0 


(20) 


where i=1,---, m. The right hand members of these equations can be 
expanded as power series in the 2m variables (p;; q:) and the (27+2) par- 
ameters (yi; 5;; u; 7) with coefficients which are analytic functions of é*. 
On carrying through the details of Poincaré’s method and transforming back 
to the original variables (x;; y;), we find the following solution of (17): 
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= (1/2) [exp (At*) + exp (— Ast*) by: 
+ (1/(2d,)) [exp (At*) — exp (— Ad*) 
yi = (A,/2) [exp (Ast*) — exp (— 
(21) + (1/2)[exp (Ast*) + exp (— ++ , 


1 to + 
= sin a + (1/2) [exp (A,t*) + exp (— d,t*) y; 
7 0 


+ (1/(2d;)) [exp (At*) — exp (— 


to T 
j= A; |e + a + (A;/2) [exp (A,t*) — exp (— hy; 


0 
+ (1/2) [exp + exp (— +---, 


where i#j,i=1, - - - , m. This solution has the following properties: 

(I) The series in (21) are series in the (2n+2) parameters (7;; 5;; 4; 7). 
Except for the terms in yp, the series are written out completely up to terms 
of the second degree. The coefficients are real analytic functions of the real 
variable ¢*. From (18) we see that the values of (x;; y;) at time ¢=%9+7 are 
obtained from (21) by setting ¢* = fp. 

(II) If 7* be chosen arbitrarily, it is possible to find an ¢ such that the 
series converge absolutely and uniformly for Se, 
|u| Se, |r| <e. 

(III) The coefficients of all terms not explicitly written out in (21) vanish 
for /* =0. The solution (21) thus satisfies the initial conditions 


Vis 

B; = 4; (i#j,i=1,---,n), 
a; = (1/|d;|) sin 0; + 73, 

6; = cos 6; + 4;. 


(22) 


(IV) For y:=6;=yu=7=0, the trajectory (21) reduces to the fundamental 
periodic trajectory (15) of the limiting integrable system. 

5. Analytic continuation of the fundamental periodic trajectories of the 
limiting integrable system. We shall now show that under certain conditions 
each of the & periodic trajectories (15) can be continued analytically for 
u>0. We shall give the proof in the case 7 =1; the proof in the other cases is 
similar. 

From the solutions (21) we select for special consideration those for 
which 0;= 7/2, 6;=0,i=1, - - - , m. They are 
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(1/| ) cos [(¢o + 7) | #*/t0] + (1/2) [exp (Art*) + exp (— Aut*) 

+ 
—sin + 7) | ¢*/to] + [exp (Art*) — exp(— Aut*) 

+ 
(1/2) [exp (Ad*) + exp (— Ast*) 

+ 
(A;/2) [exp (Adt*) — exp (— 

+ 
where i=2, - - - , m. The orbits corresponding to (23) are characterized by 
the fact that at time /* =0 they pass through a point of Z. Now when »=0, 
it is possible to determine the parameters y; and 7 so that the orbit (23) 
passes through a second point of Z at time * =t)=7/|),|. We hereby define 

to in (18). For 1 =0, we have only to take y;=0, r=0. 

We now seek to determine (7;; 7) as functions of u so that for every value 
of u the orbit (23) passes through a second point of Z at time f* =t)=7/|\a]. 
A necessary and sufficient condition that an orbit pass through a point of Z 


is that all the velocities vanish simultaneously. We therefore have the follow- 
ing equations for determining (7;; 7) as functions of p: 


— sin (| + (sin + 


di 
— |r| (sin 
1 


xp | Pp Yi 


1 2 " 1 


| 


Here i=2,---, k and j=k+1,---,. The last equation states that the 
integral of energy is satisfied at time /*=0. The equations (24) are power 
series in (y:; 7; «) with constant coefficients. For 1 =0 they have the solution 
vi=7=0. If the Jacobian with respect to (y;; 7) is not zero for y;=7 =0, it 
is possible to solve (24) and obtain (y;; 7) as analytic functions of u at least 
for u small. Direct computation shows that this Jacobian does not vanish 
unless - - - , &, is an integer. Since an orbit which passes 
through two distinct points of Z is periodic by Theorem 3, we have proved 
the following theorem [compare Birkhoff 4, pp. 139-143]. 


t=2 
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THEOREM 8. The jth fundamental periodic orbit of the limiting integrable 
system can be continued analytically for u>O, at least for pw small, if d</dj, 
ix#j,i=1,---, k, is not an integer; each orbit of the continuation joins two 
points of Z and is periodic with period 2(r/|);| +7). 


If the system has the symmetry specified by (9), another procedure is 
possible, which gives additional information and in certain cases additional 
results. Consider the trajectories (21) for which 


(25) 6;=0, =0 


The characteristic property of the corresponding orbits is that they pass 
through the origin when ¢*=0. By setting 6;=7=0 when »=0, we obtain 
an orbit which passes through a point of Z when f*=t)=7/(2|\i|). We 
hereby define ¢) anew in (18). We propose to show that under certain con- 
ditions it is possible to determine (6;; 7) as functions of » so that the orbit 
determined by (21) and (25) has this property for all values of u sufficiently 
small. The following equations determine these functions: 


cos (1/2 + | | t) + (cos + 


| 
(cos 
Ar} 2 


exp (57°57) + ex 3347) | + 

exp exp( — 

(1+5)?+ 62 +--- +62 -1=0. 


Here i=2,---,k, andj=k+1,---, m. The first equations express the 
condition that the velocities vanish for * =t)=7/(2|);|), and the last equa- 
tion states that the initial conditions satisfy the integral of energy. The equa- 
tions (26) determine the analytic continuation of the first fundamental peri- 
odic trajectory (15); the equations for the others are similar. 

Equations (26) have the solution 6;=7=0 when u=0. We can solve and 
get (6;; 7) as analytic functions of yu if the Jacobian does not vanish when 
5;=7=0. A direct computation shows that this Jacobian vanishes if and 
only if \;/Mi, i=2, - - - , k, is an odd integer. The orbits (21) for which (9), 
(25), and (26) hold pass through the origin for #*=0 and touch Z when 
t* =/(2|d|); hence, by Theorem 6 they are periodic. We have thus proved 
the following theorem. 


TuHeoreM 9. If (9) holds, and if d;/d;, +--+, k, is not an odd 
integer, the jth fundamental periodic orbit of the limiting integrable system can 
be continued analytically for 4 >0; each orbit of the continuation is a curve which 


| 
0, 

(26) 
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passes through the origin, is symmetric in the origin, joins two points of Z, and 
is periodic with period 4(x/(2|d,|)+7). 

If the system is symmetric in the origin, the periodic orbits whose exist- 
ence is established by Theorem 8 are identical with those established by 
Theorem 9, because the continuation in each case is unique. However, since 
Theorem 9 fails only when \,/A; is an odd integer, we see that it proves that 
analytic continuation is possible in some cases when the first theorem fails. 


Coroiary 1. At a maximum of the force function U in the case of two 
degrees of freedom at least one of the fundamental periodic orbits of the limiting 
integrable system can be continued analytically for 4 >0 unless 


This corollary follows from Theorem 8 and the fact that 1/2 and A2/Ai 
are not both integers unless \; =A2. Important use will be made of this corol- 
lary in later work. 


Part II. MOTION IN THE NEIGHBORHOOD OF A POSITION OF STABLE EQUILIB- 
RIUM IN THE CASE OF TWO DEGREES OF FREEDOM 


6. The manifold of states of motion. We continue the study of the dynam- 
ical systems of Part I, but we now restrict attention to motion in the neigh- 
borhood of a position of stable equilibrium in the case of two degrees of free- 
dom. First we shall investigate the manifold of states of motion M. 

The equation of M is T=U+h/2. We restrict h henceforth to values 
for which the region of motion R about the origin on the characteristic sur- 
face is homeomorphic to a circular disc. The oval of zero velocity is a simple 
closed curve Z. There may be other regions of motion for the given value of 
h, but attention will be confined to the one R about the origin. 

Suppose first that / is so restricted that U has only a single critical point 
in R, a maximum at the origin [see (2) and (4)]. Then the contour curves 
U+h/2=c are simple closed curves surrounding the critical point. Then a 
homeomorphism between the points of R and the unit circle C: u?+v?<1 
can be established as follows. Let the points on the curves U+//2=c cor- 
respond in a one-to-one and continuous manner with the points on the circle 
u*+y? = (1—2c/h), each point (xf, x) of Rt corresponding to a point (uo, v0) 
of C. Then as c varies from h/2 to 0, the contour curve expands from the origin 
and sweeps through R; the corresponding circle expands from the origin and 
sweeps through C. Now a point of M is obtained by combining the coordi- 
nates (x, x) of a point of R with the coordinates of a point (4, ye) on the 
ellipse T(x, x2; ye) =U(x?, x£)+h/2 [see (16) for the notation]. This 
ellipse is real and non-degenerate if (x, x?) is an interior point of R; it is the 


t For convenience, the variables y of §§1 and 2 have been replaced by x. 
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point ellipse y:=y2=0 when (x,, x#) is on Z. Let the points on this ellipse 
correspond to the points on the circle &?+7?=1—(u? +2), the points on 
corresponding rays through the origins corresponding. This circle degenerates 
to a point when and only when the ellipse degenerates to a point. We thus 
establish a one-to-one and continuous correspondence between the points 
of M and the unit 3-sphere S;: u?+v*+£+7?=1 in 4-space. 

It is possible to give a representation of M in 3-space. Put R into cor- 
respondence with C in the way explained above. Then put the points of the 
ellipse T(x®, xf; yi, ye) = xf)+h/2 into one-to-one and continuous 
correspondence with the points of the line segment —[1—(u? +2?) 
<w<|[1—(u? +22) the two end points being considered identical, by 
means of 


(27) (arc tan yo/y:)[1 — + = — S arc tan Sz. 


By definition, w shall be zero when y, and yz vanish simultaneously. We have 
thus put M into one-to-one and continuous correspondence with the points 
of the unit sphere S:: u?+2?+w? <1, the points (u, v, w) and (u, v, —w) of 
the bounding sphere being considered identical. 

Consider the general case now. Assume that R is homeomorphic to C with 
no restriction on the number of critical points of U. Then by the method just 
explained, we can put M into correspondence with S; with the stated conven- 
tion about points of the bounding sphere. But S: can be put into one-to-one 
and continuous correspondence with S;, the unit 3-sphere in 4-space. We 
have proved this, because in the first case we put both into correspondence 
with M. We have thus proved the following theorem. 


THEOREM 10. If R is homeomorphic to a circular disc, then M is homeo- 
mor phic to S;, and also to Sz with the points (u, v, w) and (u,v, —w) of the bound- 
ing sphere considered identical. 


It is obvious how these results are to be extended to dynamical systems 
with » degrees of freedom. 

We have also the following important theorem concerning the steady 
fluid motion in M. 


THEOREM 11. The steady flow in M possesses an invariant volume integral. 


This result may be established most easily by transforming to Hamil- 
tonian coordinates [Birkhoff 4, p. 212]. The result is well known, and the 
details are omitted [see also Birkhoff 1, pp. 211-212; Poincaré 1, vol. III, 
chaps. XXII-XXIII]. 
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7. The limiting integrable system. A detailed study of the limiting inte- 
grable system will be made now. By setting =k =2 in $3, we find that the 
equations of motion are 

dx; 


(28) 7 = Vi; j (i = 1, 2) 


and that the integral of energy is 


2 
(29) (v2 + | = 1. 


t=1 


The general solution of (28) and (29) is 


a; 
(30) x sin (| | ¢ + 44) a? + af 


yi = a; cos (| | (i = 1, 2). 


The region of motion R° is the interior of the ellipse |1| 2x? +|2| 2x? =1, 
whose boundary is the oval of zero velocity Z°. The axes of this ellipse lie 
along the x;- and 2:-axes and are respectively the first and second funda- 
mental periodic orbits O and O,. The manifold of states of motion M° is 
the ellipsoid (29). 

Consider also the representation of M° in S:. Now R® is mapped on C by 


(31) w= a, v=| ae. 


The representation in S: can be completed as explained in §6. A trajectory 
corresponds to a curve in S: which may be called a stream line or line of flow. 
Consider in particular the lines of flow which represent Of and Of. From 
(27) and (31) we see that O/ is represented by the ellipse 


(32) v+4w?=1,4u=0. 


The direction of flow is the same as that of the rotation which carries the 
positive w-axis into the positive v-axis. Similarly, O° is represented by a 
curve in v=0. It is composed of the diameter of S: which lies along the 
u-axis and the semi-circle w=(1—u*)"?, v=0 for w= —(1—u?)¥2, »=0]. 
The flow is such that its direction is positive along the u-axis. 


THEOREM 12. The surface SS°®: x:=0, y:=0 is a surface of section for the 
limiting integrable system. 


From (29) we see that SS° is the semi-ellipsoid 


(33) yt + ye + | Ae = 1, 2 0, 


¥ 
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in the plane x,=0. The boundary is given by x.=0, yi =0; it is the ellipse 
which bounds the semi-ellipsoid. The boundary of SS° is therefore the closed 
stream line which corresponds to O°. Equations (30) show that any stream 
line crosses SS° when ¢ has a value which satisfies |i|¢-+0:=2m7, m any 
integer; hence, every stream line crosses SS° an infinite number of times, and 
the interval of time between any two successive crossings is 27/|i| . 

Next we must show that the angle at which a trajectory crosses SS° is of 
the first order in the distance to the boundary. The direction components of 
the stream line are given by (28) ; the surface of section is defined as the inter- 
section of the two 3-spaces )-7_, (vy? +|A,|2x?) =1, 21.=0 with y,20. By a 
straightforward calculation, using the formula developed in the next section 
for the angle of intersection of a curve and a 2-surface in 4-space, we find 
that if y is the angle at which a stream line crosses SS°, then 


V1 
(Asta? + ye + 


(34) sin y = 


Since SS° is the semi-ellipsoid (33), it is clear that y, may be taken as a 
measure of the distance of a point on it to the boundary. From (34) it then 
follows that y is of the first order in the distance to the boundary. The fact 
that every crossing of SS° by a stream line is in the same sense follows from 
sin Y=0 in (34), but it will be geometrically obvious when we consider the 
representation of SS° in S:. Thus SS° satisfies all the requirements of Birk- 
hofi’s definition of a surface of section [Birkhoff 1, p. 268], and the proof is 
complete. 

Now consider the representation of SS° in S:. Since SS° lies in x, =0, (31) 
shows that the corresponding surface in S, lies in u=0. Again, since y; 20 on 
SS°, it follows from (27) that —[1—v?]!/2/2 <w< [1—v?]!/2/2; hence, SS° is 
represented by the ellipse E: v?+4w?<1. We have seen already that the 
boundary of represents 

An orbit on which y, >0 corresponds to a stream line in S: on which wu is 
increasing. When the orbit crosses the x2-axis, the stream line in M° crosses 
SS°, and the stream line in S; passes through Z. On the other hand, if y, <0 
when the orbit crosses the x2-axis, the stream line in M° does not cross SS°, 
and the stream line in S; passes through wu =0 on the exterior of EZ. It is thus 
possible to visualize the flow in M°. We observe among other things that all 
stream lines cross the representation of SS° in S: in the same sense. 

Let a transformation T be defined on SS° as follows: a stream line which 
crosses SS° at P has its next succeeding crossing at P’ and its kth succeeding 
crossing at Then P’=T(P) and =T*(P). We proceed to study T. 
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It is possible to use (x2, ye) as coordinates on S.S° since 


= X2, y2 = 
yi = (1 —| Aa Pa? — 


is merely a parametric representation of (33) with (x2, yz) as the parameters. 
Then T can be expressed in terms of (x2, ye). 

Assume that the stream line has its first crossing at ¢=0; then from (30) 
the coordinates of P are 


(35) 


a 
(36) x= 62, Y2 = de COS Oe, 


| 


and the coordinates of P‘* are 


Ae 
| + a), 


(37) 
2kr + 


1 
From (36), (37) we see that T has the invariant function F = |\:|?x? +y?, 
and that each of the curves F =a? is a path curve of T. From (35) it follows 
that this path curve is the ellipse y, = [1—a; ]!/? on SS®. By letting a2 take 
on all values on 0 <a, <1, we get a family of ellipses which fill up SS°. The 
path curves and F exist because the dynamical system is integrable [Birk- 
hoff 3, pp. 114-115]. There are two integrals of (28) besides (29): 


(38) | + y? = a? (i = 1, 2). 
Of the three integrals, only two are independent. 

In order to see more clearly the nature of 7, we transform to new 
parameters (£, 7) by means of 
(39) 7 = yo. 
Corresponding to (36), (37) the coordinates of P, P‘” are now 


(40) 1 = Cos 02; 


Ae 
1 


= de sin ( + a), 


(41) 


re 
Nk = COS — |2kr+ 


At 


Expand the right hand member of (41) and substitute from (40). Then 
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s{ | — sin{ | — 
k co n Si 
A2 A2 
+n cos ( | 24), 
Ai 


i.e., T* is a rotation about P°: £=n=0 of SS° into itself. The point P® is 
therefore invariant under 7; (39) shows that it corresponds to If | 
is a rational fraction p/g, p and g without common factors, then T* rotates 
SS° through » complete revolutions, and every point is invariant. In this 
case, every trajectory is closed and periodic. If |\2|/|:| is irrational, P° is 
the only invariant point of TJ and its iterates, and the only closed and 
periodic orbits of the system are Of, O?. These results prove the following 
theorem. 


(42) 


THEOREM 13. The transformation T on SS° is a rotation. The center of ro- 
tation P° is an invariant point which corresponds to Of. If |d2| /|%| is rational, 
every trajectory of the system is closed and periodic; if it is irrational, only Of 
and O? are closed and periodic. 


Consider T on E in S;. The path curves y? =a? on SS° correspond to the 
curves 


1 — a,;? — 
(43) (1 — v?)!/2 arc tan E = rw. 
ay 


As a, varies from 0 to 1, we get a family of simple closed curves beginning 
with the ellipse (32) and shrinking down to its center. The center of rotation 
on SS° corresponds to the center of EZ, which is therefore an invariant point. 
We have previously shown that the stream line representing O,° crosses E at 
its center. We may thus picture T on E asa distorted rotation which carries 
each of the curves (43) into itself. 

8. A formula in geometry. We turn aside from our main subject to prove 
a formula that was used in the last section. 

A 2-dimensional surface in 4-space is defined by 


and a unit vector C:(c;) has its initial end at the point (x,°) of the surface. 
The problem is to obtain a formula for the angle which C makes with (44). 


DeFIniTIOn. The angle which C makes with the surface (44) is the comple- 
ment of the angle between C and the normal to the surface which lies in the 3-plane 
containing C and the tangent 2-plane to the surface. 
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We assume that the two 3-surfaces in (44) are not tangent at (x°),i.e., 
we assume that the rank of the matrix 


fx; 


is 2 [a subscript letter denotes a partial derivative with respect to that 
letter]. The tangent 2-plane to the surface at (x) is given by 


(45) 


(46) x?) = 0, x?) = 0. 


A repeated subscript in a product denotes a summation with respect to that 
subscript from 1 to 4. The two 3-planes in (46) are distinct since the rank of 
(45) is 2; taken together, therefore, they define a 2-plane. 

Now determine the 3-plane which contains the tangent 2-plane (46) and 
the given vector C. All 3-planes which contain (46) are given by 
(47) xi a?) + Boz( x; x? = 0. 
This plane contains C if and only if it contains its end point (x? +c,). Sub- 
stitute the coordinates of this point in (47) and solve for A, B; the result is 
(48) A= Ba — 


Now if A, B as given by (48) are both zero, we see that C lies in the tangent 
2-plane (46) of the surface. Then C is tangent to the surface (44). 

Assume henceforth that C does not lie in the tangent 2-plane; then A, B 
are not both zero and the required plane is 


(49) — — (f2,c:) — = 0. 

The ©? normals to the surface at (x°) have the direction components 

(50) Pifz; + 

Now determine pi, p2 so that (50) lies in (49). A point on the vector (50) is 
(x +pifz;+p2¢-,). Substitute in (49) and solve for pi, pz. The result is 

Pi = — 

p2 = — + x) (f2;6;)- 


Substitute these values for p:, p2 in (50), and we have the required normal 
vector NV: (n,). Then if y is the angle at which C crosses the surface (44), 


(52) cos (= - 


2 


(S1) 


One detail remains. It must be shown that pu, p2 are not both zero, for if 
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they were, N would be a null vector. The desired result follows from (51) 
when we assume that (45) is of rank 2, and that A, B in (48) are not both 
zero. 

9. Some results on surfaces of section and surface transformations. 
A common type of surface of section for reversible dynamical systems with 
two degrees of freedom is formed as follows: Take a closed orbit O without 
multiple points which either has no point in common with Z, or is an orbit 
traced with a backward and forward motion between two points of Z. Con- 
sider all points (21, x2; 1, 2) in M such that (2x1, x2) is a point of O and (1, 
y2) is a velocity vector which is tangent to O or lies on a certain specified side 
of it. These points form a surface >. 


THEOREM 14. The surface = is an analytic surface. 


Suppose first that O does not pass through a point of Z. Take any point 
P on O and rotate the axes so that the tangent at P is parallel to the x2-axis. 
Then the equation of O near P can be written in the form x: =¢(x2), where ¢ 
is analytic. Suppose 2 is formed with the velocity vectors for which y,2 
yop’ (%2), the prime here denoting a derivative with respect to x2. Then 2 
is defined by 


M(x, %2; V1, ya) h/2 = 0, 
x1 = (x2), yi = yoo’ (x2). 


We propose to show that one or the other of the sets (x2, 41), (%2, v2) can 
be taken as the parameters of an analytic representation of = in the neigh- 
borhood of P. Substitute from the second equation in (53) in the first. Then 
if the equation M [¢(x2), x2; 1, v2] =0 gives either y; or 2 as an analytic func- 
tion of the other two variables, the desired result follows. Now M =0 can be 
solved for y; if 0M/dy;=0T/dy;+0. The desired result follows then unless 
both of these partial derivatives vanish. But 07/dy,, 9T/dy2 vanish simul- 
taneously only at points on Z, and O has no point in common with Z by 
hypothesis. Hence, = is analytic in the neighborhood of P, and since P was 
any point of O, = is analytic throughout. 

Now suppose that O joins two points of Z. The proof given above applies 
to any interior point of O; hence, it will be sufficient to show that the part of 
2 arising from points of O near Z is analytic. The orbit is given to us from the 
equations of motion in the parametric form 


(54) = = x(t). 


(53) 


If O touches Z at P°:(x?, xf), it is not regular there, i.e., both xf and x/ 
vanish there. We shall show, however, that this state of affairs results from 


4 
4 
i 


1935] ON REVERSIBLE DYNAMICAL SYSTEMS 69 


the fact that the particle reverses its direction of motion there, and not from 
the nature of the curve itself. 
Now if O passes through P° at time ¢=0, equations (54) are 
= xP + bel? + +---, 
only even powers of ¢ occurring, because the equations of motion and the 
initial conditions 


(55) 


= xf, y1 = 0, = xf, = 0, 0, 

are unchanged when ¢ is replaced by —?. Let T and U be 
1 2 
Xo) xf xj, Ti; = Ty, 
t,j—1 
U = x2). 

Since T is a positive definite quadratic form, we have 
(56) | > 0. 
From the equations of motion, we find that a2, b. satisfy the equations 

Tai(x!, x2 + xP = xf). 


But since there are no double points on Z by hypothesis [see (8)], we see 
that a2, b2 are not both zero. Suppose b:0. Then it is possible to solve the 
second equation in (55) for #?, obtaining an analytic function of (x%.—x?). 
Use this function to eliminate ¢* from the first equation in (55). We obtain 


(57) 


(58) = — xf) = xP + ~ 
2 


which defines a real analytic curve which crosses Z. The orbit is formed from 
the part of this curve which lies in R. The irregularity at P® is therefore due 
to the reversal of the direction of motion and not to the nature of the curve 
itself. 

Furthermore, the curve (58) is not tangent to Z at P°. Using the values of 
a2, bz as given by (57), we find that the curves are tangent if and only if 


(59) T22U 2? 2T12U 2,U 25 -+ TuU 22 = 0. 


But this is impossible, because there are no double points on Z, and the 
quadratic form is positive definite. Also, (56) and (57) show that if we choose 


q 
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the axes so that U,,=0 at P®, then 620, and the equation of the curve along 
which O lies can be written in the form (58) near P®. 

We can now complete the proof that = is analytic. Rotate the axes so 
that Z is parallel to the x-axis at P®. Then U,,=0 at P®, and near this point 
the equation of the curve along which O lies can be written in the form (58). 
Furthermore is defined by the equations 


M (x1, %23 ¥1, ¥2) = 9, 


(60) 


Then (y:, y2) can be taken as the parameters on , for substitute from the 
second equation in (60) in the first. The resulting equation can be solved 
for x2 if its partial derivative with respect to x2 is not zero. At P® this partial 
derivative reduces to U,,~0; hence, 2 can be expressed analytically in terms 
of (1, ye). Substitute now for x2 in the second equation in (60), and we have 
x; also expressed analytically in terms of (y:, ye). Thus we have proved that 
> is analytic in all cases. 


THEOREM 15. The angle at which a trajectory crosses = is of the first order 
in the distance to the boundary. 


Now it can be shown that (y:—~y2¢’) is an infinitesimal of the first order 
in the distance from a point on = to the boundary. Also, = is defined by equa- 
tions and inequalities of which (53) are typical. The direction components of 
a stream line are dx,/dt, dx2/dt, dyi/dt, dy,/dt. Let be the angle which the 
stream line makes with = at the point of crossing. Now the two 3-dimensional 
surfaces in (53) and (60) are never tangent since O is never tangent to Z. 
Then the formula developed in §8 can be used for determining y. Remember- 
ing that dM/dt=0 because M =0 is the integral of energy, we find by a 
straightforward calculation that 


ew (M,? + + M, M,2)(y1 yoo’) 

dx;\? dx2\?2 dy dy2 

UG)+G 
Here (m, - - - , ms) denotes a vector which differs from the vector (m, -- - , 
n,4) of §8 only by a factor. An examination shows that it is not a null vector, 
not even on the boundary of 2. Since there are no double points on Z; the 
first factor in the numerator is not zero. For the same reason, the stream lines 
are regular curves at every point, and the first radical in the denominator does 


not vanish. Then the theorem follows immediately from the fact that 
(v1 measures the distance to the boundary of 


(61) sin y = 
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If O does not touch Z, = is bounded by two closed stream lines corre- 
sponding to O traced in the two directions, and it is homeomorphic to a ring 
bounded by two concentric circles. If O joins two points of Z, = is bounded 
by a single closed stream line which corresponds to O, and it is homeomorphic 
to a circular disc. In all cases = is an analytic surface; the angle at which a 
stream line crosses ~ is of the first order in the distance to the boundary; and 
all stream lines which cross = cross it in the same sense. Then if it can be 
shown that every trajectory of the system crosses = at least once in a given 
interval of time, it follows from the definition that = is a surface of section. 

We proceed to the proof of a theorem which gives an important qualita- 
tive result on the nature of the orbits of a reversible dynamical system. 


THEOREM 16. If there exists a periodic orbit O joining two points of Z from 
which a surface of section SS of type 2 can be formed, and if R is homeomor phic 
to a circular disc, there exists at least one further periodic orbit joining two points 
of Z. 


In the first place, since O joins two points of Z, SS is bounded by a single 
closed stream line and is homeomorphic to a circular disc. Since SS is a sur- 
face of section, there is an analytic transformation T on it defined in the 
usual way. Furthermore, T has a certain number of invariant points [Birk- 
hoff 1, p. 287]. To each invariant point P; an integer 4; is assigned as follows: 
Draw the vector from a given point Q in the neighborhood of P; to its image 
Q’ under T. Then when Q describes a small circle about P; in the positive 
direction, the vector rotates through the angle 25:7. Now the sum of the 6; 
for all the invariant points on SS is 1 [Birkhoff 1, p. 290; note that the for- 
mula should be (2¢+d—2) ]. 

Assume now that the theorem is false, i.e., assume that O is the only pe- 
riodic orbit which joins two points of Z. Then each invariant point of T arises 
from a closed orbit which does not touch Z. Corresponding to such orbits 
there are two stream lines in M and they are distinct [Theorem 2]. Since O 
divides R into two regions, each of these stream lines crosses SS and gives 
rise to the same number of invariant points of T. Hence, to each invariant 
point P; there is a unique second invariant point Q;; the number of invariant 
points is even. 

Now if it can be shown that P; and Q; have the same number §4,, it will 
follow that the sum of the 6; is an even number in contradiction to the fact 
that it is 1. But 6; is determined from the equations of variation and is the 
same for P; and Q;. The theorem follows. 

At the same time we have proved that under the hypotheses of Theorem 
16, the following theorem is true also. 
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THEOREM 17. The invariant points of T and its powers are paired, the two 


points of a pair being distinct unless the corresponding orbit joins two points of 
Z. 


10. Analytic continuation of the surface of section. For the present as- 
sume only that \1:~):. Then by Corollary 1, §5, at least one of the two orbits 
Of, Of can be continued analytically for 4>0. Suppose the notation is so 
chosen that it is 0. which can be continued. Then for u =0 the system has the 
surface of section SS° as described in §7. 

For »=0 the periodic orbit O, reduces to O.°, which lies along the line 
x1=0; since O2 varies analytically with yp, it follows that for u sufficiently 
small its equation can be written in the form 


(62) %1 = $(%2,0) =0. 


We shall now show that for each value of u the surface in M defined by (62) 
and the inequality y:=>~.0¢/dx2 forms a surface of section SS which is the 
analytic continuation of SS°. 

The surface SS is a surface of the type = studied in §9. It is an analytic 
surface in M which varies analytically with u and reduces to SS° for u=0. 
As shown in §9, it forms a surface of section if every trajectory cuts it at 
least once in a fixed interval @ of time. It was shown in §7 that this require- 
ment is satisfied for 1 =0. Now the intersections of a given stream line with 
SS are determined by the intersections of the corresponding orbit with (62). 
These orbits intersect at an angle different from zero for » =0, and since they 
vary analytically with », they continue to intersect at least for u >0 but small, 
with the length of time between successive crossings of SS uniformly bounded. 
Conceivably this argument might fail in the neighborhood of the boundary of 
SS, but here we have recourse to the equations of variation for the trajectory 
corresponding to (62). A detailed consideration shows that every trajectory 
continues to cross SS for u sufficiently small, and that the length of time be- 
tween successive crossings is uniformly bounded; hence, SS is a surface of 
section as stated. 

The definition of T on SS is the same as in previous cases. Now R is 
homeomorphic to a circular disc [§6], and all the other hypotheses of Theorem 
16 are satisfied. This theorem proves that the equations corresponding to (24) 
have a solution for each value of » so long as the surface of section exists. 
Continuation of O? is therefore possible, but our results do not show that this 
continuation is unique. 


THEOREM 18. If \1#)o, there exist at least two periodic orbits joining two 
points of Z for 4>0 but small. 
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Suppose now that neither \,/A2 nor A2/A; is an integer. Then by Theorem 8 
both Of and O? can be continued analytically. There is an invariant point 
P on SS which corresponds to QO, the continuation of O,°. For »=0, T isa 
rotation about P° through an angle not an integral multiple of 27. Then 6 
for P® is 1, and P® is said to be a simple and stable invariant point [Birkhoff 
1, pp. 287-288]. Now the nature of T about P is determined by the charac- 
teristic exponents for the corresponding trajectory [Poincaré 1, vol. I, chap. 
IV]. The characteristic exponents are continuous functions of yw; hence, for 
u>O but small, P is a stable invariant point. Then it is possible to consider 
SS a ring surface with P the inner boundary. We shall show that under 
certain conditions Poincaré’s Last Geometric Theorem can be applied to the 
transformation on this ring [Poincaré 2; Birkhoff 2, and 1, p. 294]. 

In the first place, T is an analytic transformation of the ring into itself 
which carries the boundaries into themselves. In the second place, T has an 
invariant area integral as a result of Theorem 11 [Birkhoff 1, p. 285]. Finally, 
there are rotation numbers az and ap associated with the transformation on 
the two boundaries of the ring [Birkhoff 3, pp. 87-88]. We have shown in §7 
that for 1 =0 the two rotation numbers are equal. We shall show by means of 
an example, however, that ag and ap are functions of u and in general are 
not equal. Then Poincaré’s considerations prove the following theorem 
[Poincaré 2, §3; Birkhoff 1, pp. 297-298]. 


THEOREM 19. If apap, there exist infinitely many periodic orbits. 


The limiting integrable system affords a good example to show that the 
conclusion of this theorem may not hold if ag=ap [see §7]. 

As an example to show that az and a are not identically equal, consider 
the system for which the equations of motion and the integral of energy are 


(63) ad’ = 
+ yf +] +] — = 1. 


For all values of u there are two periodic orbits O;, O2 joining two points of 
Z, and they lie along the two axes. The surface of section SS is defined by 
x,=0, ¥:20. As in the limiting system 4 =0, we may take (x2, yz) as the coor- 
dinates on the surface. 

For all values of u the point x2 = y,=0 is the invariant point P on SS and 
corresponds to The equation of O; is x2=0; its period is 
[2a/|.| +7:(u) ], where 7:(0) =O. The period is independent of the amplitude 
only for simple harmonic motion, however; hence, 7:(u) 40. 
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Consider first. A nearby orbit to O; is w) +£1, x2 and from 
(63) we find that the equations of variation are 


Ef’ = —|da|%r. 
From the second of these equations we obtain 

= cos | Aa | t+ (nf /| | ) sin | rs | t, 
= —| Aa] sin | | + cos | 


(64) 


(65) 


Here (&, 72) are coordinates in the neighborhood of P and correspond to 
(x2, v2), and (£?, ?) is the point on SS through which the stream line passes 
at time ¢=0. To find the point into which it is carried by T, we have only to 
set ¢= [27/|),| +71(u)] in (65). By introducing new coordinates as was done 
in §7, we show that the limiting transformation at P is a rotation through the 
angle 


(66) | | | | +> 71(u)). 


Then ap is given by (66). 
Now consider ag. The orbit corresponding to the stream line which forms 
the boundary B is x, =0, x2:=sin which is periodic with period 27/|)a| . 


The equations of variation are found in the usual way to be 
= — | 
= 


The first equation determines the intersections of the varied stream line with 
SS; the stream line crosses SS when £,=0, 7:20. As in previous cases, we can 
use (£, 72) as coordinates on SS near B. Then equations (65) hold. A stream 
line which crosses SS at ¢=0 has its next crossing at =27/|),|. Then (65) 
show that 7 on B is essentially a rotation through the angle 


(68) — /| Arf. 


Then az is given by (68). 

Comparing (66) and (68), we see that ap and a, are in general not equal 
since 7;(u) #0. Our conclusion is the following: If the system really depends on 
bt, 1.€., if it is not identical with the limiting integrable system for all values of u, 
then ap and a, are not equal in general for u >0. 

11. Symmetric systems. We shall now suppose that the system is sym- 
metric in the origin on the characteristic surface, i.e., we assume that (9) 
holds. As we have already seen, a system of this kind has special properties, 
which we shall now study in greater detail. 


(67) 
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Assume now that neither |)1|/|Az| nor |A2| /|A:| is an odd integer. Then 
by Theorem 9 both O? and Of can be continued analytically for »>0; for 
each value of u these orbits pass through the origin and are symmetric in this 
point. A surface of section SS can be formed from either one of these orbits; 
let it be formed from O>. All the results of §10 apply in the present case, but 
the symmetry leads to special properties of T. In order to state the results 
more easily, we employ the representation of M in Sz [see §6]. 

It is clear that R can be deformed into C:u?+v* <1 in such a way that 
symmetric points are carried into points symmetric in the center of C, and 
so that O, and O, lie along the diameters »=0 and u=0 of C respectively. 
Then the stream lines in S, have the essential properties of symmetry pos- 
sessed by the stream lines in M; also SS.is represented in S2 by the ellipse 
E in the plane u=0. 

Now it was shown in §2 that the stream lines are related by fours. The 
significance of this fact is that there are two transformations V; and V2 which 
when applied to a stream line and its transforms by V; and V2 yield four and 
only four stream lines. In S; the transformation V; is 


4, =, 


w = wt [1 — (wu? + 


coupled with a reversal of the direction of flow [see Theorem 1 and (27)]. 
By reversal of the direction of flow, we mean the following: if the flow pro- 
ceeds from P to Q on the given stream line 7*, it proceeds from Q’ to P’ on 
ViT*. If necessary w’ in (69) is to be reduced modulo 2[1—(u?+v?) ]*/2. 
As shown in §2, 7* and V,7* correspond to a single orbit traced in the two 
directions. Obviously V? =/, the identity. 

In S: we find that V2 is defined by 


4, 


w+ [1 — (u? + 


without reversal of the direction of flow [see Theorem 4 and (27) ]. Again w’ 
is to be reduced modulo 2[1—(u?+0) ]!/2 when necessary. Then V,? =/. 
Now V;, and V2 generate a group with the four distinct transformations 
I, Vi, V2, ViV2. We see that Vi V2 is merely a reflection in the w-axis in S: with 
reversal of the direction of flow, and that (ViV2)?=J. By applying the trans- 
formations of this group to 7*, we obtain three others. The four stream lines 
are permuted among themselves by any transformation of the group. Now 
the four are not always distinct [see §2]. If the orbit corresponding to any 
one of them is its own symmetric image or is a curve touching Z, there are 
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at most two distinct stream lines; if it is both, the four are identical. In all 
other cases the four are distinct. 

Now if 7* is closed, the other three stream lines of a group are closed; 
hence, with the obvious convention in case they are not all distinct, we have 
the following theorem. 


THEOREM 20. The invariant points of T and its powers and the closed peri- 
odic trajectories of the system occur in groups of four. 


Now SS is represented by E in the plane « =0; hence, T may be expressed 
in terms of the coordinates (v7, w). Since (ViV2) carries a stream line into a 
stream line with reversal of the direction of flow, we see that if T* carries 
(0, Wo) into (0, wi), then T* also carries (—2, w1) into (—v, wo). It follows that 
(ViV2)T(ViV2)T =I. Then (ViV2)T is a transformation U with period 2: 
(ViV2)T =U, U?=I. Hence, T =(ViV2)U. We have thus proved the following 
theorem. 


THEOREM 21. The transformation T is the product of two transformations, 
one of which is a reflection in the w-axis, and both of which have the period 2. 


Now suppose that 7* carries a point (0, wo) into (0, w:); then by the itali- 
cized statement above, 7* also carries (0, w:) into (0, wo), and both points are 
invariant under T*. They correspond to a single closed stream line. Let the 
segment v=0 on E be denoted by AB. A point on AB corresponds to an orbit 
passing through the center of symmetry, and the above statement is equiva- 
lent to Theorem 5. Thus, if we can prove that there are points on AB which 
are transformed into points on AB, we can conclude that there exist closed 
periodic orbits passing through the center of symmetry. 

In the first place, there exists an invariant point P of T on AB. It is the 
center of Z, the point at which the stream line corresponding to O, crosses E. 
Now consider the images of AB on EZ under T and its powers. If the rotation 
numbers ap and ag [see §10] are unequal, the image of AB under T and its 
powers is a spiral, and we can assert that there is an integer N such that the 
image of AB under 7* for k=WN intersects AB in points distinct from P. 
This is proved as follows. The rotation numbers for 7* on the boundary B of 
E and at P are kag and kap. Then for & sufficiently large, say k= N, kag and 
kap correspond to transformations differing by at least one complete cycle; 
for k=pN, they differ by at least p cycles. Hence, the image of AB under T* 
intersects AB at least for k=N, and the number of such intersections be- 
comes infinite with &. 

Suppose that Q, on AB is carried into Qs, distinct from Q;, on AB by 
T™, and that m is the smallest power of T for which this happens. Then Qi, Q2 
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are invariant under 7?” and correspond to a periodic orbit O which passes 
twice through the center of symmetry; the two branches there have distinct 
tangents since Q;, Q2 are distinct. The corresponding stream line crosses SS 
2m times. Since R is divided into two parts by O2, we see that O crosses Oz 
twice for each crossing of SS by the stream line, i.e., O crosses O2 4m times. We 
therefore say this orbit is of type Ou. An orbit O1m cannot touch Z, because 
it has two distinct branches at the center of symmetry. We have thus proved 
the following theorem. 


THEOREM 22. If apap, there exists an infinite number of closed periodic 
orbits of type Ou, there being one or more for eachm=N. 


We proceed to establish the existence of an infinite number of periodic 
orbits of a second type. 
The transformation 


(71) = Xi, yi (i i, 2), 


transforms M into itself and in particular carries SS into a surface SS’ which 
is also a surface of section. The surfaces SS and SS’ are bounded by the 
same closed stream line, and taken together they form a surface homeo- 
morphic to a 2-sphere. In S; the transformation (71) is Vi; hence, SS’ is 


represented in S; by EZ’, the part of the circle «==0 which lies outside of E. 
By means of (71) we extend the definition of T on SS to the combined 
surface SS+ SS’. Each half of this surface is a surface of section; hence, 
the stream lines define a transformation of it into itself. Since O, divides R 
into two parts, a stream line which crosses SS (SS") at Q has its first succeed- 
ing crossing of the surface at Q’ on SS’ (SS). Then the new transformation is 
that which carries Q into Q’; we designate it by 7”? since it has the obvious 
property that its square is T. Also T‘/? is not a sense-preserving transforma- 
tion; it has the nature of a reflection. 

We return to the representation in S; in order to simplify the exposition. 
The stream line which crosses E at P also crosses E’ at P’. Then P’ =T7T"/2(P). 
Associated with the transformation of P into P’ by T there is a rotation 
number which is obviously ap/2; the common boundary B of E and E’ is 
transformed into itself by T?, and the corresponding rotation number is 
a B/ 

Suppose 7*+¥2, & an integer, carries (v9, wo) into (v1, w:). Apply the trans- 
formation (ViV2), and we see that 7*+/? also carries (—2, w:) into (—vp, wo). 
Then as before Set (ViV2)T¥2=V. Then 
=(V,V2)V, where V?=J. Thus by defining T on the entire surface SS+SS’ 
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we are able to factor T into the product of four factors, each with the period 
2:T= (ViV2) V(ViV2) V. 

Now if 7*+? carries (0, wo) into (0, w:), it also carries (0, w:) into (0, wo), 
and both points are invariant under T*+'. One of these points is on E. Let 
A’B’ designate the line segment v=0 on EZ’. Then if we can show that the 
image of AB under T*+? intersects A’B’, we can prove the existence of 
further periodic orbits. Now the image of AB under 7*+/? is a spiral which 
always intersects A’B’ at P’. For k sufficiently large, and at least for k>WN, 
this spiral intersects A’B’ at points other than P’. The number of such inter- 
sections becomes infinite with k. Each such intersection gives an invariant 
point on under 

Suppose that Q is such an invariant point on EZ under T?™*!, and that 
this is the lowest power of T under which it is invariant. The corresponding 
orbit O passes twice through the center of symmetry and crosses O2 (4m+2) 
times. This orbit is therefore said to be of type Oin42. The orbits of this type 
may or may not touch Z. The orbit O,, which corresponds to P on E£, is in- 
cluded in this class with m=0. We have thus proved the following theorem. 


THEOREM 23. If ag~ap, there exist an infinite number of periodic orbits of 
type Oum+2, there being one or more for eachm=N. 


Similar results can be obtained if it is assumed that the system is sym- 
metric in one or both of the axes on the characteristic surface. 
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LAPLACE INTEGRALS AND FACTORIAL SERIES IN THE 
THEORY OF LINEAR DIFFERENTIAL AND 
LINEAR DIFFERENCE EQUATIONS* 


BY 
W. J. TRJITZINSKY 


1. Introduction. Our present object is to carry out application of La- 
place integrals (leading to convergent factorial series developments) to the 
fullest possible extent in the field of linear differential equations, 


(A) L(y) = y(x) = 0; 
k=0 

and, secondly, in the field of linear difference equations 

(B) L(y) = + k) = 0. 
k=0 


In both (A) and (B) the coefficients are given by convergent series of the 
form 


(1) d,-x(x) = > eX *!? (integer p 2 1), 


and d,(«), d,(x) 40. In view of the fact that the two mentioned fields are to a 
considerable degree analogous, it has been found convenient to give the 
developments for both of these in a single paper. 

Another outstanding method, a method which previously had been 
applied with complete success in the two indicated fields, as well as in the 
field of g-difference equations, is that based on the study of asymptotic prop- 
erties of solutions. In this connection the starting point is given by the full 
sets of formal series solutions (in general divergent), which are known to 
exist in all cases. Existence of a complete set of formal series solutions for a 
difference equation (B), as well as other results of a formal character, have 
been established by G. D. Birkhoff.f For differential equations (A) existence 
of a full set of formal solutions follows from a work of E. Fabry.{ In the 

* Presented to the Society, December 27, 1934; received by the editors April 18, 1934. 

1 Formal theory of irregular linear difference equations, Acta Mathematica, vol. 54 (1930), pp. 
205-246. 


t Sur les intégrales des équations différentielles linéaires a coefficients rationnels, Thése, 1885, 
Paris. 
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asymptotic (analytic) theories of linear differential, difference and q-differ- 
ence equations, respectively, the coefficients in the involved equations are 
either representable by convergent series of the form (1) or, more generally, 
they are merely asymptotic (in certain regions) to such, possibly divergent, 
series. In all essential particulars these three theories have been completely 
treated (under no restrictions on the formal series solutions) as follows. A 
joint work by G. D. Birkhoff and W. J. Trjitzinsky gives the developments 
for difference equations (B).* A paper by Trjitzinsky establishes the general 
asymptotic theory for g-difference equations.f Finally, the general asymp- 
totic theory for differential equations (A) has been developed by Triit- 
zinsky.{ Broadly speaking, at the basis of the several general asymptotic 
theories, referred to above, to a very substantial degree lie the ideas and 
methods due to Birkhoff or inspired by his work. 

Important earlier developments, especially in the field of difference equa- 
tions, are due to C. R. Adams, R. D. Carmichael, H. Galbrun, E. Hilb, 
O. Perron, S. Pincherle, H. Spith§ and some others. 

While the asymptotic theory has been shown to yield full sets of analytic 
solutions (with appropriate asymptotic properties) in all cases, the situation 
is different inasmuch as the method of Laplace integrals and application of 


* Analytic theory of singular difference equations, Acta Mathematica, vol. 60 (1932), pp. 1-89. 

{ Analytic theory of linear q-difference equations, Acta Mathematica, vol. 61 (1933), pp. 1-38; 
also cf. The general case of integro-q-difference equations, Proceedings of the National Academy of 
Sciences, vol. 18 (1932), pp. 713-719. 

t Analytic theory of linear differential equations, Acta Mathematica, vol. 62 (1934), pp. 167-226. 

§ R. D. Carmichael, for instance, chapter IV of the book referred to at the end of the next foot- 
note. C. R. Adams, On the irregular cases of the linear ordinary difference equation, these Transactions, 
vol. 30 (1928), pp. 507-554. H. Galbrun, Sur certains solutions exceptionnelles d’une équation linéaire 
aux différences finies, Bulletin de la Société Mathématique de France, vol. 49 (1921), pp. 206-241. 
E. Hilb, Zur Theorie der linearen Differenzengleichungen, Mathematische Annalen, vol. 85 (1922), 
pp. 89-98; same title 1, Mathematische Zeitschrift, vol. 14 (1922); same title 2, ibid., vol. 15 (1922), 
pp. 280-285; same title 3, ibid., vol. 19 (1924), pp. 136-144. O. Perron, Uber lineare Differenzen- 
gleichungen zweiter Ordnung .. . , Heidelberger Sitzungsberichte (mathematisch-physikalische Klasse), 
No. 17 (1917); Uber das Verhalten der Integrale linearer Differenzengleichungen im Unendlichen, 
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 19 (1910), pp. 129-137; Uber lineare 
Differenzengleichungen, Acta Mathematica, vol. 34 (1910), pp. 109-137; Uber Systeme . . . , Journal 
fiir die reine und angewandte Mathematik, vol. 147 (1917), pp. 36-53; Uber Summengleichungen 
und Poincarésche Differenzengleichungen, Mathematische Annalen, vol. 84 (1921), pp. 1-15. S. Pin- 
cherle, Sopra una transformazione delle equazioni differenziali lineari . . . , Rendiconti, Istituto Lom- 
bardo, (2), vol. 19 (1886), pp. 559-562; Sur la génération de systémes récurrents ..., Acta Mathe- 
matica, vol. 16 (1892), pp. 341-363; Sulla risolusione dell’ equazione funzionale ..., Memorie, 
Bologna Accademia, (4), vol. 9 (1888), pp. 181-204; Sulle equazioni alle differenze, Lincei Rendiconti, 
1894, pp. 12-17, pp. 99-105; Sulla risoluzione approssimata delle equazioni alle differenze, Lincei 
Rendiconti, 1898, pp. 230-234. H. Spiath, Uber das asymptotische Verhalten der Lisungen nichthomo- 
gener linearer Differenzengleichungen, Acta Mathematica, vol. 51 (1927), pp. 133-199; same title, 
Mathematische Zeitschrift, vol. 30 (1929), pp. 487-513. 


82 W. J. TRJITZINSKY [January 


factorial series is concerned. This method, whenever successful, enables one 
to express a formal series solution with the aid of convergent factorial series. 
In every such case we have a situation when a possibly divergent formal series 
solution is “summed” by an essentially “exponential” method; however, this 
method is known to be applicable not in all cases. Basically and predomi- 
nantly developments of this type rest on numerous important works of N.E. 
Nérlund* in the theory of factorial series and in connection with application 
of these series to difference equations. Among the works of others, involving 
application of Laplace integrals and factorial series to differential and dif- 
ference equations, outstanding is a sequence of papers due to J. Horn.f 

As will be seen from the Main Theorems (§§7, 12) the program of applying 
Laplace integrals and factorial series to equations (A) and (B) is capable of 
being extended considerably beyond the results of the earlier writers. On the 
other hand, certain examples (in §§7 and 12) will demonstrate the fact that 
these theorems cannot be extended (in a certain sense). 

It is also to be noted that, in view of the reciprocal relationship between 
equations (A) and (B) on one side and corresponding linear systems on the 
other, results of the type established in these pages will hold for linear sys- 
tems as well. 

Numerous works, which we have not mentioned explicitly, are referred to 
in the several papers and books indicated in the footnotes of this introduc- 
tion. However, we have indicated directly the more relevant ones of the 
previous contributions. 


Part I. LINEAR DIFFERENTIAL EQUATIONS 


2. Some preliminary facts concerning differential equations. An equation 
(A) possesses a full set of formal series solutions s,;(x) of the form 


(1) 5i(x) xrig (x), QO;(x) = > qe | eg 
v=0 


where the o;(x) are of the form 


(1a) o;(x) = > log’ x an™ (x), 
h=O 


* Some of Nérlund’s work is as follows. Acta Mathematica, vol. 37 (1914), pp. 327-387; Lecons 
sur les Séries d’Interpolation, Paris, 1926 (this book contains an extensive bibliography—pp. 228, 
233); Lecons sur les Equations Linéaires aux Différences Finies, Paris, 1929. 

t In this connection we shall mention Integration linearer Differentialgleichungen durch La- 
placesche Integrale und Fakultaétenreihen, Jahresbericht der Deutschen Mathematiker-Vereinigung, 
vol. 24 (1915), pp. 309-329; Laplacesche Integrale, Binomialkoefficientenreihen und Gammaquotienten- 
reihen in der Theorie der linearen Differen‘ialgleichungen, Mathematische Zeitschrift, vol. 21 (1924), 
pp. 85-95. 
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(1b) w(x) = Ms); 
s=0 
here /;, m;, k; are integers (m;=0; k:=r! p; integer r/ =1). 
The formal series can be all arranged in logarithmic groups. The exponen- 
tial factors, 


xr, 


of the series belonging to a particular group are the same.* The elements of 
such a group can be so ordered, 


that - +--+, mi4;=j7—1. A series of the type of (1a) will be 
termed a o-series. 

Horn assumes that all the roots of the characteristic equation, corre- 
sponding to (A), are simple. Under this supposition all the formal series will 
be normal; moreover, no o-series factor will contain any logarithms (that is, 
for each formal solution m;=0). It will be convenient to state his result in a 
form slightly different from his. By means of a transformation of the type 
a* =z, where k is suitably chosen, the equation (A) is brought to the form of a new 
equation (A;), the latter equation differing from the original one in the value 
of the integer p, while dy,»+0 and the coefficients of the new equation contain 
no positive (integral or fractional) powers of z. For simplicity the notation 
originally introduced for the equation (A) will be maintained for the modified 
equation (A;). The connection between the results valid for (A) and those 
valid for (A;) is obvious. Now, under Horn’s hypothesis equation (A) pos- 
sesses a set of (linearly independent) solutions of the form 


(3) x) (i 1, 2, n). 
Here the Q;(x) are given by (1) (with k; =) and the y,(x) are of the form 


(4) = ond + atl? (2), 


w=l 


where the on? (x) are convergent factorial series of the type 


0 


0 
(ta) a(x — y)--+ (x — sy) 


* However, the values of 7, associated with the same group, may differ by rational fractions. 
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|y| is sufficiently great, is the same for all solutions and 2 is allowed to have 
any value except certain ones, depending on the roots of the characteristic 
equation.* Moreover, the series (4a) all converge in a certain half plane. 
Formally, of course, solutions (3) are compatible with a set of (possibly diver- 
gent) formal series solutions. 

If the characteristic equation of (A;) has a simple root, then to this root 
there will correspond a convergent solution of the form ((3), (4), (4a)). To 
every simple root of the characteristic equation of (A;) there corresponds such 
a convergent solution. This fact, although not demonstrated by Horn, is a 
rather easy consequence of his work. However, we shall proceed to provea 
result reaching much further. Before formulating our objective more precisely 
the distinction will be first drawn between “normal” and “anormal” formal 
series solutions. A formal solution s;(x) of (A.), as given by (1), (1a), (1b), zs 
said to be normal when k;= p (cf. (1b); the coefficients of (A:) are in powers of 
x'/»). If this is not the case (that is, when the integer r/ , of (1b), is greater than 
unity) @ formal series s;(x) will be said to be anormal. A formal solution of 
(A) will be normal or anormal according to the nature of the corresponding 
solutions of (Ai). 

In the sequel, unless stated to the contrary, the equation (A) will be taken 
in the form (A,). Consider.a root p of multiplicity ¢(=1). It may happen that 
the ¢ formal series solutions, corresponding to this root, are all anormal; in 
some cases some of the ¢ formal solutions, associated with such a multiple 
root, are normal while others are anormal. The third alternative—the one from 
now on assumed—is that all the formal solutions (1), belonging to the particular 
root under consideration, are normal. Moreover, it will be assumed that there is 
just one corresponding logarithmic group. It will be shown, under this assump- 
tion, that all the formal solutions under consideration are expressible with the 
aid of convergent Laplace integrals, leading to convergent factorial series 
developments. An example in §7 will make it evident that in a more general 
case a result of this type need not hold. 

3. Conditions for existence of formal solutions of the type specified in §2. 
The ¢ normal formal solutions, corresponding to a root of multiplicity ¢, 
form a logarithmic group (cf. §2) and they may be written as follows: 


i-1 
(1) si(x) = x ani G =1,2,---,¢), 


where 


(1a) > (h =0,1,--- — 1). 


* For the exact situation concerning Zy cf. Horn’s work on differential equations, loc. cit. 
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The equation (A:) (cf. beginning of §2) will maintain its form*after the 
transformation 


y(x) = &@ 
Accordingly, without any loss of generality, it may be assumed that in (1) 
(1b) = 1, 


Moreover, it will be assumed, as it may be without entailing any loss of gener- 
ality, that not all the 


(1c) G = 1, 2, ¢) 


are zero. However, (1b) implies certain conditions on the coefficients of (A,). 
In view of our purpose it will be essential to determine these conditions. 
We note first that, when 4( =0) is an integer, 


(2) log! -> log** 


where, for 


(2a) 

while g, s=0 for y<f. The summation in (2a) is extended over all the positive 
integral values of m, m, mg such that m+ - - - +ms=v;t moreover, 
£0,0=1 while the g,,.o and the go, are all zero for y>0. In view of (1b), on 
making use of (2), we get 


s} (2) = >>> log” 


h=0 v=0 
Ah 


h=0 B=0 s=0 

Since 
7-1 j-1-—h 


h=O 


it follows that 


j-1 


(4) = > Shis log” x 


h=0 e=0 


* In particular, the coefficients of the equation will still be in powers of x, 
ft Formula (2) can be proved, for instance, on the basis of the multinomial theorem of algebra. 
The Cg" denote binomial coefficients. 


—s/p—k 
x 
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where 
(4a) Sa = LCC Cee (— 1) "i(k — 
B=0 v=0 
As a consequence of the easily verifiable relation 
k=0 o=0 A=0 w=0 k=0(Sn) 
it follows from (4) that formally 
L(s;(x)) = > =. log 'x 


k=0 A=0 h=0 s=0 


A=0 w=0 


(6) 


Here 


(A—k) kj 


i 
k=0(Sn) s=0 


j—1—h 
( \ptw k 


k=0(Sn) a=0 B=0 


(7) 


i-1 


In view of the assumed existence of ¢ formal solutions (1) it is inferred 
that the equations 


(7a) = 0 
[A=0, 1,--- ; A=j—1, j—2,---, 0; w=0,1,---, p—1; 2,---, 


are necessarily formally solvable for the ,7,—'. Now 


(Q—k) ptw Apt+w k(s) 
k=0 k=O 
where k(s)=X (s=0, 1,---, w), k(s)=A—1 (s=wtl,---, p+w), Rs) 
(s=p+w+1, 2p+w), k(s) =0 (s=(A—1)p+w+1, 
\p+w). This relation leads to the following: 


A pt+w 


om 0 s=0 k=O 
mp+w r—m 


+30 Dam, [s’ = 


ome’ 


(8) 


[January 
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In (7) replace h by ]—H (H =1, 2, - - - ,7). Application of (8) to (7) will then 
yield 
H-1 


H-1,0 = j-H+8 j-1 
s=0 B=0 


mp+w 


+ > >> mp+w—s = 0 


m=1 s=s’ 


[A= 0,1,---;H =1,2,---,j;w=0,1,---,p —1;5’as in (8)]. 


Here and in the sequel 


w w H-1 


s=0 s=0 B=0 
moreover, 


p-1). 


It is observed that (9b) defines all the J®5, occurring in the second members 
of (9). 
From equations (9;\=0; H=1; w=0, 1, - - - , p—1) we find that 


0,0 


(10) Jo:w =90 

this, however, as follows from (9b), is equivalent to 

(10a) = 0 1,---,p—1). 
At this point it will be convenient to introduce the 


DEFINITION. A number d;,; will be said to be of index o if i=n—k and 
j=(c—k)p+w, where OSkSo and 0OSwsp-1. 


Thus the implication of (10) is that all the d;,; of index zero are zero. We 
note that, as a consequence of the original hypothesis concerning existence of 
solutions, the characteristic equation of the differential equation (A,), 


(11) 


k=0 


has a root p=0 whose multiplicity is precisely ¢. Thus 
(11a) = dn-1,0 = dn—$+1,0 = 0, ~ 0. 
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In particular, then, it is to be noted that not all the d;,; of index ¢ are zero. 
Suppose 


0,0 1,0 


(12) (w=0,1,---,p— 1) 
forg=0,1, ---,A—1(1S\AS¢-—1). From (10) it is seen that (12) is true for 
\=1. We have, by (9b), 


» 
B, B 


k=B 


Accordingly, by (12), in view of the relations J7:2 =0, it follows that 


(14) = 0 (c=0,1,---,A—1;w=0,1,---,p— 1); 


furthermore the relations 


yield, by virtue of (14), 
dn—(e-1) ,p+w = O 
From 


o—2,0 


Je:w 
by (14) and (14a), 
dn—(o-2) ,2p+w = O -++,p-1). 
On using the relations 


o—H ,0 


=0 (C= 
in succession for H =0, 1, - - - ,A—1 it follows by induction that 


(14a) dn—(e—H) ,Hp+w = 
(c= 


for H=0, 1, - --, A—1. The subscripts in (14a) can also be considered as 
extending over the values 


w=0,1,---,p-1. 
Consequently, on letting in (14a) H =o—k, (14a) is seen to be equivalent to 


(15) dn—k,(e—k)pt+w = O »?—1), 


Ie =0 
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where ¢=0, 1,---, A—1. That is, (12) implies that all the d;,; of indices 
0,1, --+,A—1 are zero. The converse is also true. 
All the d;,; in the second members of (9b) are of index a; hence a further 
consequence of (12) would be 
(16) = 0 
(8=0, 1,---, 0; w=0, 1,---, p—1; ¢=0, 1,---,A—1; s=0, 1,---). 


In view of (16) from the equations 


i i i 
(17) W j-1:rp = = = = 0 
we obtain in succession 
0 
0 


1,0 


(17a) 


Suppose now, more generally, that 


(17b) = 0 (6 =0(0,1,---, d) 
for v=0,1,---,w—1 (1S w<p-—1); in (17a) the relations (17b) have been 
established for w=1. Consider the equations 


By (16) the numbers J%'‘,. mp42-s occurring in the second members of (9), 
are all zero; moreover, in consequence of (17b) the J%’.5,_, (in (9)) are all zero 
for w—s Sw —1. Thus, equations (18) are of the form* 


H-2 
i H-1,0 j-1 i—H+8 0 i-1 
(18a) W + Cs == 0. 
B=0 


On using (18a) in succession for H =1, 2, - - - ,A+1 it is found that 


that is, relations (17b) necessarily hold for v=w, if they hold for v=0, 1, 
-++,w-—1(1<ws<p-—1). Thus, by induction, (12) has been established for 
o=0,1,---,X. This fact completes an induction in a larger sense; that is, 
(12) is seen to be true for A =1, 2, - - - , @—1. Just as the two italicized state- 
ments in connection with (15) and (16) had been established on the basis of 
(12) (as originally formulated), we now conclude that all the d;,; of indices 
0,1,-+-+,o6—1 are zero and that 


* In (18a) and throughout the paper), -. =0 whenever B<a. 
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(6 

It is noted that, in consequence of (19), (9) holds for (A=0, 1,---, 

@—-1; H=1,---,7; w=0, 1,---, p—1; 7=1,---, while for these 

values of the subscripts and superscripts the equalities (9) do not yield any 

information concerning the coefficients of the formal solutions, whose exist- 

ence has been postulated. It remains to consider the equations (9) for \2¢. 
On account of (19), in (9), ms’—¢. For \=¢ these equations give 


e=0 
(H = 1,2,---,j;w=0,1,--- ; (s, B) * (w, 0)). 
In particular, 


j-1 


Jeo = 0 (j=1,---, 9), 
so that necessarily 
(21) Join = = 0. 
For A>¢, (9) yields the relations 


H-1 
0,0—¢) ptw i-1 j-H+8 i-1 
J 4:0 = — Cs j-H+8Ms 


(22) 


—1 


m=1 s=s' 
j =1,2,---, (s, (A — + w, 0); s’ as in (8)]. 


The equations (20), (22) are solvable in the following order: 
=1;w=0,1,- 


[January 
= 
A= 
H = j; . . . . . . 
(23) 
H =1;w=0,1,---,p—-1 
A=¢+1 
H = j; . . . . 
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In (20) and (22), by (21) and (9b), 


¢ 
0,QA—¢) p+w > —(A—¢) pt+w)/p 


(24) J ¢: 0 


k=1 

A=¢,¢+1,--: ;w=0,1,---,p—1). 
Since dn_¢,o*0 only a finite number of the left members in (24) may vanish. 
Whenever, for some w (0S w<p-—1) and for some A (A=0), a number 
=0 the corresponding is left undefined. On the 
other hand, for such a pair of values (w, A), the second member in (22) or, 
if \=¢, the second member in (20) will be necessarily zero. The ;#+89./-! 
involved in such a member have known values or some of them may have 
been previously left undefined. The totality of relationships of such an 
origin, finite in number, implies certain conditions on the n’-' and on the 
coefficients of (A;); the latter conditions are necessarily satisfied in view of 
the assumed existence of solutions of stated type. Some of the 7‘-! may be 
arbitrary.* The precise nature of the conditions implied by the vanishing of 
(24) is immaterial for our purposes. 


Lemma 1. Consider a root of multiplicity $, of the characteristic equation 
associated with the differential equation (A). In order that, corresponding to this 
root, there should exist a linearly independent set of formal solutions of type 


(1), (1a), (1b) the following conditions are necessary and sufficient. 
(i) dn—4,0 0, = 0. 


(ii) All the d;,;, whose indices (cf. Definition) are 0, 1,---, ¢—1, are 
zero. 

(iii) If any of the pty “ete defined by (24), are zero (there may be only 
a finite number of such J) then the d;,; satisfy conditions implied by the vanish- 
ing of the corresponding second members of (22) or (20). 


4. The mixed system of differential equations. In the sequel, unless 
stated to the contrary, it will be assumed that by means of the transforma- 
tion of the type specified in the beginning of §3 the differential equation (A) 
has been brought to such a form that there exist ¢ (linearly independent) 
formal solutions (1; §3), for which (1b; §3) holds. These solutions may be 
written as follows: 


h=0 


* In general, whenever some of the numbers (24) are zero , associated with the root, under con- 
sideration, of the characteristic equation there will exist more than one formal series solution of 
(A), not involving logarithms. 
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where 


rA=0 


On the other hand, the coefficients d,_;.(x) of (A:) may be expressed in the 
form 


A=0 


For the purposes at hand it will be essential to establish a “mixed” 
linear differential system, whose coefficients are in negative integral powers 
of x and which are formally satisfied by the series (1a). We have 


q*-= w 
=( ani + (p—w)/p 


dx*-™ 
(3) ° 
j—1(k—m) k— j—1(k—m—3) (p—w)/p—s 
= + > Cs 5! Nw (x)x 
w=1 5=0 


By (3) and by (2; §3) it follows from (1) that 


h 


h=0 m=0 


ji—1(k—m) k—m w)/ i—1(k—m—8) (p—w)/p-s 


w=] 5=0 


(4) 


This may be written in the form 


j-1 
(4a) (x) = + S2"’], 
h=0 


where 


w=1 m=0 


j—1(k—m) 


= 

(4c) 
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h=0 k=0 


(5) 
P 


In (5) 


> 


Pp i-h-1 


w=1 B=0 


(6) 


and, by virtue of the relation 
ig Pp 


w—1 Pp 


w=] y=] 


we have 


P 


w-l & j-h—-1 ™m 


v=lm=0 f=0 


m—5+B8 i-1(k—m) —(m—1) 
— 1) &m—8,8 In—k,»(X) n+ 


k j-h—-1 


yv=wm=0 B=0 


By (4b), (4c), (6) and (8) we obtain from (5) 


h (p—w)/p__ 
(9) L(s(x)) = log x x Wiw = 0. 
h=O wel 


Here 


h,w,j—1 h,w,j—1 h,w,j—1 h,w,j—1 


(9a) Wie Wi + We + Ws + Ws 


where 
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| 
= x 
(8) 
| 
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n j-h— 


h,w,i- Ate k+8 
k=0 B=0 


(9b) 


n j-h-l 


k=0 
(E(w) = 0 for w ¥ p; &(p) = 1), 
n n—k j—-h—-1 


> > > Ge 8)! 


(9c) k=O f=0 


m—8+8 j~1(k —m 


n n—-kw-1 m 


(94) k=O m=O0f—1 


m—8+8 i—1(k) 


—(m—1) 


and 


p j-h-l 


(9e) > > > > 


k=O m=0f=w f=0 


m—5+8 i—1(k) 
£m-5,8 dn—k—m,w+p—t(*) (x)x 


x (m — 1) 


Now, in view of the formal facts involved, (9) implies that the ,nu~*(z) 
necessarily satisfy the set of equations 


Wie =0 


(10) 
pj =i,---,¢). 


On making use of (9a), (9b), (9c), (9d) and (9e) equations (10) are seen to be 
equivalent to the differential system 


j-h-1l p 


j— h,w j—1(k h,w,7 
k=O f=1 


A 
(As) 9), 


where the 4,sn/~'(x) are to be regarded as variables; moreover, (Az:) is for- 
mally satisfied by the series (1a). The coefficients in (Az) are given by 


n—-k ™m 


(11) m=0 
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n—-k 


(11a) m=0 
x (— 1) ™ (¢ =wt 1, 


n—-k m 


m=0 
—k 


m=0 =0 
X (m — 1) p(X) 
and 


h,w,j 


(11¢) “ae ~ (cf. (9b)). 


Further calculation leads us to conclude that 


(12) = , g Dg 
A=0 


where the series involved all converge in a neighborhood of infinity, and 


(12a) BSmSn—k 5=0 


m—8+8 


X In—k—m, p+ 


etre: >, CusCp Ce Ci (m — 6)!8! 
BSmSn—k 


(12b) 


= — 6)!61(— 1)" X dn—k-r,0 


BSmSn—k 5=0 
Xx (— 1) (A—m) p> 
It is noted that, according to Definition of §3, the d;,; occurring in (12a) 
are of index \+, while those in (12b) are of index \-+—1, and the index of 
the d;,; in (12c) is\+&. Thus, by (ii) of Lemma 1, 
A+kSo-1 (¢ S w); 
(¢ > w). 
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It is observed, moreover, that in the summations of (12a) and (12b) we have 
and 6B respectively; also, in the first summation in (12c) \—820, 
while in the second summation 6 <\ —1. Hence 


(¢ S w); 


(13a) 
> w). 
Finally, since in (12a) and (12b) BSn—k, we conclude that 


h,w 


(13b) = 0 


In particular, 


A+B 
(14) = Cp Cp 


so that 


(14a) (k+B8S¢—1), (k+6=4). 
Also it is observed that 


h,w 


(15) = -++,w—1). 


Lemma 2. Write the o formal solutions (1; §3), (1b; §3), corresponding to a 
root of multiplicity of the characteristic equation associated with the differential 
equation (A;), in the form (1), (1a). The formal series (1a) (with j fixed) will 
satisfy a “mixed” differential system (As), whose coefficients are convergent series 
given by (12), (12a), (12b), (12c), (11c). The coefficients in the series (12) will 
satisfy (13), (13a), (13b), (14a). 


5. The corresponding system of integral equations. In the sequel, un- 
less stated otherwise, we shall write 


t=|t| 


where i = (—1)"/?; moreover, the integrals 


fo Sf, 
0 0 
will be supposed to be extended over the ray (0, ©), of angle Z, and the rec- 
tilinear segment (0, #), respectively. The variable x will be so restricted that 


(1) lim | | = 0 (every a > 0), 
t 
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when | ¢|—>0 along the ray (0, ©) of angle ?. As is well known, we have then 
formally 


(2) a(x) = > = f 
0 


s=1 


where 


«= fv—l1. A _ 1)’a, 
(2a) a(t) = ; — DI! 


Thus the series (1a; §4) are formally representable as follows: 


0 


A=0 

where 
(3a) hile = of ; i. 
v=0 Vv: 
With the part within the parenthesis deleted, (3) is to be considered as a 
transformation which will be applied to the differential system (A:). The 
coefficients in (3a) had been previously defined by (20, 22, 23; §3). The latter 
relations, while useful in proving Lemma 1, are impracticable for the purpose 
of establishing convergence of the series (3a) (in the neighborhood of ¢=0). 
Their convergence, however, will be proved in the sequel with the aid of a 
system of integral equations and a dominant system of integral equations 
(§6). Besides, the integral system, to be established below, is to serve a cer- 
tain other purpose (§7). 
In carrying out the transformation (3) it is observed that, formally, 
j-1(k) 


(4) = f (te dt 
0 
and that, for \21, 


(40) = f | ‘ear oat 
0 0 


provided 


t 
f ‘oa | = 0 
0 0 


= 1,2,--- 


4 

(k=0,1,---,2;h = 0, -- 

Au 
+ 
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In (5) the displayed integration is iterated H times.* Furthermore, by (4a) 
and (12; §4) 


h,w i—1(k) tz hw ik _i-1 
= (x) = f e arene (t) 
0 


‘) j-1 | 
(x A-D! T (r)dr 


By virtue of (2), we have for the last member of (Az) 


(6) 


(6a) 


On account of convergence of the left members in (6a) it is observed that the 
left members in (6b) are entire functions. On making use of (6) and (6a) it is 
seen that the system (A:) is formally satisfied if 


j-h-1 p i-h-1 


(7) peo fm 0 
Here 
(7a) (t) = 
k=0 
h,w (r tp) k 
(7b) acy (t, 7) 
and the series (7b) are entire in ¢ and r. 
Since by (13a; §4) 
= 0 (@>0;¢< w), sr = 0 w), 
it follows from (7a) that 


hw 
(8) sb; (t) =0 (6>0;5 Sw), 
(8a) abs (t) = 0 (¢ > w). 
* Those of the steps which at first can be considered as valid only in a formal sense will be 


finally justified. Thus, absolute convergence of the integrals (3) (for certain suitably defined func- 
tions), as well as the relations (5), will be later established. 
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Thus, the only functions (7a) which could possibly be not identically zero 
are the ob;"(#) (§ Sw); in view of (7a) and (15; §4) they are of the form 


k=0 


In particular, since d,_4,00, b°(¢) #0. Thus the left members in (7) may be 
replaced by 


(10) wo. 
f=1 


The coefficients in the system (7) will be now investigated in a greater de- 
tail. From (7b) we have 


hw 
acs (t,7) = 


s=0 g=0 


A=1 k=O r=0 1)! 


(11) 


so that 


h,w s+r 1)* hw 
(11a) BCS: 8,q = Bay, g—r: s+r+1 


r=0 (s + r)! 
Thus, on noting (13; §4), it is observed that 


(12) =O (s+q5¢-2;¢<), 


(12a) = 0 


moreover, by virtue of (13a; §4), the summation in the right member of (11a) 
is extended so that r <q and 


r20;r=>q—n;r=B-s (when s+ q2=qgand{> »w). 


To establish properties at infinity we first note that, in view of the satisfied 
conditions of convergence, 


(13) 


These inequalities are valid for all possible values of the superscripts and 
subscripts.f By (13), (7b) and (6b) we shall have (exclusive of a small vicinity 


t p* here denotes a power of p. 


(r>q-—n). 
| 
a 
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of r=0) 


n pl 


R" |r| 


(14) ry “(t, 7) | < Rp 


— 1)! 


and 


(14a) | g4(t) | < Rp < Rveitl, 


— 1)! 


Consider the coefficients in the left members of (7) (cf. (10)). It is noted 
that, since the dnr_z,o.-¢ (¢=1,--- , w) in (9) are of index k, application of 
Lemma 1 will yield the result 

be¥(t) = = dn_o,w-p + + + 
(15) 
(¢=1,---,w). 
On the other hand, since dn_4,0#0, 
1 


te 
15 = = d(t)=d 


(do ~ 0, oo). 


Let P denote the complex t-plane excluding small sectors, each with vertex 


at t=0 and containing the poles of d(t) (15a) in their interiors. 
From (15) and (15a) it follows that 


(16) | d(t)| < 
(16a) | | < d|t|*-¢ 
when ¢ is in P, exclusive of a small vicinity of ¢=0. 


We shall now proceed to derive a modified integral system. From (7), in 
view of the notation introduced in (15) and (15a), 


(17) 


+> > d(t) pce (t, 7) (dr 


B=0 


It will be demonstrated that (17) can be brought to the form 


Uanuary 
| 
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It is noted first that from (17; w=1) the equations (A;; w=1) are obtained, 
with 


(18) (t, 7) = a(t) ace’ 2), 
(18a) *ghli(t) = 
Suppose that, forg=1,2,--- ,w—1(2<wSp), 


0 


Substitution of (19) in (17) will result in equations of form (A;), where 


Relations (20), (20a) have been established for w=1 in (18), (18a). Thus, it 
follows by induction that (7) is equivalent to the system (A;), where the co- 
efficients are defined in terms of those of (7) by means of the recursion rela- 
tions (20), (20a). 

In view of (15a), of the nature of the coefficients in (7) and of (20) and 
(20a) it is concluded that the coefficients in (A;) are meromorphic functions 
(in 4), whose ¢-poles are at the non-zero roots of the characteristic equation 
of (A;) [of (A), of course]. The *scy*"(¢, 7) are entire in r. Accordingly, 


(21) acy (t,7) = > 
s=0 g=0 


h,w,7 * h,w,7 


e=0 
here the involved series converge for |¢] <p’. On using (18), (15a) and (12), 
(12a) we obtain 


* (¢ = 1); 


22 0 
(22) (¢ > 1). 


Assume the truth of the following (for =1 already established in (22)): 


<¢- <<), 
stqs¢-1 (¢ > 1). 


4 
i 
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In view of (20), (15), (15a), (12) and (12a), the relations (22a) would imply 
that 


w 2 s 
s+qs¢o-1 (¢ > w). 


By induction it is inferred at once that (23) holds for all values of the in- 
volved subscripts and superscripts. 

Let P, denote P (cf. definition following (15a)) with a sufficiently small vicin- 
ity of the origin excluded. By (18), (18a), (16), (14) and (14a) 


(24) | (t, 7)| < aR” 


? 


pl 
é 


(24a) | < dR” (| +| = 0; small) 
for ¢ in Po. It will be proved that, for ¢in Po and Rp sufficiently great, 


pl 


(25) | < Rol —] 22), 


(25a) | *ghw.i(t)| < Ro| t|*| 


for all values of the involved subscripts and superscripts. Suppose that, for 
some positive Ri, for ¢in Po and |r| =, 
plt—rl 


(26) | ‘sce’ (t, 7)| < Ri 
T 


-,w-1;2S5wS8p). 


By (20), (16), (14), (16a) we would have in virtue of (26) 


pl 


w 
(27) | (t, 7) | < —| + dpR,). 
T 
On the other hand, in view of (20a), (16), (14a) and (16a) the implication of 
(26a) would be 
(27a) | * gh.w.i() | < | t|¢| 


Here (27) and (27a) have been established for ¢ in Po and for |r| >s. The 
truth of (25) and (25a) follows by induction. 
We formulate the above developments of this section in the Lemma. 


| 
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Lemma 3. The formal series nju-'(t) (cf. (3a)), connected with the formal 
series (1; §4) by means of (1a; §4), satisfy a certain integral system (As). The 
coefficients of this system are defined by convergent series (21), (21a); they are 
meromor phic functions in t, whose only finite t-singularities are poles at the non- 
zero roots of the characteristic equation of (Ai) (of (A), also). The ach(t, T) are 
entire in tr. Moreover, inasmuch as properties at (t=0, 7 =0) are concerned, these 
coefficients satisfy (23). On the other hand, essential properties at infinity are 
characterized by (25) and (25a); these inequalities are valid for |r| =>3>0 (3 
sufficiently small) and for t in Po (cf. definition preceding (24)). 


6. The dominant system of integral equations. In proving convergence of 
the formal solutions 47./~'(¢) (3a; §5), of the integral system (As), the method 
of successive approximations (used with success by J. Horn in analogous, but 
simpler, situations) leads to apparently unsurmountable algebraic difficulties. 
Accordingly, a different method will be employed. We shall establish a domi- 
nant system of integral equations; that is, a system from the convergence 
of whose solutions convergence of a set of solutions of (As) can be inferred. 
It will be necessary, first, to derive in detail the relations satisfied by the 
coefficients of the .4./-1(#). On using (3a; §5) and (21; §5) it follows that 


j-1 on on @ ke 
1 f t, n dr = Cr: 8, 


pet 


Also, by (3a; §5), 


@ +1 
(1a) t (t) aie: q—o+1 


Substitution of (1), (1a) and (21a; §5) in (As) gives, after a suitable arrange- 
ment of terms, 


L geo mo H+v+1 


= 
( ) > ime 
@ 


9). 


By virtue of (23; §5) it is concluded that in (2) 
hfw:¢ = 0 


Thus (2) is formally possible if 


4 
| 
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B=0 
9p), 
where, for §>w, the summation with respect to v is extended from »=0 to 
v=q—¢, and 
From (3) and (3a) it is inferred that 


*h,w,7 


w-1 i-h-1 p _i-1 


B=0 B=0 v=0 
(A=0,1,---,j-1j;w=1 


where 


o-1 1 aia 
(4a) K(h, w, q;*c) =1— >> ¢-1-H,H- 


H+q-—o¢+2 


We note that the K(h, w, g; *c) may vanish, if at all, only for a finite number 
of values of h, w, g. The equation (4) may be solved in succession according 
to the scheme 


h=j-1(w=1,---,9) 
h=j—2(w=1,--- 


(w=1,--- 


If some of the K(k, w, g; *c) are zero, a remark entirely analogous to that 
following (24; §3) will be valid, and some of the 4/-! may be arbitrary (this, 
of course, corresponds to the possible arbitrariness of some of the n*-'). It 
is also observed that none of the *c, occurring in (4a), are involved in the 
second members of (4). 

Let (4) denote the set of equations (4), where the qi, the —s’ and the *c 
are replaced by Fact and é, respectively. Choose 

h,w 
(6) oC w: ¢-1-H,H = 
(7 


») 
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where c is sufficiently small so that 

(6a) K(h, w,q;é) >0 
By (6a) and since 

lim K(h, w, q; *c) = an K(h, w, q; €) = 1, 


we have, excluding the values h, w, g for which K(h, w, q; *c) =0, 
K(h, w, q; é) 
6b 0< < B(>1 
| K(h, w, 9; *c) | 
(w = 1, 1). 


Furthermore, take 

(is¢svw), 
7 

(7a) +1 = 


on the other hand, let the other ¢ and 2 (that is, those not referred to in (6), 
(7), (7a)) be positive and greater than the absolute values of the corresponding *c 
and *g. Since K(h, w, g; €) ¥0 for any of the involved values of h, w, q it is 
observed that equations (4) determine all the .a37;' uniquely. By virtue of (6a), 
and in view of the assumptions concerning the ¢ and the z we conclude that 
the ,73,,; are all positive. We now prove that, with B of (6b) sufficiently great, 

(C = Bi?;h=0,1,---, 7-1; 


Of course, when there is any arbitrariness in the determination of the 4/-', 
we shall take some particular set of the 7-'. By (4a) there exists an integer 
such that 

K(h, w, q; *c) 


(9) . 


Let the 7’-' be assigned some particular admissible set of values. There will 
exist then a number B so that not only (6b) holds but also 


(9a) | <C 
(C = 1). 


The essential fact is observed that, for g2qo, equations (4) define the 


105 

t 

iy 

it 

| 
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yee (g=qo) uniquely in terms of certain other 4/-', previously defined 
or selected in a definite manner. — now that 


where g—124o (this secures g—¢=go—$+1). 
Since the gK;,;:.(*c) are forms, with positive coefficients, linear in the *c, 
it follows that 
h,w hw 
(10) | | < 
for all involved values of the subscripts and superscripts. In view of (10) and 
(6b), application of (9b) to (4) would yield the inequalities 


(9b) 


B j-1-h 

_i-1 h,w,j h,w _i-1 

hNw: q—+1 |< Es + w,q—o+1: | h+ q—o+1 | 
K(h, é) B=1 


w-1 


B=0 f=—1 

i-h-1 p a-¢@ 

p=0 


From (11; k=j—1; w=1) 


(11a) 


—1, 1,qg;é é) 


q—o+1 j-1 


< BC 


The latter inequality is obtained using the fact that C>1 and that the ex- 
pression within the brackets in the second member of (11a) would be equal 
to K(j—1, 1, g; é) if C were replaced by unity. This type of reasoning is em- 
ployed in the sequel, but no explicit reference will be made to it. Assume that 
(11b) | < (¢=1,---,w-1;2S pp). 
By virtue of (11b), (11) would imply that 


= o+1 j~l,w _—(w—1 1 
( ) (q—¢+1) 
q—o+ < E C 

| K(j 1, é) 


= 

p 

j-1,w  —(w—1) 

v=0 
w i-1 


<BC q—o+1+ 


—(w—1-$) 
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By induction it is seen that (11b) is valid for §=1, - - - , p. In particular 


P _i-l 


Suppose that, fork=j—1,j7—2,--- 


(14) | ANE: <B ANS: 


By (11) we then would have 


(14a) _ (j-h-8 pee 


_j—1 
< BB Cc AN1: 


< 


Assume now that 


j—1 j—1 
(15) | | < BE 


(¢=1,---,w-1;2S ws ); 


in (14a) these inequalities have been demonstrated for w=2. From (11) we 
would have 


h,w 
+ 8K w,q—9+1: g(€) 


~i-1 
hw: | < 


K(h, Ww, é) B=1 


7 lw j-1 


(i-h-B) q—o+1 h,w 4 
4 w: q—o+1B Cc + pK a(€) h+BN$: 
B=1 
1 
xX B + oK a(€) ANS: q—o41B 
f=1 


B=0 f=—1 


(i-A-1)p 


B BC ANw: 


Thus (15) holds for §=w and, consequently, for ¢=1,--- , p. Whence it 
follows that 


~i-1 (i-h)p 


< B Cc q—O+1 (¢ =1,--+, p). 


This, however, means that (14) would hold for \ =/ if (14) holds for \=j—1, 
j—2,---,h+1. For \=7—1 (14) is observed to be true; thus, (14) holds for 


=1,---,»). 


108 W. J. TRJITZINSKY 


A=j—1,j7—2,--- , 0. The latter fact implies that 


Since (16) is a consequence of (9b), inequalities (8) are seen to be proved. 
We observe that the following fact has been demonstrated. 

Let the € and the % be numbers satisfying (6), (6a), (cf. (4a)), (7), (7a) and 
also satisfying the italicized statement immediately following (7a). Let the coeffi- 
cients in the series 


_i-l 


(17) viel) = 


be defined by the equations (4), formed with the mentioned ¢ and 3 and charac- 
terized in the italics preceding (6). In view of (8), whenever the series (17) all 
converge in a vicinity of t=0, the same will be true (in a possibly smaller vicinity 
of t=0) for any set of formal solutions njw(t) (cf. (3a; §5)) of the integral sys- 
tem (As). 

We are now in the position to form a system of integral equations 


i-h-1 p t 


B=0 0 
p); 


here 


s=0 g=0 s=0 
This system is satisfied by the set of formal series (17), defined by (4). Choose 
c’ sufficiently small. Let r be a sufficiently large positive number. Moreover, 
we shall choose 


H=O 


(18b) (> w), 


H=0 


except that 


H=0 i=@ H=0 


[January 
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These series, of course, all converge in the vicinity of (¢=0, r=0). It is seen 
that the constants, occurring in the second members of (4), will then be 


(19) 


while 
h, 
(19a) = cr” = ¢. 


The corresponding set of equations (4) is not practicable for a proof of con- 
vergence of the solutions (17) of (As). Hence use will be made of a different 
set of relations, obtainable by utilizing the special form of (As). In fact, (18a), 
(18b), (18c), (18d) are equivalent to 


1 ptup u 
r 


Aww A 
(20) (t, 7) = Sw), 


1 pte ( > ) 
r T f>w), 
(1 rt)(1 rr) ptus¢—1 


(20b) ghvri(t) = rt*/(1 — rt), 


(20a) scr’ (t, 7) = 


except that 
H=0 (1 rt)(1 rr) ptus¢—1 


Substitution of (20), (20a), (20b), (20c) in (As) results in 


B=0 0 1—~rr 


0 


H=0 


(21) 


0 


B=0 f=—1 ptusg¢—2 
i-1-h p ¢-1 


0 


B=0 f—w+l1 u=0 


9). 
On using (17) the following formal relations are obtained: 


@o+s 


0 1 e=—¢+1 


Seri = 7 
1 
4 
| 
; 
4%, 
oF 
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petutl 


t 
21b f dr = 


_i-1 _j-1 


¢—-1-H o—-H ‘on j-1 8 T hNw:s—1\ 8+¢ 
(21c) ( r J, 7 hiiw (7)dr s+H 


moreover, by virtue of the relationship 


¢-2 
= (here a,,; = 0 for < 0), 


s=0 i=0 s=—¢+1 i=0 


it follows that 


t 
p p+utl p+1 u 
mesg (r)dr 

0 


ptuS¢g—2 


=2 o+s—-itu 


s=—G+1 u=0 


Substituting (21a), (21b), (21c), (21d) in (21) and observing that for s <0 
the coefficient of ¢*** in the second member of (21d) may be written as 


rite 
@+s 


and that for s=0 this coefficient may be expressed as 


oa 6+: 


we obtain 


\ r\m0 @+s 


H=0 H+s+1 


1— Nw:s—1 — 


P 


+> 2D + &(s)r 


S+H 
(s=0,1,---; 


[January 
k=1,---,j-1;w=1,---, 9), 
where 


1935] LAPLACE INTEGRALS AND FACTORIAL SERIES 111 


0 0), 
(22a) 


On writing 
> ré 
23) g =), ——— “= =1-—c'q, 
c’ being small enough so that g(s) >0 for all s>0, and observing that in (22) 
all the nits: (¢ >w) cancel, we have 


w 


f=—1 B=1 
w i- 


+ (rg(s 1) + Ge-1) hijo: + > 


O+S 
Pp i-l—h p a-2 


+G DD moe: +> 


+ &s)r (s=0,1,---;h4=0,- —1;w=1,---,p). 


In view of (23) there exists a number & so that 


1 
(25) (rg(s — 1) + G1) < k, 


g(s) 
and such that, for s21, 


9 ré k 


Accordingly, the following inequalities are obtained from (24): 


1 j-l—h 
1 
f=—1 B=1 


(26) 


j-1-—A p j-1-h p 


B=0 f=—1 B=0 f=—1 A=0 


With the aid of (26) convergence of the series (17) will be proved. For 
some positive a 


(27) Mero <a 


Let so (21) be a fixed integer. Depending on so, there exists a positive num- 


PA 
(24) 
| 
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ber p, which will be taken >r, so that 


(27a) < ap! 
9). 
By (26), formed for s = So, it will follow that 


w 


(28) <P + k? > + apip 
B=1 


9), 


where p:=2k*$p and so is independent of p and So. In particular, from (28) 
we have 


_i-l 
< pip 


Suppose now that 


< (¢ = 1, 1; 2sws 
where pw-; is independent of p and s. From (28) it would then follow that 


j—1 
< (pw = + p1)- 


Accordingly, by induction we have 
(29) < akip 


where &; is independent of p and s. Assume the truth of the following in- 
equalities, reducing to (29) for h=j—2: 


= 


(30) 
SF — 2), 


where &;_,_: is independent of p and so. From (28) we then find that 


j—1 
< 
where kj_1-1,1=k*ppkj-n+t+p1 so that k;,-1,1 is independent of p, so. It is 
furthermore noted that the inequalities 


(31) bse, < p), 


where &;_y~-1,0-1 is assumed independent of p and so, together with (30) would 
imply, by virtue of (28), that 


= 1,2,---. p), 
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(31a) 
(31b) Rj-r—-1,0 = + + 
Thus, 

j-1 
(32) < =1,---, 9), 
k;_, being independent of p and so. The inequalities (30) imply (32); whence 
we conclude that for some k, independent of p and 50, 


(33) < akp 


Choose the number p, first introduced in (27a), so that p=k. In view of (33) 
it is then observed that (27a) holds not only for (J=0, --- , so—1; A=0, 
1,---,j—-1; w=1,---, p), as originally stated, but necessarily also for 
(l=so; h=0,---,j7—-1; w=1,---, p). Since inequalities (28) remain valid, 
when So is replaced by any positive integer s, provided only that 


(34) < ap. 


it follows that (34) is valid for (J=0,1,--- ;4=0,---,j7-1;w=1,---, p). 
By virtue of (34) the formal solutions (17) of the dominant system of integral 


equations (A;) all converge for |t| <1/p. 

7. The main theorem for differential equations. On taking account of 
the two italicized statements, one at the very end of §6 and the other pre- 
ceding (A;) (§6), the truth of the following lemma becomes evident. 


Lemna 4. Suppose that a system of integral equations (As) (cf. §5) is given 
with the following properties: 


(i) The coefficients of the system are series of the form (21; §5), (21a; §5) 
convergent for |t| <p’, |r| <p’. 

(ii) (23; §5) is satisfied. 

(iii) The system possesses a full set of formal series solutions a, *(t) of the 
form (3a; §5). 

Under these conditions, the elements of any set of formal solutions, referred 
to in (iii), will all necessarily converge in some vicinity of the origin. 


It is to be noted that this lemma makes no reference to properties of the 
coefficients of (A;) at (t= 0, r= ©); it also makes no reference to the manner 
in which such a system might have originated. In view of Lemma 3, it is 


* , in general, depends on r. 


| 

44 

is 
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observed that Lemma 4 is applicable to the particular system (As), estab- 
lished in §5. The formal solutions of the latter system, therefore, all converge in 
some neighborhood of the origin. We shall now prove the following Lemma, 
referring to properties at infinity of the analytic continuations of the an- 
alytic functions so defined near ¢=0. 

LEMMA 5. Suppose that a system of integral equations (As) is given which 
satisfies the conditions of Lemma 3. The elements (h=0, -- 7-1; 
w=1,---, p) belonging to any particular set of solutions of (As) (as follows 
by Lemma 4, they are necessarily analytic at t=0) have analytic continuations 
in P. (cf. italics preceding (24; §5)) for which 
(1) | < ce" 
along every ray i(= Zt) in Po. In (1) C and q are positive, sufficiently great, and 
are independent of i and |t\. 


The proof of this Lemma will be somewhat similar to that which J. Horn 
gives in proving certain inequalities analogous to (1). We confine ourselves 
to some particular set of solutions of (A;). C will be chosen a fixed value 
such that 


(2) | <C 


Then 


(3) | | <Ce 


for |¢| <r° (r® some positive number) and for every q=0. It will be supposed 
that the constant §, occurring in (25; §5), had been chosen suitably small and 
so that 


(3a) 


(A=0,---,j-—1;w=1,---,p) 


Suppose the Lemma is not true. Then, for some r’>r°, the inequalities 


(4) sae (t)| <Ce 


will be valid for || <r’ along every ray #(= Z?#) in P (cf. definition following 
(15a; §5)), while, for some h=h’ and w=w’, we shall have 


(A=0,---,j—1;w=1,---, p) 


(4a) writer (8) | = = re’; in P). 


It is clear that (4) continues to hold, with < replaced by <, when ¢ is on any 
ray 7 of Po, while |t| <r’. Let the integrations involved below be along the 
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ray ?’. From (As) (§5), by virtue of (4), (4a) and (25a; §5), it then follows that 
=| 
(S) 


P 
< > | 1) | cea | r| + Ro| i! | J 


b=0 0 


It is observed that 


leer |Ce dlr] <k” , 
b=0 0 


where / is independent of t’ and g. Thus from (5), on using (25; §5), we obtain 
the inequality 
(r’)*Cear’ < lew + 
(6) p r’ 
+> > | + |; 
B=0 f=—1 > 


whence 


1 
1 < — ones R —ne—(a-p)r’ 
(6a) 
+ Rope (r’—I71)g | r|. 
ry 


Take g>p. It is then concluded that the integral in the second member of 
(6a) satisfies the inequality 


r’ r’ 1 
(6b) f < f = f < f -| 
0 0 0 


Since r’>ro> , in view of (6b) from (6a) we obtain 


Ropd 


. 1 


Now, r° is chosen independent of g. It is further noted that f(g) is continuous 
in g, for g>p; moreover, 


S@ = 0. 


Accordingly, g(>p) may be taken sufficiently great so that f(g) <1; for any 
such value of g a contradiction arises to (7). Therefore the Lemma is seen 


4 
} 
7 
4 
i 
4 
if 
if 
bare 
i 
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to be true. The inequalities (1) of this Lemma will hold, for instance, when g 


is such that f(g) =1. 
Consider a particular ray 7 in P. The formal series ,./—"(x) (cf. (3; §5)), 
even if divergent, give rise to certain analytic functions 


(8) ane (x) = f hie (De dt j—1;w=1,---,). 
0 


The truth of this statement is a consequence of the following considerations. 
Suppose x is in a half plane H [?], characterised by an inequality of the form 
(9) R(e**x) = | x | cos + < — q/(< 0) (= 
for the present we shall take g’=qg+e (€>0 and arbitrarily small). It then 
follows that the integrals (8) are all absolutely convergent. In fact, by (1) 
and (9), 


0 


Cc 
= 
0 € 


(xin H[i];h =0,---,j-—1;w=1,---, 9). 
The conditions (1; §5), (5; §5) have to be satisfied. The first of these is seen 
to hold for x in H [?] since, by virtue of (9), 
| < (ate) ltl | t|*. 
On the other hand, the following inequalities will hold for the functions within 
the brackets of (5; §5): 


(9a) 0 0 


| 
(k+1)---(k+ 4H) 

(7 = 1,2,---;k=0,---,#). 
Since the last expression above vanishes for ¢=0 and approaches zero as 
|¢| +00, the truth of (5; §5) becomes evident. 

Thus, the conditions of certain theorems, due to N. E. Nérlund and of 
central importance in the theory of factorial series,* are seen to be valid, a 
fact made manifest after certain obvious transformations are carried out. 
We thus obtain, whenever the ray Z/=/ is in P, 


< f | = 
0 


* N. E. Noérlund, Lecons sur les Séries d’Interpolation, Paris, 1926; pp. 206-208. Also see his 
theorem on p. 203. 
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— (% — Sy) 
ZY=7%) 


where || is suitably great, 7 = —, and the involved series all converge in a 
certain half plane H[#]. These functions are analytic solutions of the system of 
“mixed” differential equations (Ae) (§4). It is clear that results of stated type 
hold for 7=1, - - - , ¢. Accordingly, it is observed that the @ formal series 
solutions of (A:), s;(x) (cf. (1; §3), (1b; §3)), give rise to a corresponding set 
of ¢ analytic solutions y,(x), obtained by replacing the 4n./~'(x) of (1; §3) 
by the corresponding (convergent) series (10). We are thus ready to formulate 
the Main Theorem for differential equations. 


THEOREM I. Let a differential equation (A) (§1) be given. Suppose that corre- 
sponding to a root pi, of multiplicity $, of the associated characteristic equation 
there exists a linearly independent set of @ formal series solutions, all of normal 
type (cf. §2) and all forming one logarithmic group. Bring (A) to the corres pond- 
ing form (Ax) (§2) and let E(p) =0 be the characteristic equation of (A). For 
every t, not coincident with a value of an angle of a non-zero root of E(p) =0,* 
the following is true. 

(Ai) possesses a set of > linearly independent analytic solutions 


z) r w w: a(t 
(11) y(2) = tog! ) 
h=0 


ont eno — (4 — Sy) 


G=1,---,6;5 Q(x) polynomial in x), 


where || is suitably great and the involved series all converge in a certain half 
plane H [é] (cf. (9); q’ in (9) sufficiently great). 


The implications of this theorem for (A) are immediate. The ¢ correspond- 
ing solutions of (A) will be of the form (11), where x is replaced by a certain 
power of x; accordingly, the series involved in these solutions will all con- 
verge in certain sectors.t 

The theorem is of greatest possible completeness in the sense that even nor- 
mal formal series solutions of (A) do not always lead to convergent factorial 
series developments, if corresponding to the multiple root, in question, there 


* It is supposed, as may be without any loss of generality, that p=0 is the root corresponding to 
the formal solutions in question. 
Tt This is a consequence of known properties of factorial series. 
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is more than one logarithmic group. Consideration of the following example 
will demonstrate this statement. 
The equation 


(12) Ls(y) = y©(x) + (x) + dxy(x) = 0 (a 0,d 0) 


is of the form (A;); its characteristic equation has a root, p =0, of multiplicity 
three. Moreover, it has a formal solution 


(13) y(x) = (yo = 1). 
v=0 
In fact, substituting (13) in (12), we obtain 
— Ly) = fy = [AQ + + 2) — + aA 4+ 


so that the equations f,=0 (A=0, 1, - - - ) are seen to be uniquely solvable 
for the y,. We have 


d _ A(A + 2) 
a(A + 1) a 


(14) = QA)n, = (A = 0,1,---); 


whence 
(14a) = g(0)q(1) g(A) (A = 0, 1,---). 
It can be shown that the number of logarithmic groups is greater than 
one. 
Suppose that corresponding to the normal solution of (12) there is some 
convergent factorial series development, of the form 
1+ > 


— y) (% — SY) 


as 


where ¥ is some real or complex number. By a theorem of Nérlund referred 
to previously, this function would be expressible by means of the convergent 
integral 


n(x) = 1+ f 
0 


where the integration is extended along a certain ray and where? (#) => yon 
is analytic at t=0. Since n(x) satisfies (12) it would necessarily follow that 


(= 
r= 


1935] LAPLACE INTEGRALS AND FACTORIAL SERIES 


the y,4: being defined by (14a). Accordingly, 
| d A+2 


aA+1) a 


so that | j,/j,-1]| +20, as A. Thus, a contradiction arises to analyticity 
of #(¢). Hence there exists no convergent factorial series corresponding to (13). 


Part II. LINEAR DIFFERENCE EQUATIONS 


8. Some preliminary facts concerning difference equations. As had been 
demonstrated by Birkhoff, the difference equation (B) (§1) possesses in all 
cases a linearly independent set of formal series solutions 


where 


ki-1 


v=0 


(1b) os) = log's an™'(2), 


here the yu; are certain rational numbers, the m/ and &; are integers (m/ =0; 

k;=r/ p; integer r{ 21). The formal series can be arranged in logarithmic 

groups, the exponential factor 


ezlogz Q(z) yr 


being the same for each member of the same group.* It is convenient to 
group the y; as follows: 


(2) Mm, = = = = ba, > Me = Bayt) = = * = > 
> mM = May_,+1 = May_,+2 Ha, (= Un) (A 2 1). 

It is to be noted that the formal facts continue to hold when the d,, ;(x) are 
divergent series. To each one of the \ yu-groups, specified in (2), there cor- 
responds a certain characteristic equation. 

For the case when the coefficients of (B), except for a few positive integral 
powers of x, are expressible by convergent factorial series of the type 

a, 

(3) (y = lor — 1) 
— (% — YS) 


* The definition for such groups is analogous to a similar definition in §2. 
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and, besides, (B) can be brought to the form of an equation of “Fuchsian 
type,” Nérlund obtains full sets of solutions, which are expressible by means 
of convergent factorial series of the form (3),* thus establishing an analogy 
to the Fuchsian theory in the field of differential equations. 

Norlund also treats the class of equations (B) where the coefficients can 
be brought to the form of polynomials in x. His other restrictions on the 
coefficients amount precisely to the following. 

(i) There is only one y-group. 

(ii) All the numbers y; are zero. 

(iii) There exist no anormal formal series solutions. 

On using Laplace transformations, leading to ordinary linear differential 
equations, he obtains full sets of solutions expressible with the aid oi con- 
vergent factorial series (3), where y may be complex and || is sufficiently 
great.{ 

In Horn’s work we essentially have an equation (B), whose coefficients 
contain no fractional powers of x, and which has only one y-group, all the yp; 
being zero. Moreover, he assumes that all the roots of the characteristic equa- 
tion (necessarily, there will be only one such equation) are distinct. Under 
these conditions, he obtains solutions with the aid of convergent factorial 
series (3) (|| sufficiently great; certain values of Z-y excepted). 

Contrary to the restrictions of Nérlund’s and Horn’s works, in the present 
paper existence of several y-groups (cf. (2)) is admitted; moreover, the coef- 
ficients of (B) are allowed to contain fractional powers of x. 

Consider any particular y-group. The y; of this group will all have the same 
value, say 41. By means of a transformation of the form 


y(x) = x) 


(B) will be brought to the form (B,). Retaining the notation originally used 
in (B) (cf. §1) the new equation will be considered as the equation (B), whose 
coefficients are convergent series 


(4) = (k=0,1,---, n),§ 


s=0 


where 


* Cf. Nérlund on difference equations, loc. cit., pp. 28-56; in these pages he also establishes 
certain other important results. 

+ That is, the Q;(x) and the o;(x) (cf. (1), (1a), (1b), (1c)) contain no fractional powers of x; 
on the other hand, logarithms in the formal series may be present. 

t Cf. Nérlund on difference equations, loc. cit., pp. 56-88. 

§ In (4), p will be, in general, different from the corresponding integer in (B). 
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doo = dio = = = = = = dao = 0, 


(4a) 
Amo, (Os<m;msm+H Sn). 


If the u-group under consideration is the one corresponding to a greatest yi, 
the equation (B;) will have coefficients for which (4a), with m=0, will hold.* 
To the yw-group, under consideration, of (B) there corresponds a certain p- 
group of (B;); the yu, of the latter group will be all zero. A formal solution 
(with 4 =0) of (B,) is said to be normal when the corresponding polynomial 
Q(x) (1a) and the corresponding series a(x) ((1b), (1c)) are in integral powers 
x'/», In the contrary case, that is, when Q(x) and o(x) are actually in integral 
powers of x!/(r’») (integer r’ >1), the formal series of (B:) is termed anormal. 
A formal solution of (B), with uw not necessarily zero, is normal or anormal 
according as the corresponding solution (with »=0) of (B:) is normal or 
anormal. 

Throughout the text, leading up to the Main Theorem for difference 
equations (§12), we consider a root p’ of multiplicity @ of the characteristic 
equation, of (B), associated with a particular u-group. The only restriction, 
and as will be shown by an example in $12 a necessary one, will be that as- 
sociated with this root p’ there is just one logarithmic group and that all 
the formal solutions in this group are normal. When, as will be done for con- 
venience, the corresponding equation (B;) ((4), (4a)) is used, the character- 
istic equation at hand of (B;) will be 


(5) Ex(p) = D> e” = 0. 
k 


This equation will possess a root of p =p; of multiplicity ¢. 

9. Conditions for existence of formal solutions of the type specified in §8. 
A set of ¢ linearly independent normal formal series solutions (of (B:)), 
which by hypothesis corresponds to the root p=p, of (5; §8), forms a loga- 
rithmic group. These solutions will be written in the form 


(1) = log*x G=1,---,¢), 
h=0 


where 


(1a) wn (x) = (h=0,1,---,j—1). 


s=0 


Since, in (1), Q(x) is in powers of x”? it follows that the transformation 
y(x) = &@ 


* If there exists only one u-group, m=0 and m+H=n. 
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applied to (B:), does not change the form of (B;); in particular, the coef- 
ficients of the transformed equation will also be in powers of x”. Thus, 
without loss of generality, it will be assumed that 


(1b) = 1 
and that not all the 


(1c) Gj =1,-++,9) 


are zero. We shall presently find the conditions satisfied by the coefficients 
of (B,), when this difference equation possesses solutions (1), (1a), for which 
(1b) holds. 

Given a series 


(2) n(x) = >> mx-*/?, 
e=0 
we shall have 


s=0 r=0 


o 


r=0 y=0 wel 


= nolk] 


A=0 w=l 


where 70(k) =o and 


A certain expression for log* (x+£) will also be needed. It is observed that 
(- 1) 


log (x + k) = log x + )> ———— kex-*. 


a=1 Qa 


Moreover, it can be shown without difficulty that 


(3) ( > (- yt > (— 1,5 x-*, 


a=l a a=0 
where 


(3a) lo.o 1, la.o = 0 (a 2 1), lap = 0 (a < B); 


(24) 
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the /,,3 not mentioned in (3a) are all positive. We then have 


h 
(3b) log + k) = log’ C3 (— 1) 
B=0 a=0 
By (2), (2a), (3b), on making use of the identity 


h=0 B=0 h=0 B=0 


it follows that, formally, 


j-h—-1 


(4) sx+k) = x log. 2G = we 


B=0 a=0 s=0 


On substituting (4) in (B,) and on noting (4; §8), it is observed that 


j-1 
(5) L(s;) = + k) = loge 
k h=0 


where 


(5a) f(x) = > > > 


a=0 s=0 o=0 


(Sb) >. 


B=0 
(5c) = Co (— 1) lap 
Further examination of ,fi-'(x) gives 


(6) if (x) = > 


a=0 r=0 
ish ih 
(6a) = 
s=0 


It follows next that 


a=0 u=0 v=0 p=0 r=0 


where 


(7a) 
a=(0 


In view of (5) and (7) it is clear that the equations 


i 
| 
f 
ih 
j 
oN 
{ 
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have to be satisfied. It will be necessary to get the left members of (8) in 
considerable detail. By (7a), (6a), (5b) and (5c) it follows that 
p (p—a)ptr j—h—-1 

x ~"[R] (p—@) 
= + 


where 
j-1 
a=0 B=0 
p 


(9b) a=0A=—0w=—1 B=0 k=O 
x (dj, ; = 0 for j < 0). 


For convenience let 
(10) = 8; (6; = 0 for i <0). 


On using the relation 


by virtue of (2b) we have from (9b) 


j-1 
x6 (p—a—r) h+87 vp+w- 


An application of the relationship 


to (11) will give from (9) 


j-h—-1 


B=0 wel 


k=0 
p-a p—a 
A=—0 vad v=0 
p p-@ p p-¥ 
a=0 v=0 a=0 
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where 


p 


The following definition will be introduced. 


DeFIniTIOn. A number 5 (cf. (10)) is of index o provided i=(a—v) ptf, 
where OS$Sp—1 and c=v. 


In view of the assumed existence of a set of ¢ solutions (1), for which 
(1b) holds, the characteristic equation (5; §8) will have p=0 as a root whose 
multiplicity is precisely ¢. As a consequence, 


(13) =8=0 (6 =0,1,---,¢-1), 
k 
but 


k 


Thus, not all the 6” of index ¢ are zero. It will now be proved that the 
5” with indices 0,1, ---,¢—1 are necessarily all zero. 
We have 


j-1 


"= 0 Gj =1,---,¢), 


where ;1J¢:0=63. As is seen from (13), 63=0; but, apart from that, 6 
would necessarily have to be zero since the numbers (ic) are not all zero. 
It follows that 


(14) = 0 
Suppose 


(14a) Woo =0 
7S p-—1). 


In (14) the truth of (14a) has been established for 7=1. On making use of 
(14a) we obtain 


i-1 j-1 
= o 7-190 =O. 


Thus, in view of (12a), 


“ 
4 
it. 
t 
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(14b) Joo = 0 (h=j—1,---,0). 


It follows by induction that (14b) holds for 7=0,---, p—1. Assume now, 
more generally, that 
(15) Jeo = 0 
(A= 
for i=0,---, p—1 (1S p<¢-—1). For p=1 (15) has been proved in (14b). 
On taking equations (15; 4=0) in succession for 8=i, 8=i—1,---, 0, and 
at each step using the relations previously obtained, we find that 
(15a) nat = = =0 
(r = 
Accordingly, (15) implies that all the 5; whose indices are 0,1,---,p—1 are 
zero. 
In the sequel use will be made of the fact that the 57 in (12a) are of index 


p and that in (12b) the 6” are of index p—v—1, for w>r, and the 5,’ are of 
index p—v, when w <r. In deriving further consequences of (15) consider 


j-1 


j—1 j—1 
(16) = 0, =0,---, - = 0 (r = 0, 1). 


Whenever necessary j will be taken =p—1. By (15) 


j-1 0 j-1 


so that necessarily 
(16a) Joo = 0 


On assuming, more generally, 


(16b) 
-,H-1;1SH Sp), 


it is observed that 


1 


pmo 


> 


wml 


In consequence of (16b) and since the 6; in the Jee have indices Sp—1, 
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it follows, in view of the preceding italicized statement, that 


0 j-1 


(16c) implies that 
As (16d) follows from (16b), 


(17) Jao = 0 (h=j-1,---+,0;8 =0,1,---,p). 


Assume that, for7=0, 1, ---,0—1 (1<50<p-—1), 


(18) = 0 
in (17) these relations have been proved for ¢ = 1. In view of (12a), equations 
(18), when examined in succession for B=p, p—1,--- , 0 (any A), will be 
seen to imply 

(18a) 

A further consequence would be the relations 


(18b) =0 


On making use of (15a) and (18b) it is observed that 


i-1 
= j-W0:0 7-90 O 


so that 
(19) (h=j—1,---,0). 


Assume now a set of relations, more general than (19), 


(19a) = 0 (h=j—1,---,0), 


where B=0, 1,--- , H—1 (1SH<p). On account of (18a) and (19a) and 
by virtue of certain previously established facts, the relations 


j-1 


would then follow; that is, 
= 0 (k= j—1,---,0). 


Hence, by induction, 
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(20) = 0 Gej-t,---,@ 


for B=0, 1,---, p. On noting that (20) is a consequence of (18), it is ob- 
served that an induction in a more extended sense has been completed. Thus, 
forr=0,1,---, p, 


(21) = 0 


Therefore, it is observed that if (15) holds for 7=0, - - - , p—1, as origi- 
nally assumed, necessarily (15) will also hold for i=p. Whence it follows that 


(22) = 0 


fori=0, 1, ---,@—1. Just as (15a) has been established on the basis of (15), 
we now conclude that all the 5,, whose indices are 0, 1, - - - ,@—1, are zero. 
Thus, the italicized statement following (13a) has been proved. 

In view of the fact just established, we obtain from (12a) and (12b) 


(23) = 0 (09 <¢-—1), 


=¢-1 (wS7), 
23 - of 
(w > 7). 


Thus, relations (8) are all satisfied for p=0, 1, , ¢—1, without yielding 
any information about the coefficients ,7/~' 
In view of the statement preceding (16), 


(w 


(24) (w>r). 


Accordingly equations (8), which need to be considered only for p=¢, can 
be written in the form 


B=0 B=0 wel 


B=0 w=l 


A—p+¢ 5 


= — po: 


[January 
h 
(25) 
pt+w 
0,1,---,p-1), 
where 
(25a) 
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In the second member of (25) the term containing 47/,,,,,, is omitted. From 
(25), with p=¢, h=j—1, r=0, it follows that necessarily 


(26) = 0. 

The essential fact is noted that in view of (13a) not all the terms in the 
expression for K,:7--! may be zero. It is clear, then, that the coefficient of 
ni! in the left member of (25) may vanish only for a finite number of values of 
the involved subscripts and superscripts. Equations (25) may be solved accord- 
ing to the scheme 


h=7-2 ee 


In connection with the possible vanishing of some of the numbers defined 
by (25a), a statement can be made precisely analogous to that preceding 
Lemma 1 (§3). 


Lemma 6. Consider a root, of multiplicity , of the characteristic equation 
(5, §8) associated with the difference equation (B,). In order that, corresponding 
to this root, there should exist a linearly independent set of formal solutions 
of type (1), (1a), (1b) the following conditions are necessary and sufficient. 


(i) = 0. 


(ii) All the 57, whose indices (cf. Definition) are 0, 1, - - - ,@—1, are zero. 

(iii) If any of the Kie*i—(p2=¢), defined by (25a), are zero (cf. italics 
preceding (27)) then the 57 satisfy conditions implied by the vanishing of the 
corresponding second members of (25). 


10. The mixed system of difference equations. The formal solutions 
(1; $9), (1a; §9), (1b; §9) may be written in the form 


(1) 


where 


i-1 
(1a) Mw (x) = 


! 
a 
| 
a 
=| 
iat 
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The coefficients in the series (1a) are specified as in §9. Let 7 for the present 
have a fixed value. Consider (1) as a transformation to be applied on the dif- 
ference equation (B,). The coefficients of (B:) may be written in the form 


Pp 
(2) = + >, (x), 


(2b) dn—k,»(X) = bs 


A=0 


From (1), in view of (3b; §9), it follows that 


(3) ye + k) = Vir Ving, 


where 


i-l-h 


B=0 a=0 


Pp 


(3b) 4 > > log Zz '(x). 


h=0 w=1 B=0 


In (3b) 


a=0 5=0 


On making use of (7; §4) it is observed that, by virtue of (2), (2b), (3), 
(3a), (3b), (3c), 
(4) L(y,(x)) = Li + Le. 


Here 


wal k=O 
where 


w-1 


f—1 


‘(x +k) + dX Cs 


f=w a,d,rA=0 


(p—w)/p 


X mane (2 +k) + > Cs Cs 


a,b—0 


(= 1) mane (8 + 8); 


(4b) 
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j-1 


=) >> log” > c,” (- 


h=0 w=1 a,r=—0 


(4c) 


j—l—h 


vie + wet wt 


h=0 a=0 
On writing 

p 

h=0 w=1 
it is observed that, in view of the involved formal facts, the relations 
iWi,w=0 (h=0,---, 7-1; w=1,---, p) have to be satisfied; these equa- 
tions may be written in the form 


p 


k=O f=1 


(x) 
(h=0,---,j—1;w=1,---, p). 


Here, by virtue of (4), (4a), (4b) and (4c), the coefficients are series of the 
form 


(5) (x) = stents 


s=0 


e=1 
where 


(6) = sw), 
(6a) = (¢ > w), = 0 (@21;¢<»), 


and, for s21, 


A=0 < w), 


s—1 


(p—w)/ s—1-—r 
+> 1)" "leak dn—k, 


A=0 a=0 


e—1 s—r\— 


A=—0 a=0 
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The coefficients in (5a) may be computed with the aid of (4c). We have, on 
using the notation (10; §9), 


j-1—h 


(x) = Cs Orp+w% 
aArA=0 B=0 


(8) 


B=0 


here £(p) =1 and =0 when Thus, 


(8a) B=0 
+ &(w) (— 1)" 80. 
B=0 
The series (5), (5a) all converge in the vicinity of infinity. Furthermore, 
it is seen that the “mixed” difference system (Bz) is formally satisfied by the 


possibly divergent series 44s-*—'(x) (cf. (1a)). 

Lemma 7. Write the o formal solutions ((1; §9), (1a; §9), (1b; §9)) [corre- 
sponding to a root of multiplicity o of the characteristic equation (5; §8) as- 
sociated with the difference equation (B,)| in the form (1), (1a). The formal 


series (1a) (with j fixed) will satisfy a “mixed” difference system (Bz) whose 
coefficients are given by series (5), (Sa), (6), (6a), (7), (7a), (7b), (8a), all 
convergent in a neighborhood of x= © 


11. The corresponding system of integral equations. It is clear that when- 
ever the characteristic equation £,(t)=0 (5; §8) possesses a root t=p, the 
numbers p+ 2riv (v=1, 2,---) will also be roots. In particular, this equa- 
tion has roots, on the axis of imaginaries, associated with the root ¢=0. Re- 
gions P and S will be defined as follows. 

Let P denote the half t-plane Rt=0, excluding small sectors each with vertex 
at t=0 and containing the non-zero roots of E,(t) =0 in their interiors. 

Let S denote a strip 


(O<e<a;t=4,+ ite), 


not containing any of the roots of E,(t) =0. 
In the sequel, whenever the integrals 


are said to be extended in P, it will be understood that the path of integration 
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is along a ray Zt=i, extending from the origin and situated in P. On the 
other hand, when these integrals are said to be extended in S, the supposition 
will be that the path is from ¢=0 along the positive axis of reals up to some 
point ¢=4, (e<#<a); from the latter point the path will be assumed to ex- 
tend, in S, along the ray Rt=t,. 

The variable x will be so restricted that 


(1) lim | e*#| = 0 (every a > 0) 
too 


along the ray Zt=i, under consideration, of P; or along a line, Rt=h, ex- 
tending in S. We then have formally 


(2) a(x) = >> a,2-* = f G(t)e'*dt (integration in P or S), 
0 


where 
1)’a, 


(2a) a(t) = a, 


Unless stated explicitly integrations below are in P or S. 
The series (1a; §10) are formally representable as follows: 


(3) « f 
0 


where 


Consider now (3) as a transformation on the dependent variables to be ap- 
plied to the difference system (B.) (Lemma 7). It is not practicable to estab- 
lish convergence of the series (3a) by making use of the relations (25; §9). 
Instead use will be made of a system of integral equations. 
We have formally 


kt. tz 


(4) mone (x +k)= f We dt 
0 


and, forA=1, 2,---, 


(4a) (et = ff 


t (r as 


i-1 tz 
n dr dt, 


4 
a 
ii 
| 
ag 
. * 
7 
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t 
0 0 


=1,2,---).* 


By (2) and (2a) the second members (5a; §10) of (Bz) are expressible in 
the form 


(6) 
0 


moreover, by (4) and (4a), 


hw kt  _j-1 
arene (x + k) = | (t) 
0 


-f ( Le ar’ ‘| dt. 
\ — 1)! 
On substituting (6) and (7) in (Bz) it is found that the system (Bz) is formally 
satisfied if 
i-h-1 p 


B=O 


(7) 


(8) 


i-1-h p 


=> > xc r) (r)dr 


In the system (8) 


hw hw tk 
(8a) abr (t) = Do , 


k=0 
(8b) 
A=1 k=O — 1)! 
where the diein are given by the formulas (8), (8a), (9), (9a), (9b) of §10. 
In view of the convergence of the series (2b; §10) and by virtue of (8a; §10) 
and of (6a) it follows that 


* The formal steps will be finally justified. 
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(9) | | | | < Rp (A 


Thus the coefficients of the system (8) are entire in the involved variables. 
The system (8) is formally satisfied by the series (3a). 

As a consequence of (6; §10) and (6a; §10) we have 


k=0 


(10a) gb;"(t) = 0 (> w), (t) = 0 


Accordingly the first member of (8) is replaced by 
(11) OF 


Since, by (4a; §8), not all the d,_x,0 are zero it is noted that b°(¢)#0. 
It will be necessary to examine (8b) in greater detail. We have 


(12) ocr (t,7) = Dd ver: 


p=0 


where 
hw _s—1 u—#+pt1 
hw PRY (— 1) 


12 — 
Hence by (7), (7a), (7b) of §10, on using the notation (13; §9), it follows that 


h+8 (p—w)/p_s—1 utpt+1 
h,w Cs C, lap(— 1) 50 


= (s— 1)u—s+p+1)! 


(13) h+B_ (p—w)/p_s—1 ptat+B utp—r 


s=p+1 A=0 a=0 (s— 1)"u—s+p+1)! 


and, for i<¢<w-—1, 


3a) ott, SEE teas te 
a C = » w—f 


while, for ¢>w, 


— @ u » 
Sean 

= 


a 

a 

= 

4 

A 

; 

| 

5 

4 

| 

a 
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Now the indices (cf. Definition of §9) of the 57 displayed in (13), (13a) 
and (13b) are u+p+1, w+p+1 and u+p, respectively. This, by virtue of 
the fact that condition (ii) of Lemma 6 (§9) is satisfied, implies that 


h,w 


(14a) = 0 


As to the properties at infinity of the coefficients in the second members 
of (8), it is noted that by (6a) and (9) 


(15) | | < Rverltl (all 4); 
moreover, by (8b) and (9), 
(16) | | < R”| (all 2), 


provided Rr=0 and R” is sufficiently great. 
It is observed that the functions (10) are representable by the series 


b(t) = 
i! 


where, by Lemma 6, 54; =0 Thus 
(17) by t(t) = (¢ =1,---,), 


the d+ (¢) being entire in ¢. Furthermore, since &*~0, the function 
te te 
17a = = dt cf. (5; §8); d(0) # 0 

is meromorphic and, at ¢=0, it is analytic.t The poles of d(#) are given by 
the totality of the non-zero roots of the characteristic equation E,(#) =0. 

On noting that by (4a; §8) dmo~0 (0<m) it is concluded that, for ¢ in 
P and for tin S, 
(18) | d(t)| < d| ye 
On the other hand, in view of (10) and (17), 
(18a) | de-t(t)| < d| (Rt = 0). 


Substituting (10) and (10a) in the left members of (8), we bring the sys- 
tem (8) to the form 


(Bs) fate O= DX mote (dr +2) 
B=Q 0 


t With the number a, used in the definition of s, sufficiently small d(#) is analytic for | ¢| Sa. 
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where 


x hie 


w—1 


The steps to be used in this connection are precisely those employed in 
establishing equivalence of the system (As; §5) to (7; §5). 
In view of the established properties of the coefficients of the system (8) 
it follows, by successive applications of the relations (19), (19a), that 
s=0 g=0 
(20a) = 
s=0 
the involved series being convergent for || <p’.t Moreover, the coefficients 
of (B;) are meromorphic functions (in #), whose ¢-poles are at the non-zero 
roots of E,(#) =0. The functions (20) are entire in r. 
As a consequence of (14), (14a) and since d(#) and the d”~(#) are ana- 
lytic at ¢=0, it follows from (19) and (19a) that 


Sw), 
ptus¢o-1 (¢ > w). 


It will be demonstrated that, for ¢ in P and S, and for Ro sufficiently 
great, 


(21) BCE: = 0 


| * hw —n(t—r) | 


(22) (t, < Rol || 
(22a) | | < Ro| t|*| evm*| | 

(8=0, w=1,-++, p; Rr20). 
In fact, by (18) and (16), 


| * hyl 


(23) | (t, 7)| =| | | ace’ (t, < aR” |e 
and, by (18) and (15), 

(23a) *g4-4(¢)| = | || < aR” | | 

Thus, provided Ry is taken =>dR”’, inequalities (22) and (22a) are seen to be 


Tt ep’ is the least absolute value of the non-zero roots of the characteristic equation Ei(p)=0. 
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true for w=1. Suppose that, for some Rj, for ¢in P and for Rr 20, 


(24) | r)| < Ril 
(24a) | < Ril | 
-,w-1;2S5wS p). 


By (24), (24a), (18), (18a), (16), (15) from (19) and (19a) we then would 
have 


p|t—r| 


| *gh.w.i(t) | < | t|¢| evmt| | | eltiRi(t), 


where, for Rt=0, 
R(t) = d(pdR, + < d(pdR, + R”). 


On noting that w may assume only a finite number of values it is concluded 
that there exists a sufficiently great Ro so that the inequalities (22) and (22a) 
all hold for w=1,2,---, p. 

Thus, the following Lemma has been proved. 


Lemma 8. The formal series nijui—'(t) (3a), associated with the series (1; §9) 
by means of (1a; §9), satisfy a certain integral system (Bs). The coefficients of 
this system are defined by convergent series (20), (20a); they are functions mero- 
morphic in t, whose only finite t-singularities are poles at the non-zero roots of 
the characteristic equation E,(t)=0 (cf. (5; §8)). The 20, (t, T) are entire in r. 
Essential properties of these coefficients at (t=0, r =0) are given by (21). On the 
other hand, for tin P and for tin S (cf. definitions at the beginning of this 
section), the coefficients of (Bs) satisfy inequalities (22) and (22a). 


12. The Main Theorem for difference equations. The series jw’—'(t) 
(3a; §11), referred to in Lemma 8 (§11), are formal solutions of a system of 
integral equations for which all the conditions of Lemma 4 (§7) are satisfied. 
Accordingly, by virtue of the latter lemma, the 17.’~'(t) converge in some 
vicinity of t=0, thus representing solutions, analytic at t=0, of the system (Bs; 
§11). Such a system (Bs) exists for every j(j=1, - - - , ¢). 

The following lemma will be now demonstrated. 


Lemma 9. Suppose that a system of integral equations (Bs; §11) is given 
which satisfies the conditions of Lemma 8. The elements nh~'~'(t) (h=0,---, 
j-1; w=1,---, p), associated with any particular set of solutions of (Bs) 
(they are analytic at t=0), have analytic continuations in the regions P and S 


[January 
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(cf. definitions at the beginning of §11),* for which the following inequalities 
hold. 

Along every line Ri=t, in S, for C and q sufficiently great and independent 
of the position of the line, we have 
(1) (t)| < 
When m of (4a; §8) is zero, then, along every ray Zt=iinP, 


alt] 


(1a) | sie (t)| <Ce 


Consider a particular set of solutions of (Bs) and choose C so that 


(h=0,---,j—1;w=1,---, p). 


(2) | sero] <C ++, 
and so that, for every g=0, we have 


(3) rie ()| < 9), 
when ¢ is in S and IJ#<p° (p° some positive number) and also when || <a. 
Suppose now that the part of the Lemma referring to the region S is not true. 
There exists then a number p’ >p° such that the following holds. For It<p’, 
along every line Rt=t, in S, 


(4) | ste (t)| <Ce p); 


on the other hand, for some h=h’, w=w’ and for some line Rt=i, in S, 


(4a) | wae’ (t)| = Ce™ Gal 


Consider now an integral of the second member of (B;). Write 


(5) f f f me 


It is observed that, for all involved 8, ¢, h, w, 


(6) | 7) | < sy (jt|, |r| So); 
moreover, for Ri<a, 

(6a) | ewmt| < epme, 

By (6) and (3) 


(7) f < as,C, 
0 


* Continuations exist, of course, in regions more extensive than P and S. 


\ 
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and, by (22; §11), (6a) and (4) 


t,’+ip’ 
(7a) < | t’ f dg, 
t,’ 0 


From (7a), in view of (6b; §7) we further have 


t,’+ip’ 1 
(8) | f < e%’RoCer™ | t’ 
t,’ 


provided g>p. Furthermore, it is noted that 


1 
(9) | t’| < ap’ ( [a? + 


where 4 is independent of ¢’ =#/ +i’, provided ?¢’ is in S and p’>p°. By (6a) 
and (9) from (22a) it follows that, for all involved h, w, /, 


(10) | *ghwi(t’) | < Roermaerar’ | |¢, 


Thus, in view of (7), (8), (5) and (10) on making use of (4a) and of (Bs), we 
would have 


1 
| |*Cea’ < Copas: +CRodper™er’ | + Roermaerar’ | |¢, 
Since p’ >p°, this inequality would imply that 
Ropper™ 
(11) + opp = f(g). 
(p°)* 
Now, f(g) approaches zero as go. Hence for g sufficiently great, so that 
1=f(q), there arises a contradiction. Accordingly, the part of the Lemma re- 
lating to the strip S has been demonstrated. 
It remains to examine the case when m =0. We again consider @ particular 
set of solutions of (Bs) and we take C so that (2) holds. Then, for some posi- 
tive r° and for every g20, 


(12) | te Ce" 
when |#| <r°. Assume that the part of the Lemma concerning the region P 
does not hold. Then there will exist a number 7’, r’ >r®, such that the follow- 
ing will be true. For |¢| <r’, along every ray #(= Z?) in P, 

(13) (| < Ce" 9). 


On the other hand, for some h=h’, w=w’, and for some ray Zt=?’, in P, 
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(13a) = Ce" = relly, 


From (Bs;), by virtue of (13), (13a), (22; §11) and (22a; §11), it would 
follow that 


0 


(14) 
Ro | t | 


here ¢=?' and integration is along the ray Z¢=?’. In view of (6b; §7) and 
since r’ >r°, (14) implies that 

R R 

q-p C 
On noting that g(q)—0, as gq, again a contradiction is seen to arise, when 
qg is taken sufficiently great so that 1=>g(q). Thus, the Lemma has been dem- 
onstrated completely. 

Consider some line Rt=#,; in S. The formal series (1a; §10) give rise to 

analytic functions (3; §11) 


(16) ane (2) = f (edt 
0 

where the integration is extended in S (cf. beginning of §11) and the 47,.*-"(#) 

are functions of a set referred to in Lemma 9. In fact, let H denote an x-half 

plane for which 


(17) R(is) = |2| (= +2) <-4' <0 


For x in H, in consequence of (1), the integrals (16) are seen to be absolutely 
convergent, when the path of integration is extended in S. 

Similarly, when m of (4a; §8) is zero and integration in (16) is along a 
ray Zt=zi in P, the integrals (16) are observed to be absolutely convergent 
in a half plane H [i] (cf. (9; §7)); this fact is a consequence of (1a). 

It is also noted that when x is in H condition (1; §11) is necessarily satis- 
fied. On the other hand, for x in H[#] (ray Zin P), this condition will also be 
satisfied, by virtue of (9; §7). ; 

When m=0 the condition (5; §11) is satisfied along any ray Z¢=#, in 
P, provided x is in H[#] and q’ of (9; §7) is sufficiently great. It remains to 
consider the case when m is not necessarily zero. The function f(t, x), within 
the brackets of (5; §11), vanishes for ¢=0. We have to show that 
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lim f(t, x) = 0 


here (> along any line Rt=h, in S. On writing 


f(t, x) hilt, x) + Salt, x), 


Men 
0 


t 

we note that, in view of (17), lim f,(¢, x) =0. As to the function /2(¢, x), it is 
found without difficulty that, by virtue of (1) and (17),* its limit along the 
line Rt=t, is also zero. Thus, (5; §11) holds in S. 

Accordingly, all those developments which originally were of a formal 
character are now seen to be justified. 

Application of fundamental theorems of Nérlund, referred to in §7, is 
possible. In fact, with the integration extended in S, an integral (16) may 
be expressed as 


(18) (2) = nee (a) tafe 


where 


(18a) nen (x) = f (nat 
0 


[0 <e<t, <a; € a constant used in the definition of S] and 


(18b) nfo (x) = f 
The function (18a) is entire. On the other hand, in view of Nérlund’s results 
and in view of the properties established, in S, for the ,7.’—'(#), the »fwi!(x) 
are seen to be expressible by series 


nfo (ts) 
(19) nfo (x) = + + 2iy) (x + siy) 


(y > 0, sufficiently great) , 


convergent in a plane H (cf. (17)); that is, convergent for 
(20) (A sufficiently great). 


* And also because along the line Rt=4,, in S, Zt->7/2. 
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When m of (4a; §8) is zero (that is, when the solutions under considera- 
tions are associated with the u-group (cf. §8) whose y’s are greatest) con- 
sideration of integrals (16) (with integrations along a ray in P) leads to con- 
vergent factorial series developments analogous to those obtained in §7. 

Thus, we have found a set of analytic solutions xnui'(x)(h=0, - - - , 7-1; 
w=1,---, p) of the “mixed” difference system (Bz) (§10). Such results are 
established for 7 =1, - - -,¢. Now the ¢ formal solutions, under consideration, 
of (B:) (§8) are given by (1; §10). In view of the established “summability” 
of the 4nw*1(x), the relations (1; §10) yield analytic expressions of a set of 
linearly independent solutions of (B:). Consequently, we may formulate as 
follows the Main Theorem for difference equations. 


TueoreEo II. Let a difference equation (B) (§1) be given. Suppose that cor- 
responding to a root px, of multiplicity $, of one of the associated characteristic 
equations (there is one such equation for each y-group; cf. §8) there exists a 
linearly independent set of $ formal series solutions, all of normal type (§8) 
and all forming one logarithmic group. Bring (B) to the corresponding form 
(B:) (§8) and let Ex(p) =0 (5; §8) be the characteristic equation, just referred to, 
of (B:). For every t, such that e<t, Sa (0 <€ <a; a sufficiently small), the follow- 
ing is true. 

(B:) possesses a set of } linearly independent analytic solutions 


(21) y,(x) = > log + “(x) + “(xe 5] 


h=0 w=1 


Gj = 1,--- Q(x) @ polynomial in x'!?), 


where the r€w'-' are entire functions of the type (18a), while the rfui\(x) are 
factorial series of the form (19), convergent for Ix>H>0O (H sufficiently 
great). The functions 


nen (x) tafe 


are expressible by convergent Laplace integrals of the form (16). There exist cor- 
responding developments for a half plane Ix < —H, <0. 

When the solutions, under consideration, correspond to the y-group whose 
u’s are the greatest, the following will hold for every i(—1/2<i<7/2), not co- 
incident with a value of an angle of a non-zero root of E,(p) =0.* 

(B1) possesses a set of linearly independent analytic solutions of the form 
(11; §7), where Q(x) contains no powers of x higher than the first. Similar de- 
velopments exist for 


* It is supposed that p;=0; this entails no loss of generality. 
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In so far as the corresponding solutions of (B) are concerned, we need 
only to adjoin a suitable factor exp (ux log x) to the expressions given in the 
above theorem. 

The theorem is not capable of extension in the sense that even normal formal 
solutions of (B) do not in all cases lead to convergent factorial series develop- 
ments, if corresponding to the multiple root, in question, there is more than 
one logarithmic group. This point will be demonstrated by means of the 
following example. 

Let L(y) =0 be an equation (B;) (§8) of third order, with =1 and with 
all the yu; (§8) zero. We shall take 


(22) dgo=1, dio=—3, dso = —1, 

(22a) = de1=0, dir=1, =—i 

and 

(22b) dsis=0 (k =0,1,2,3;5s = 2,3,---), 


except that d3;=b<0. This equation has a single characteristic equation 
with a triple root p=0. By direct substitution it can be verified that L(y) is 
satisfied by a formal normal solution* 

y(x) = on (x) = 1+ ola), 
(23) 

0 0 —(A+1) 

om (x) = OM4+1% 
A—0 
It can be shown that the number of logarithmic groups is greater than one. 
Corresponding to (Bz) (§10) we have 


0 
k=O 


where 
0, 0, 
(24a) 00; = amet = 
e=0 


(24b) =-)> ; 
s=1 


here 
0,1,1 


(24c) & =0 (s#3), 


* Use is made of a notation conforming with that employed in §§8, 9, 10, 11, 12. 


=. 
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Let Zt=ibe any ray, extending from ¢=0 and not coincident with either 
half of the axis of ¢-imaginaries. Let integrations be along such a ray. Cor- 
responding to (3; §11) we write, formally, 


(25) ana) =f ar (R(eitz) < — <0), 
0 


where q’ is sufficiently great and 


0 — 1)*! 
(25a) om(t) = (» = 


If it were demonstrated that (25a) diverges, impossibility of representing 
y(x) in terms of a convergent factorial series would have been established. 
This follows by a reasoning analogous to that employed for a similar purpose 
at the end of §7. 

Use of the difference equation appears to be impracticable in proving di- 
vergence of the series (25). However, a certain integral equation will serve 


this purpose. Substitution of (25) in (24) (compare with (8; §11)) leads to 
the equation 


b 
(26) 19 ait) = f (er 14 


which yields the following relations for the coefficients of the series (25a): 


1 r—3 b 


H=0 
where 


5 b 


1 1 
7) 2-8-1 (0S HSr—4). 
Jul?) 


Since f,-s(r)>0 (r=3). We have = —3(2"-#)+3. Thus, for 
0<H <r-—4, 
r—H-1 
(27b) a(r) (fa (r) — fa’ (r)) 


where 
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fd = 3[ 1 


(7) 8 
r)= <—: 
“ r 3 
Accordingly, from (27b) it follows that, for O<H <r—4, 


25 

> > 

With the coefficients f(r) in the second members of (27) all positive, it is 

seen that the n, of (25a) are uniquely determined, positive numbers. Hence 
relations (27) would imply that 


(28) = > fra(r)ne-s (r = 4). 


Now, by (27a), rf,-s(r) >” as rc. Consequently, inequalities (28) lead 
to the conclusion that the series (25a) diverges for all #(+~0). Thus, the normal 
formal solution of the example under consideration cannot be represented 
in terms of a convergent factorial series. 
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SUFFICIENT CONDITIONS IN THE PROBLEM OF 
LAGRANGE WITHOUT ASSUMPTIONS OF 
NORMALCY* 


BY 
MARSTON MORSE 


Sufficient conditions for an extremal to give a minimum in the ordinary 
fixed end point problem involve the Jacobi, Weierstrass, and Clebsch con- 
ditions. It has been an outstanding problem to establish the corresponding 
theorem in the problem of Lagrange without assumptions of normalcy or 
analyticity. Carathéodory [3] reduced the assumptions as to normalcy by 
introducing the notion of class. More recently Hestenes [4] has employed a 
similar notion of order of normalcy in dealing with the Jacobi conditions. The 
paper of Hestenes contains a number of important results independent of the 
assumption of normalcy. 

The present paper establishes sufficient conditions involving the Jacobi, 
Weierstrass, and Clebsch conditions, employing for the first time, it is believed, 
no condition of normalcy. 

In establishing the desired theorem the writer has come upon a new and 
powerful method of treating Mayer fields of secondary extremals. This 
method has also proved the proper tool in attacking other problems not in- 
volving a minimum. The fixed end point theorem is treated first and followed 
by the theorem for the variable end point problem in the modified Bolza [1] 
form. 

The importance of freeing these theorems from the we of nor- 
malcy is readily seen upon recalling that the theorems now established lead by 
simple transformations to corresponding theorems in the Mayer, parametric, 
and other general forms of the problem, and include earlier theorems of the 
same general character as special cases. 

1. The functional. One is concerned with a set of functions 


(1.1) f(x, p); p) (6 = 
of the variables 


(1.2) x, (y) = (Yi, (p) = Pn) (m < n) 


on an open region R of the space of the variables (x, y, »). We suppose the 
functions (1.1) are of class C* on R. Our functional is of the form 


* Presented to the Society, September 6, 1934; received by the editors July 3, 1934. 
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r= 


subject to the conditions 
(1.3) y’) =0 (6 = 1,---,m). 


We term an element (x, y, y’) differentially admissible if it satisfies (1.3). An 
arc y,(x) is termed differentially admissible if it is of class D' and its elements 
satisfy (1.3). 

We set 


F(x, y, p, ) = f + rads (6 =1,---,m). 
By an extremal we mean an arc of class C? together with multipliers \s(x) of 
class C! which satisfy the conditions 
d 
— F,, — F,, = 0, (y’) = (p) 
dx 
and the conditions (1.3). We suppose g is such an extremal and is of the form 
= F(x), = (x) 
for x on an interval 
asxsa’. 
It will frequently be convenient to suppose that g is an inner segment of a 
slightly longer extremal. By an admissible arc we mean (in §§1, 2, 3, 4) a dif- 
ferentially admissible arc which joins the end points of g. We shall enumerate 
the conditions under which g affords a minimum to J relative to neighboring 


admissible arcs. 
It will be convenient to evaluate certain functions along g, that is, to set 


[x, y, p, A] = [x, 5(x), d(x)]. 
We shall indicate such an evaluation by adding the superscript 0 to the func- 
tion involved. 
We assume that 
(1.4) 2:2; > 0 
for each point x on g and set (z) ~(0) for which 


0 
= 0 


We term this condition the Clebsch S-condition. 
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One sets 
E[x, y, 9’,d, ¥’] = F(x, — F(x, y, — (YE — 9, 9, 
We assume that 
(1.5) E(x, y, y’,», Y’) > 0 


for each set (x, y, y’, d) in a neighborhood of the sets (x, 9, 9’, \) on g and for 
arbitrary sets (Y’), provided merely the sets (x, y, y’) and (x, y, Y’) are dif- 
ferentially admissible and distinct. We term this condition the Weierstrass 
S-condition. 

To define the third condition we set 


0 0 0 
2w(n, n’) = + 2F + F 


0’) = + 
The functional 


a? 


subject to the conditions 
= 0 
is termed the second variation. One sets 
Q(n, = w + 

The Euler equations corresponding to the second variation take the form 
(1.6) — = 0, = 0. 

dx 
The corresponding extremals 
(1.7) m= n(x), = 


are termed secondary extremals. 
It is convenient to set 


(1.8) = = 0. 


For each value of x the equations (1.8) serve as a transformation from the 
variables (n, 7’, u) to the variables (n, ¢). In particular the secondary extremal 
(1.7) can be represented in the form 


n = n(x), = f(x). 
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If the components 7;(«) of a secondary extremal all vanish for two distinct 
values of x, say a and 3, but are not all identically null between a and 3, the 
values a and 6 are termed conjugate. 

We shall assume that there is no value on the interval a! <x <a? conjugate 
to a'. We term this condition the Jacobi S-condition. 

2. Anormal secondary extremals. Secondary extremals for which all the 
components 7;(x) are identically null on an interval (a, b) will be termed 
anormal on (a, 6). Other secondary extremals will be termed normal on (a, 8). 
In particular the solution 7;={;=0 is anormal. 

Let a be a number on the interval a'<a<a?. Let N(a) bea set of second- 
ary extremals for which 7,;(a')=0 and which contains the maximum num- 
ber of such secondary extremals independent of secondary extremals which 
are anormal on (a', a). All secondary extremals for which 7;(a') =0 will be 
linearly dependent on extremals anormal on (a', a) and extremals of N(a). 

Let (a) be the number of extremals in N(a). We observe that z(qa) is 
monotonically increasing. There will accordingly exist at most a finite set 
of values of a, say a1, --- , a,, such that 


(2.1) 


at which x(q) is discontinuous. The integer r may in particular be null. We 
set 


a= ao, a= Or+1 
and 
N(an) = Mn, = 


There will exist a set M, of m—7, secondary extremals which are anormal 
on (a', a,) which with the extremals of NV, form a set A, of m independent 
secondary extremals on which (yn) = (0) at a'. On the &th extremal of the set 
A, suppose that 


(2.2) = by (k= 1,--- 


We suppose that the first »—7, extremals of the set A, form the set My. 
Without loss of generality we can also suppose that the columns of the 
matrix ||b,,|| have been normed and orthogonalized. We introduce a set Mi 
of m—7, secondary extremals of which the &th satisfies the conditions (Hes- 
tenes [4], §5) 


ni(a') = Dix, = 0 (k = 1, 


A set of m secondary extremals which are independent and mutually con- 
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jugate in the sense of von Escherich is called a conjugate base. The extremals 
of N, and Mx together form a conjugate base S,. Let the extremals of S, be 
represented by the columns of the matrix 


(2.3) 


h 
| (i,j = ++ 


The determinant 


(2.3)’ = | nii(x) | 


is called the determinant of the conjugate base. In (2.3) it will be convenient 
to suppose that the columns which represent extremals of Mx come first. 
We shall prove the following lemma. 


Lemma 2.1. The determinant of the conjugate base Sn vanishes at no point 
on the interval 


(2.4) On-1 < XS a. 


Let 


(2.5) ni(x) = (i,j =1,--+,n) 


be an arbitrary linear combination of the columns of the determinant (2.3)’. 
We suppose that 7,(x) vanishes at some point x» on the interval (2.4), and 
shall prove that the constants c; are then all null. 

Let ¢,(x) represent the components ¢; of the kth anormal extremal of the 
set M,. One has the integral 


nits = const. 


Upon making use of (2.5) and of the fact that the constants (2.2) are normed 
and orthogonalized we find that (Hestenes [4], §5), 


= ce = 
We infer that 7,(x) in (2.5) can vanish only if 


The columns involved in (2.5) thus belong at most to extremals of NV,, and 
in particular in (2.5), »:(a') =0 for each value of 7. But 7;(xo) =O where xo 
is on the interval (2.4). We infer that 


(2.6) n(x) =O (a'S x) (i=1,---+,m) 
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since xo is not a conjugate point of a’. 
We can show that 


(2.7) ni(x) =0 (at S Sam). 


To that end let y represent the secondary extremal obtained by combining 
the extremals of V, with the same constants as are used in (2.5). If c were 
the maximum value of x such that 7;(x)=0 on the interval (a!, c), and 
¢ <a, the function (a) would be discontinuous at c. In fact for a>c, the 
set N(a) could be taken as one which included the extremals of N(c), y, and 
possibly other extremals. We infer that (2.7) holds as stated. 

But according to the nature of N, the identity (2.7) is valid only if all 
constants c; in (2.5) are null. The lemma follows directly. 

3. Curves which are admissible relative to a conjugate family. Let K be 
a set of m independent mutually conjugate secondary extremals, and let L 
denote the set of all extremals linearly dependent on the extremals of K. Let 
the extremals of Z be represented by giving their components 7; and multi- 


pliers us as follows: 
(3.1) mi = =1,---,m), 
= up;(*) (6 = 1,---,m). 


We make no assumption concerning the vanishing of the determinant 
| s;(x)|. By the Hilbert integral belonging to L we mean a line integral in 
the space of the variables 


(x, c) (x, Cn) 
of the form 
H= f (2 )dx + 
in which the variables 7;, ug are to be replaced by the respective right members 


of (3.1) and in which we set 


ni ay ni (x), 
dns = + (x)dx. 


The Hilbert integral will thus take the form 


(3.2) H= f A(x, c)dx + B,(x, c)de;. 


The variables (c) are arbitrary and x lies on the interval (a’, a*). That the 
integral H is independent of the path in the space (x, c) follows in the usual 
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way from the fact that the members of the set K are mutually conjugate ex- 
tremals. 
The equations 


define a transformation from the space (x, c) to the space (x, 7). Let 
(3.4) = c;(x) 


represent a curve of class D! in the space (x, c). The image under (3.3) of a 
curve of the form (3.4) will be termed a curve in the space (x, n) which is 
admissible relative to L. This curve will be of class D', but not every curve of 
class D! in the space (x, 7) will in general be the image of a curve in the space 
(x, c) of the form (3.4), as examples would show. 

We can however prove the following theorem. 


THEOREM 3.1. If the Clebsch S-condition holds, any segment vy of a secondary 
extremal of a conjugate family L affords a minimum to the second variation 
relative to curves \ which join y’s end points and are admissible relative to L. 


In the space (x, c), y is represented by a straight line yo on which x alone 
varies, while \ is represented by a curve Ao of the form (3.4). The curve yo 
does not necessarily join the end points of \» in the space (x, c). If in particular 
the first end points of yo and A» are distinct, these end points can be joined in 
the space (x, c) by a straight line p on which x is constant. The line will 
correspond under (3.3) to the common first end point of y and A. Along p 
the Hilbert integral H will be null. It follows that H has the same value 
along Yo as along Ao. 

Proceeding formally as in the case of ordinary Mayer fields, one sees that 


a2 
Al=h- I, = f E,(x, 1’, i’ )dx 
al 


where £; is the Weierstrass E-function for the second variation, with 
= ni = (x) (i,j =1,---,m), 
bp = ¢;(%)up;(x) (6 = 1,---,m) 
therein, and with 4/ taken as the ith slope of the curve \ at the point x on A. 
From the fact that the Clebsch S-condition holds it follows that EZ, is never 


negative for differentially admissible sets (x, 7, 7’) and (x, n, 4’). We conclude 
that 


AI 2 0, 


44 
if 
‘ 
ihe 
ag 
Ant 
rey 


154 MARSTON MORSE: [January 


and the theorem is proved. 
We add the following lemma. 


Lema 3.1. There exists a positive constant 5 so small that any segment of a 
secondary extremal y on which a<x<a+6, where a is on the interval (a', a?), 
affords a proper minimum to the second variation relative to differentially ad- 
missible curves of class D' which join y’s end points. 

The proof of this lemma is readily given upon setting up a Mayer field of 
secondary extremals containing y. Cf. Morse [7], Lemma 3 and Theorem 4. 
Such a Mayer field exists for x on the interval (a, a+4) provided 6 is a suf- 
ficiently small positive constant. 

4. Fixed end points, sufficient conditions. We continue with the following 
lemma. 


Lemma 4.1. Jn order that the second variation be non-negative for differenti- 
ally admissible curves which join the end points of the segment (a', a) of the x 
axis, it is sufficient that the Clebsch and Jacobi S-conditions hold along g. 


We return to the notation of §2, and in particular to the constants a,. 
(e) If d is a sufficiently small positive constant, any secondary extremal 
on which x varies on an interval of the form 


(4.1) asxsa+d (k =0,1,---,r+ 1) 


and on which (n) = (0) when x=a', affords a minimum to the second varia- 
tion relative to differentially admissible curves of class D' which join its end 
points. 

To prove (e) we turn to the conjugate base 


Sr (kh =1,---,r+1) 


of §2, and recall that the determinant D,(x) of this base does not vanish on 
the interval (2.4). There accordingly exists a positive constant dy indepen- 
dent of h such that D,(x) does not vanish on the interval 


(4.2) On-1 < x ap, + do. 


We suppose moreover that dp is less than the constant 6 of Lemma 3.1. State- 
ment (e) is valid if we set d=d», as we shall now prove. 

Statement (e) is valid if k =0 by virtue of Lemma 3.1. Proceeding induc- 
tively we shall assume that (e) holds for d=d, and k=h—1, and shall prove 
that (e) holds for d=d, and k=h. 

Let y be asecondary extremal on which (n) = (0) when x =a!, and on which 
x varies on the interval (4.1) for k=. Let X be a differentially admissible 
curve which joins the end points of y. Let a be the segment of \ on which 
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(4.3) asxSamitd 
and 6 the remaining segment of \, so that we can write 
A=a-t+b. 


Now any differentially admissible arc whose end points are not conjugate 
can be joined by an arc n,(x) belonging to a secondary extremal (Hestenes 
[4], Lemma 7.2). With this understood let + be an arc 7.(x) belonging to a 
secondary extremal and joining the end points of a. We introduce the curve 


The curve yu joins the end points of y. 
We are assuming that (e) holds for d=d, and k=h—1. Hence 


(4.4) 

It follows that 

(4.5) Tors = Irs. 
We shall now establish the inequality 

(4.6) 2 I,. 


To that end we represent curves 7;(x) belonging to secondary extremals de- 
pendent on S;, in the form 


(4.7) = Cj; nis() 


We regard (4.7) as defining a transformation from the space (x, c) to the 
space (x, 7). This transformation is non-singular for x on the interval (4.2). 
The curve 6 is accordingly the image in the space (x, c) of a uniquely defined 
curve 

= ¢;(x) 
of class D' on the interval 
(4.8) itd SxSarntd. 


Let c? be the value of c;(x) when x =a,_1+do. For x on the interval (4.3), 7 
will coincide with the curve of the family (4.7) determined by the constants 
c?. The curve 7 is accordingly the image under the transformation (4.7) of 
the straight line 


cj (at S S + do) 


in the space (x, c). The curve 7+ is thus admissible relative to the conjugate 
family determined by S,. The inequality (4.6) follows from Theorem 3.1. 
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Combining (4.5) and (4.6) we find that 
(4.9) q,. 
Statement (e) is thereby proved. 
The lemma is a consequence of statement (e) in the case where k=r+1. 


It will follow from the next lemma that under the conditions of Lemma 
4.1 the second variation is positive definite. 


Lemma 4.2. If the Clebsch and Jacobi S-conditions hold along g, there exists 
a conjugate base of secondary extremals whose determinant does not vanish on the 
interval a’ Sx Sa’. 


The proof of this lemma is nearly the same as the proof of Theorem 3, 
Morse [7]. 

We start with the conjugate base S,,: of §2. The determinant formed 
from this base does not vanish at x =a®. We can accordingly choose a base 


nii(%) 

for members of the family in which the jth column represents a member of 
the family such that 


(i,7 =1,---,n) 


The superscripts 1 and 2 are used to indicate evaluation for x =a! and x =a? 
respectively. We introduce a second conjugate family H with base B of the 
form 
iis 
and such that 


i i 


—2 2 
We represent the family H in the form 
= 
= uj Sex), 


where the symbols 4; represent constants. 
The conjugate base B will serve as the conjugate base whose existence 
is affirmed in the lemma. 
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To establish the truth of this statement we assume that it is false, and 
hence that the determinant | 4,;| vanishes at some point x =c on the interval 


(4.10) aszx<a’. 


There will then exist an extremal y of H determined by a set of constants 
(uw) ~(0) such that n;(c) =0 on y for each 7. Let \ be a curve which consists 
of the x axis from x=a! to x=c and of the curve 7;=7;(x) belonging to y 
from x=c to x=a?. Upon evaluating the second variation J along \ from 
x=a' to x =a? we find that 


2 
=> Wi — U; 


On the other hand there will be a secondary extremal » dependent on 
the base S,,, for which the curve 7;(x) joins the end points of \. This extremal 
will have the form 


and we see that 


2 


It follows from statement (e) of the proof of the preceding lemma that J, =/,. 
But this is impossible since (u) ¥ (0). 

We infer that the determinant | 4;;(x)| does not vanish on the interval 
(4.10). The base B will thus serve as the base of the lemma, and the proof is 
complete. 

We come to a basic theorem. 


THEOREM 4.1. Jn order that the extremal g afford a proper minimum to J 
relative to neighboring admissible curves, it is sufficient that the Clebsch, Jacobi, 
and Weierstrass S-conditions hold along g. 


The conjugate family of secondary extremals whose existence is affirmed 
in the last lemma forms a Mayer field of secondary extremals covering a 
neighborhood of the segment (a!, a?) of the x axis. This family can be used 
as in Morse [7], Theorem 4, to establish the existence of a Mayer field of 
primary extremals including g and covering a neighborhood of g. 

The theorem follows in the usual manner. 

5. General end conditions. We turn to the problem under general end 
conditions. The preceding results lead to a set of sufficient conditions involv- 
ing the Jacobi condition which make no assumption concerning normalcy. 
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The form of the problem is a modification of the Bolza problem introduced 
by the author (Morse [8]). We suppose that we have an extremal g as before. 
Points near the first and last end points of g will be denoted by (x, y') and 
(x?, y*) respectively. The end conditions have the form 


(5.1) = x*(a), yt = ye(a) (s=1,2;i=1,---,n) 


where (a) represents a set of r variables a,. The functions x*(a) and y,*(a) 
are assumed to be of class C? for (a) near (0) and to yield the end points of g 
when (a) =(0). No assumption is made concerning the rank of the matrix 
of the functions on the right of (5.1). The differential conditions are as be- 
fore, but the functional J is replaced by the more general functional 


z2(a) 
J = Wa) + f(x, y, 
z'(a) 
in which @(a) is a function of (a) of class C? for (a) near (0). 

By an admissible curve y and set (a) we mean a differentially admissible 
curve y and set (a) such that y satisfies the end conditions with the set (a). 
The problem is one of determining conditions under which g and the set 
(a) =(0) afford a minimum to J relative to J’s value for admissible curves 
and sets (a) for which y neighbors g and (a) neighbors (0). 

We assume that g and the set (a) = (0) satisfy the transversality condition 
(Morse and Myers [6]) 


(5.2) [(@° — + Fydyihi + = 0, 
as an identity in the differentials da, in terms of which dx*, dy,*, and d0 
are to be expressed. 

The second variation is the functional (Morse [8 ]) 


a? 
(5.3) + f 2w(n, (h, 
al 


subject to secondary end conditions of the form 


(5.4) ni = Cin Un (s=1,2;h=1,---,7), 


where and c;, represent constants of which = It is here understood 
that x'=a!' and x?=a?. The differential conditions are as before. A curve y 
and set (u), such that y is differentially admissible and satisfies (5.4) with 
the set (u), is termed admissible. 

For a problem under general end conditions Mayer has stated a suf- 
ficiency condition in terms of a quadratic form. Bliss [2] and Hestenes [4] 
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have modified this condition. We introduce a further modification of this 
condition which simplifies its use. 
To that end let 


(5.5) nip(X), Sip(x), Unp 


be a set of g secondary extremals and constants (wu) which satisfy (5.4). 
Suppose moreover that this set contains the maximum number of admissible 
secondary extremals and constants (wu) which are independent of sets 
ni(x) =0, £:(x), (uw) =(0) belonging to anormal secondary extremals. Each 
admissible secondary extremal and set (u) is linearly dependent upon the 
members of the set (5.5) together with an anormal secondary extremal and 
set = (0). We consider the family 


(5.6) ni = Vp Nip(*), bi = Sip(x), Un = Vp Unp, 


of admissible secondary extremals and corresponding sets (w~). Upon evalu- 
ating J along the member of this family determined by (v) one obtains a 
quadratic form H(v). By the Mayer S-condition we mean the condition that 
H(v) be positive definite. 

The theorem here is as follows. 


THEOREM 5.1. In order that the extremal g and set (a) =(0) afford a mini- 


mum to J relative to neighboring admissible curves and sets (a) it is sufficient 
that g and the set (a) =(0) satisfy the transversality condition, that there be no 
conjugate point of x =a' on the interval a’ <x <a®, and that the Clebsch, Weier- 
strass, and Mayer S-conditions hold. 


Hestenes [4] has shown that g and the set (a) =(0) afford the desired 
minimum provided the second variation is positive definite for admissible 
sets (y) and (u). Cf. Currier [5]. The problem here is accordingly to show 
that the second variation is positive for non-null admissible sets (n) and (x). 

We observe that x =a’ is not conjugate to x =a". For otherwise there would 
be a secondary extremal for which 7;4#0, which would satisfy the end con- 
ditions with the the set (w) = (0), and would appear with this 7;(«) and set () 
as a member of the family (5.6) for which (v)#(0). We would then have 
H(v) =0, contrary to hypothesis. 

It follows from the preceding sections that each secondary extremal for 
which a! <x <a? gives a proper minimum to J relative to admissible curves 
ni(x) which join its end points. That J >0 for admissible secondary extremals 
and sets (u) for which (n) and («) are not both null follows from the positive 
definiteness of H(v). Hence J is positive definite as stated. 

The proof of the theorem is complete. 
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METABELIAN GROUPS OF ORDER ?", p>2* 


BY 
CHARLES HOPKINS 


INTRODUCTION 


A metabelian group is defined as one whose central quotient-group is 
abelian.t Since the central quotient-group of any group G is simply isomor- 
phic with the group of inner isomorphisms of G, a metabelian group may also 
be defined as a group whose group of inner isomorphisms is abelian.{ 

Any metabelian group G of order p;*1p#? - - - p,¢* is the direct product of 
its Sylow subgroups of order ,**. In developing a theory of metabelian 
groups, it is accordingly reasonable to center the attention upon those of order 
p™. In view of the fact that many results which are valid for groups of order 
p™, p>2, do not hold for p=2, it seems advantageous to treat separately 
the cases p=2 and p>2. In this article we are concerned exclusively with the 
case p>2. 

In §§2-5 we develop, by aid of the theory of regular permutation groups, 
certain general properties of a metabelian group G of order p", p >2. We men- 
tion the following: 

(1) Gis conformal with an abelian group 4; 

(2) the operations of any metabelian group which is conformal with A 
can be derived by making A isomorphic with a certain subgroup of its group 
of isomorphisms and multiplying together corresponding operations; 


(3) the group of isomorphisms of G is a subgroup of the group of iso- 


morphisms of A. 

In §§7—9 we define four different types of bases for G and prove that each 
of these types occurs in every G. (Any set of elements which generate G is 
said to constitute a basis for G.) Two of these types, the MB-bases and the 
U-bases, are of fundamental importance in the theory of metabelian groups. 
In §§10-11 we exhibit certain relationships between these two types of bases 
and, furthermore, between the U-bases of G and those of A. 

In §§12-14 we discuss the topic of abstract defining relations for G: with 
reference to a U-basis (§12), an MB-basis (§13), and a U-basis for A (§14). 


* Presented to the Society, December 27, 1933; received by the editors March 22, 1934. 

t W. B. Fite, Proceedings of the American Association for the Advancement of Science, vol. 49 
(1901), p. 41. 

t The term “metabelsche Gruppe,” as used by Furtwangler and other German mathematicians, 
denotes a group whose commutator subgroup is abelian. 
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Two of the fundamental results of this paper—that G is conformal with an 
abelian group, and that G possesses a U-basis—have been published in a 
recent article by P. Hall, entitled A contribution to the theory of groups of prime 
power order.* The author, however, feels it desirable to present his original 
proofs of these two results, as the methods involved are of frequent occur- 
rence throughout this paper. 


N OTATION, ELEMENTARY RESULTS 


1. In order to avoid repeated explanations, the symbols employed in this 
article will usually preserve their significance throughout, and accordingly 
will ordinarily be defined only at their initial appearance. 

The letter G will always denote a metabelian group of order p™, p>2. 
The central and the commutator subgroup of G will be designated by I and 
C respectively. The operations of G will usually be denoted by small letters 
(s, o etc.); for the automorphisms of G we shall always use capital letters. 

The symbol c;; shall denote the commutator s7's,sjs71 (or o7'e,0,07"). 
Since each commutator is invariant in G, of the eight formally distinct com- 
mutators which arise from any two operations of G, only two, namely c;; and 
Cj, will be effectively distinct. Obviously c;; equals ¢;7"". 

We now mention certain elementary results, which we shall tacitly as- 
sume throughout this paper. 


(a) If gi, ge, - gn are any set of independent generating operations 
(I.G.0.) for G,f then C is generated by ¢12 = Cis, Ciny C23, 


Cony * * 

(b) Every operation of G can be expressed in the form g;*1g,72 - - - g,7" 
* 13718 + 

(c) If o, and o, are of orders p= and p™ respectively, m,=m,, then the 
order of o.0, divides p”*.[ From this we see that every set of I.G.O. for G 
must include operations of highest order in G. 


(d) The product of any two pth powers in G is itself a pth power in G.§ 


DEFINITION. Any operation of a given prime-power group which is not a 
pth power of an operation in this group is said to be a “principal element” of this 
given group. 


* Proceedings of the London Mathematical Society, (2), vol. 36, parts 1 and 2, pp. 29-95. The 
results presented in the author’s paper were obtained prior to the appearance of Hall’s article. 

¢ That the number of elements in any set of I.G.O. for a prime power group is an invariant of 
the group was proved by G. A. Miller, these Transactions, vol. 16 (1915), p. 21. 

t W. B. Fite, these Transactions, vol. 3 (1902), p. 338. 

§ P. Hall, loc. cit., p. 75. 
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RESULTS DERIVED FROM THE REPRESENTATION OF G AS A REGULAR PER- 
MUTATION GROUP 


2. Let G denote any metabelian group of order p", p>2. Regarding G 

as an abstract group, we denote its operations by the symbols a, a2, -- - , 
We denote any permutation s; of G (in the regular representation derived 
from post-multiplication) by the symbol (%,,). We may think of s; as a rep- 
resentation of o;. A representation, as a permutation on the p” symbols 
O1, 02,:--, Of any inner isomorphism S; of G is afforded by the symbol 
(.,%0,;):* Clearly S; transforms the operations of G according to the per- 
mutation s;. The totality of distinct symbols S constitutes a representation 
H of the group of inner isomorphisms of G. Any element of J(G), the group 
of isomorphisms of G, can be represented as a permutation on the letters of 
G by the symbol (¢,). 

We may identify 7(G) with that subgroup of the holomorph K(G) of G 
whose permutations omit the symbol for the identity of G.t Under G, I(G) is 
transformed into 4 conjugates, where p4 equals p” divided by the number 
of characteristic operations of G. The totality of distinct permutations in 
these p¢ conjugates coincides with the totality of distinct products (,,¢)(¢-), 
where (,,°) is any permutation in the conjoint of G, while (%-) is any permu- 
tation of I(G). 

Let p* denote the order of H. One readily sees that H has under G exactly 
p* conjugates. 

Now J = {G, H} is a metabelian group of order p"*“. Its central is I, its 
commutator subgroup is C; the central quotient-group J/T is the direct 
product of two simply-isomorphic groups, each of which is simply-isomorphic 
with H. The chief interest in J attaches to the fact that it contains a remark- 
able set of subgroups, each of which is conformal with G. 

Since H is simply-isomorphic with G/T’, we obtain an isomorphism of G 
with H by making each operation s of G correspond to that operation S of H 
which transforms G according to s. Let 6 be defined as the operation of making 
G isomorphic with H in this manner and then multiplying together corre- 
sponding operations. That is, 6s =sS. Similarly, we define 0, by the equation 
6,5 = sS* . (Since H is abelian, s:;~S# , 52:~S¥, - - - etc. defines an isomorphism 
of G with H.) Let p” be the order of the operation of highest order in H. If 


* This notation is fully explained in Speiser, Theorie der Gruppen von endlicher Ordnung, 2d edi- 
tion, p. 25, p. 121; and in Burnside, Theory of Groups, 2d edition, pp. 81 ff. 

t We agree that all the permutations of G shall begin with the symbol o; for the identity of G. 
We may define J(G) as that subgroup of K(G) generated by its permutations which omit the initial 
letter in the permutations of G. 
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we let x range over all positive integral values, it is clear that not more than 
p” of the operations 6,s will be distinct. 

By the symbol @,G we designate the set of p” operations which we obtain 
by applying to each operation of G the operator 6. We note that I is common 
to G and to 6,G. If we assume for the moment (we shall prove it below) that 
6.G is a group for which 0,G/T is simply isomorphic with H, then we may 
define the symbol 6,0, by the equation 0,0,s=0,(sS*)S¥. Then 0,0.=0.0, 
=6.4,. Hence we may write 0,=@ , regarding @ as an operator of period p’. 

THEOREM I. The permutations 0.G constitute a group which is conformal 
with G. 

That they constitute a group follows from the equation (6 s;)(#s,) 
= (s;s;) = 5;s;). That this group is conformal with G is evident 
from the fact that & s and s have the same order. (For s and S are commuta- 
tive and have only the identity in common, since s permutes all the letters 
of G while S omits o;. The order of S divides the order of s, since s and S$ 
transform the operations of G in the same way.) 


THEOREM II. Each G, is an invariant subgroup of the holomorph of G. 


Clearly G is commutative with G,, since G is commutative with T and 
transforms every coset I'sS? into itself. To show that 7(G) transforms G, into 


itself, we proceed as follows. 
Let ({-) denote any permutation of /(G). The operation s;S7 of G, may 


be represented as 


( \( ), which equals ( ). 


Gi a’ 07 of af z+1 
“CO; 00; CO; 


where S/ transforms the operations of G according to s{. Since s/ is an opera- 
tion of G, s/S{*is an operation of G,. This demonstrates our theorem, since 


K is generated by G and I(G). 
THEOREM III. Each G, is a regular group. 


Since G is a regular group on the symbols a, o2,---, oi,- ~:~, while 
every permutation of H omits a, it is obvious that every permutation of G 


Now 
( 
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other than the identity must permute o;. Suppose that some permutation ¢ 
of G,, distinct from the identity, omits the symbol o,. Now G contains a per- 
mutation $ which replaces o; by o:. But 5~#5 is a permutation of G, which 
omits o; (see Theorem II). This proves that each permutation of G, other than 
the identity permutes all the symbols 01, a2, - - - , gpm. Since G, is conformal 
with G, it must be a regular group on these symbols. 

3. These conformal groups Gi, G2, ---, G.,---, G»=G constitute 
a set which we shall refer to as D. As permutation groups in K(G), they are 
all distinct. We shall prove shortly that regarded as abstract groups exactly 
v+1 of them are distinct. 

Let ¢;=s,S? andt;=s,;S7 be any two operations of G,. Now =t,¢;77"1, 
where ¢;; =s71s;s;s71.* If 2x+1 is prime to p, then the commutator subgroup 
of G, coincides with the commutator subgroup C of G. If 2x+1 is divisible by 
p but not by ?, then the commutator subgroup of G, is composed of the pth 
powers of the elements of C. By means of the relation y=2x+1 (mod p’), 
we may associate with each member of D a value of y as a subscript. The 
p’-'(p—1) members of D for which y is prime to p constitute a subset which 
we call D,; the p’-*(p—1) members of D for which y is divisible by p, but not 
by p*, we shall put into a set D,, etc. Set D,» consists of a single group, 
namely that G, for which 2x+1 is divisible by »’. This group, which is 
abelian, we shall designate by the letter A. Its permutations 4, fr, - - - , ti, 

- + are connected with those of G by the equation ¢;=6*s;, where a is the 
smallest positive root of 2a2+1=0 (mod p’). That G, is abelian is sufficiently 
important to state as a theorem. 


THEOREM I. The p™ products t;=0°s;,i=1,2, - - - , p™, constitute a regular 
abelian group A which is conformal with G. 

The conjoint of each group in a given set D,«,a=0,1, - - -,v,isa member 
of the same set. If y has the value & for a given group G., then y will be con- 
gruent to —k modulo ’ for the conjoint of G,. (It is easy to prove that the 
conjoint of G, is 


THEOREM II. The groups in any given set x=0,1,-- v, are simply 
isomor phic. 


Let \ be an integer prime to p. If we replace each operation of G, by its 
Ath power, then we shall obtain all the operations of G, in some order. Let 


* It isa simple task to verify the relations and S;'s;5;= s;¢;;. Of course Sj 
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be the permutation on the symbols oi, a2, - - - derived from associating each 
operation of G with its Ath power. Since 7, defines an automorphism of the 
abelian group I’, in determining how 7) transforms the operations of G, we 
shall be concerned only with the non-invariant operations of G,. 

Let ¢t;=s,S# be any non-invariant operation of G.. We may write 


oz i 
o 
Tx = 


where is Moreover, 
= a7 70a? . 
Hence 


= 


Since 2 is prime to p, the congruence 2z=1 (mod p”) always admits a unique 
solution z. Therefore, we are justified in using the symbol (A+1)/2, even when 
A+1 is an odd integer. Now 


Hence one may write 


Then 


) = 


-( 


oT (1—A+2z2) 


Let us put 1—A+2x=2nE (mod p”). Then sPS}* is an operation of G;. If 
we write the congruence above in the form 1+2x=(1+2£) (mod 9’), it is 
clear that the same power of p divides both 1+2x and 1+2£. This demon- 
strates our theorem. If G, is the abelian group A, then 1+2x (and conse- 


Now 
| 


1935] METABELIAN GROUPS 167 


quently 1+-2£) is divisible by p”. We can, therefore, identify the permutation 
T, with that automorphism of A which transforms each operation of A into 
its Ath power. 

If we restrict the values of \ to the p’-!(p—1) positive integers which are 
less than p” and prime to #, then the permutations 7, constitute a cyclic 
group of order p’-1(p—1). We may identify each 7, with the linear substitu- 
tion X, on the subscripts of G1, Gz, ---, Gz, ---, where X, is x’ =a[1— 
d/(2x+1) ] (mod p”), while a and X’ are defined by the congruences 2a+1=0 
(mod p”) and AA’=1 (mod p’). Or we can represent 7) as the linear substi- 
tution Y,:y’=d’y (mod p”). The order of 7, is obviously the period of 
with respect to p”. When d is p”—1, then 7, represents a substitution of order 
2 in the double holomorph of G which transforms each G, into its conjoint. 

4. At this point we review certain results from §§2—-3, which will be of 
service to us in what follows. Commencing with a representation of G as a 
regular permutation group, whose permutations 51, se, - - - all begin with the 
same letter o1, we designate the holomorph of G (on these letters) by K(G). 
We let J(G) denote that representation in K(G) of the group of isomorphisms 
of G whose permutations all omit o:. The subgroup of J(G) which gives the 
inner isomorphisms of G we shall denote by H. We let Si, S2, - - - denote the 
permutations of H, where S; transforms G according to s;. Furthermore, p” 
denotes the order of the element of highest order in H, while a is the least 
positive root of 22+1=0 (mod p’). Theorem I of §3 states that (a) the p™ 
elements ¢;=6*s;=s,S constitute a regular abelian group A on the letters 
of G. Let K(A) denote the holomorph of A (on these same letters), and let 
I(A) denote that representation in K(A) of the group of isomorphisms of A 
whose permutations omit o;. Since I(G) is a subgroup of J(A),* H is in I(A). 
Throughout the remainder of this article the symbols defined above will pre- 
serve their significance. 

We know that there is only one permutation in 7(G) which transforms 
the permutations of G in a prescribed manner. Hence, given s; in the equa- 
tion ¢; = 6*s;, we see that ¢; is uniquely determined. Conversely, given ¢; in this 
equation, s; is uniquely given by ¢;S;-*. We recall that S7* is in I(A). We 
may, therefore, state that (b) the permutations in a given regular represen- 
tation of G may be obtained from those of A by making A isomorphic with 
a certain subgroup of J(A) and multiplying together corresponding opera- 
tions. This result is clearly trivial in the sense that we cannot determine the 
“certain subgroup” unless we already know the permutations of G. The real 
point of (b) is expressed in the following theorem. 


* See Theorem II of §2. 
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THEOREM I. Let ty, te, - - - denote the permutations of A and let Ri, Re, - - - 
denote the permutations of a subgroup R of I(A). Let y:; denote the commutator 
R-'4;Rit71, and (c) let every product yizy;z1 be invariant under R. If the cor- 
respondence ---, Tti~Ri, - - - defines an isomorphism of A with R 
for which (d) T contains every 7 ;;, then the p™ products 
(1) TE,--- 
constitute a metabelian subgroup G of K(A) which is conformal with A.* 


From (d) we know that the product of any two elements in the set (1) 
is itself in the set. That the p” products (1) are all distinct follows from the 
fact that A and R have only the identity in common. That these products 
constitute a metabelian group is a consequence of (c). From the existence of 
7 we know that the order of R; divides the order of ¢;. Although R; and ¢; are 
not necessarily commutative, a simple computation will show that ¢;R; and 
t; have the same order. From this it will follow that G is conformal with A.t 

To show that we obtain every regular metabelian group in K(A) which is 
conformal with A by employing, in the procedure of Theorem I, every 
“permissible” subgroup R of J(A), it is clearly sufficient to show that G is a 
regular permutation group. For we know that the permutations of a given 
regular permutation group G in K(A) can be derived from those of A by the 
equation s;=¢,S7*. In §5 we shall prove that every G is a regular group. 

That a representation as a regular permutation group of each of the 
abstractly distinct metabelian groups which are conformal with G may be 
obtained by the process of Theorem I, is a direct consequence of the following: 


THEOREM II. The holomorph K(A) contains a regular representation of each 
of those abstractly distinct metabelian groups which are conformal with A. 


* The identical operation of any group is denoted by the letter EZ. 

Tt We observe that ¢; and R; need not be commutative; moreover, the 74; need not be separately 
invariant under G. But it is obvious that every commutator Ri; Reys7 must be invariant under 
G, and hence under R. That is, the class of { A, R} cannot exceed 2. 

This derivation of G from A and R is a special example of a more general “composition” of two 
groups. We refer to the following theorem: 

Let Q and Q’ be two finite groups of orders m and m’ respectively, for which the following conditions 
hold: (a) the cross-cut of Q and Q’ is the eres (b) Q’ mre Q into ) itself; (c) Q and Q’ are iso- 
mor pic under the correspondence O~E, where contains all commutators 
gi, qx and being any two Q and respectively. Then the m products 
( 1) QE, - Oggi 
constitute a group Q”’ of order m. 

From (c) it is clear thatg;q/ ¢;q/ can be brought into the form qi;9:gigi g/ , where qi; is in Q. 
That is, the product of any two elements in (1) is in the set (1). From (a) we see that these m products 
are distinct, since gigi leads to gi = E. 

Of course, Q’’ and Q are usually not conformal. The simplest additional restriction which will 
ensure their being conformal is probably that given by = Ge 
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Let G and G’ be any two such groups, each being represented as a regular 
permutation group. Then K(A) on the letters of G and K(A) on the letters of 
G’ are conjugate under some permutation. Hence G’ occurs as a regular 
group in the holomorph K(A) (on the letters of G). 

5. In this section we develop several theorems which, in the main, are 
generalizations of theorems in §§2-3. The symbol G is the same as in The- 
orem I of §4. 


TuHeoreM I. Each G is transformed into itself by the permutations of A,* 
and conversely. 


We regard the elements of G as a certain p” products ¢;R; (see Theorem I 
of §4). We write G in cosets with respect to I, where T is the subgroup of 
G (and of A) composed of those products for which R; is the identity. Then 
the permutations of A transform each of these cosets into itself. This proves 
the first part of our theorem. The converse is obvious. 


THEOREM II. Each G is a regular group. 


As above, we regard the elements of G as the products /;R;. Since each 
permutation of J(A) omits o;, the initial letter in the permutations of A, we 
see that every permutation in G permutes o;. If a certain permutation, say 
i, of G should omit the letter o,, then we could find a permutation ¢in A such 
that ¢-'#t would omit o;. From Theorem I of this section we know that this 
transform is in G. Hence each permutation of G permutes all the letters of A; 
G is accordingly regular, since it is conformal with A. 


THEOREM III. All simply-isomorphic regular metabelian groups G’ in 
K(A) which are conformal with A constitute a complete set of conjugates under 
I(A). 

Let G’ and G”’ be any two of these simply-isomorphic regular groups in 
K(A). Since G’ and G”’ are both regular, they are conjugate under some per- 
mutation on the letters of A. Our objective is to show that one such permuta- 
tion occurs in J(A). 

We denote the group of inner isomorphisms of G’ by H’, and that of G’’ 
by H’’. Of course we regard H’ and H”’ as subgroups of J(A). Let I’ and '’’ 
denote the centrals of G’ and G’’ respectively. Obviously I’ and I”’ are 
simply-isomorphic subgroups in A. We denote the permutations of G’ by 
si, sf, +--+ and those of H’ by S/, S/,---, where S/ transforms G’ ac- 
cording to s/. We adopt a corresponding notation for G’’ and H’’. 

To each permutation of A we assign two symbols, ¢’ and ¢’’, in such a 


* Of course, we regard A as derived from a regular representation of a given metabelian group G. 
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way that the permutations of G’ and A (G”’ and A) are connected by the 
equation ¢/ =s/S{* (t/' =s{’S{'*). We write S/ for S/-* and S{’ for 
Then the permutations of G’ and of G’’ are derivable from those of A by the 
equations 


(1) 

and 

(2) si’ = Sf! 
respectively. 


We may choose our notation so that a simple isomorphism between G’ 
and G”’ is defined by the correspondence 


Now (3) requires that H’ and H”’ be isomorphic under the correspondence 
(4) Sf ~Sf',---, Sf ~§f',---. 

Since the product s/s} corresponds to s/’s/’, we obtain ~y.}' 
Si" Sj’, where yij = S{tj and = Si’ tj’ Since 
:/ must correspond to’;}’ under (3), we get 

(5) (th ~ 

From (4) and (5) we see that (3) involves an automorphism of A, defined by 
the correspondence 

Let II be the permutation in J(A) which brings about the automorphism 
(6). Now II transforms G’ into a simply-isomorphic group II-'G’II, and one 
readily sees that the permutations of these two groups correspond according 
to 


Since TI-*y,/ TI equals y;/’, it follows that TI and 3/’ transform the 
permutations of A in the same way. But there is only one permutation in 
I(A) which transforms A in a prescribed manner. Hence 3’ is 1-5/1 
and G” coincides with II-'G’II. This completes the demonstration of 
Theorem ITI. 

As a direct consequence of Theorem III we have 


THEOREM IV. A representation I(G’) of the group of isomorphisms of every 
G’ occurs as a subgroup of I(A). 
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From Theorem III and Theorem IV follows 


THEOREM V. The number of distinct representations of G’ in K(A) equals 
the index of I(G’) in I(A). 


THEOREM VI. Those conjugates of G’ (under I(A)) which are in the holo- 
morph K(G’) of G’ are commutative, each with each, and conversely. 


The proof is elementary. Equally obvious is 


THEOREM VII. The holomorph K(G’) is invariant in K(A) if, and only if, 
the commutator subgroup of G’ is a characteristic subgroup of A. 


In retrospect: Theorem I of §4 provides, theoretically at least, a means of 
constructing a regular representation of each of the abstractly distinct meta- 
belian groups which are conformal with a given one G. By using every sub- 
group R of I(A) which satisfies the conditions laid down in this theorem, we 
obtain the totality of regular metabelian groups in K(A) which are conformal 
with A. Obviously we obtain this same totality of groups by subjecting the 
elements of R to the following additional restrictions: each 7;; is invariant 
under R; ¥:i;=7;7" (whence follows ;;=£). 

The process of Theorem I in §4 does not, in general, yield all the meta- 
belian groups in K(A) which are conformal with A. In fact, when A has 
more than 2 I.G.0., then K(A) always contains non-regular metabelian 
groups which are conformal with A. We shall not prove this statement; the 
demonstration is fairly obvious. Instead, we present the following example. 

Let A be a representation as a regular permutation group of the abelian 
group of order 27 and type 1, 1, 1. We begin all the permutations of A with 
letter a,; we denote by J(A) the subgroup of K(A) composed of the permuta- 
tions of K(A) which omit a,. Now we can find in A three permutations 
A,, Az, As which generate A. Also, we can find in J(A) a permutation z of 
order 3 which is commutative with A; and A; and transforms A: into A2Ai. } 
We see that 7 permutes exactly 18 letters. Since 7 transforms { Aj, Az} into a 
itself, it follows that {A1, As, x} is a metabelian group of order 27, each of 
whose operations is of order 3. This group is clearly not a regular group. 
It is of course simply isomorphic with the regular permutation group 
G={A,, As, Agr}, since all metabelian groups conformal with this given A 
are abstractly identical. 


ARITHMETICAL INVARIANTS OF G 


6. Associated with every given metabelian group G are the following i 
uniquely-determined abelian groups: A, C, l, G/C, G/T (which is simply ‘i 
isomorphic with H). From each of these groups there arises a set of arith- ; 
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metical invariants of G. We enumerate the following: 


(1) the invariants p", p:,---, p* of A; 
(2) the / invariants p, ---, pw of C; 

(3) the invariants p’, p’, p’s,---, prof G/T; 
(4) the invariants of I; 

(5) the invariants of G/C. 


To these we add 


(6) the number » of I.G.O. for G. We may assume that for each set the in- 
variants are arranged in descending order of magnitude. 


We shall not go into the question of relationships between these six in- 
variants other than to note that g; equals v, while G/T’ must clearly have at 
least two invariants of highest order. 

There are two additional invariants of G which are of considerable im- 
portance for the development of our theory. These we now proceed to define. 
Following the notation of Hall, we denote by J. the subgroup composed of 
the p*th powers of the elements of G. These groups J, constitute a series of 
characteristic subgroups Ui, U2, - - - , 03,=£ of G, each being contained in 
those which precede it.* For C we define the series Ci, C2, - - - , C, =, where 
‘C, is the subgroup composed of the p¢th powers of the elements of C. Finally 
we have a third series C,, C2, - - - ,C, = E, where C, is the subgroup composed 
of those elements of C which are in 0.. Obviously C, contains C,. In what 
follows we shall be concerned exclusively with the case a=1, i.e. with the 
first term in each of these three series. 

The two additional invariants of G, to which we referred above, are the 
following: 

(7) the number /, of invariants of C/C,; 
(8) the number /, of invariants of C,/C,.f 

Since C/C, and C/C,+C,/C; are simply-isomorphic, we have 1,+/,=1. 

For the case where C/C, is the identity there arise so many important 
simplifications of the general theory that it is desirable to assign a name to 
those groups G for which C=C. Such groups we shall call w-groups. An im- 
mediate illustration of their significance is provided by 


THEOREM I. The quotient group G/U,(G) is abelian if, and only if, G is an 
w-group. 
The proof follows from the fact that C/C, is the commutator subgroup of 


* Hall, loc. cit., p. 78. 
+ Obviously the two quotient-groups C/C, and C;/C; are of type 1, 1,---. 
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G/®(G).* 

For certain small values of m (for m=3 and m=4, in particular) these 
eight invariants characterize G. It would be an interesting problem to deter- 
mine whether for every order of G there exists a set of arithmetical invariants 
which completely characterize G: that is, determine G to within an iso- 
morphism. 

At this point we mention several useful properties of the ¢-subgroup 
@(G) of G. That (a) ®(G) is the cross-cut of all subgroups of index p in G, 
and that (b) G/® is of order * and type 1, 1, - - - , 1, are two familiar results 
in the theory of prime-power groups. From (b) it follows that ®(G) is gener- 
ated by 0,(G) and C. 

Now (A), the ¢-subgroup of A, coincides with U,(A). Obviously 0,(A) 
is 6°U,(G). Since 6C is C itself, we have 


THEOREM II. The quotient-group 0°®(G)/®(A) coincides with C/C,, and is 
accordingly of type 1,1, ---, 1 tol, factors. 


From Theorem II follows 


THEOREM III. For G to be an w-group it is necessary and sufficient that r 
equal n. If G is not an w-group, then r—n must equal |,. 


We mention here two rather obvious results, which will be of use to us in 
what follows. The first is the following: if g:, - - - , g, are a set of I.G.O. for 
G, then no product g,*'g.*? - - - g,*" in which an exponent is prime to p can 
be in ®(G). The second is 


THEOREM IV. Jf G is an w-group, then every operation of G can be ex- 

To prove this, we note that every operation o in G can be expressed in 
the form g,c, where g, is gi”g2¥* - - - g,¥ and c is some element in C. Since C 
is in 0,(G), c can be expressed as (g,c’)”. Then o can be brought into the form 
Su8."c’? = gyc’’. Since the order of c’’ is less than the order of c, we can eventu- 
ally bring ¢ into the form g, above. 


BASES FOR G 


7. Any set of elements gi, ge, - - - which generate G we shall call a basis 
for G. In the classical theory of abelian groups the term basis for Q, where 
Q is an abelian group, is used to designate a set of elements qi, gz, - - - of 
such that Q is the direct product of the cyclic subgroups {qi}, {ge}, --- . To 


* From a theorem of Hall (loc. cit., p. 83) it results that Ua/Uq4: is abelian for a>1. More gen- 
erally, is abelian for a>1 and 
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avoid confusion, a basis for Q of this sort we shall refer to as a U-basis for Q. 
The fact that every abelian group has a U-basis constitutes the so-called 
fundamental theorem in the theory of abelian groups. 

We now define four different types of bases for G. For the first three types 
we start with a set of I.G.O. for G, namely gi, go,--- , gn. Let gz be any 
product gig}: -- gz" in which the g; occur, without repetitions, in the 
normal order g1, ge, - - - etc.* 

(1) If g. is an element in C only when each factor g,* is in C, then 
£1, °° *,8n are said to constitute a C-basis for G. 

(2) If g. is in I only when each factor g7* is in I, then the g’s are said to 
constitute a I'-basis for G. 

(3) If g. is the identity only when each g;* is the identity, the g’s are 
said to constitute a B-basis for G. 

A set of elements P;, P2,--- , P, is said to constitute a uniqueness-basis 
(U-basis) for G provided that each operation of G can be represented uniquely 
in the form P,*:P,*: - - - P,*, where each exponent is a least positive residue 
modulo the order of the P to which it belongs. 

In what follows we shall prove that each of these four types of bases oc- 
curs in any given metabelian group G. To prove the existence of a C-basis 
is a simple task. We write G in cosets with respect to C and select from every 
coset which corresponds to an element of a given U-basis for G/C an opera- 
tion v;. Now 27.27: - - - is clearly in C only if each 271, v2*2, etc., is in C. It 
remains only to show that these v’s constitute a set of I.G.0. for G. That 
they do is readily apparent from the relation G/@(G)=G/C + ®(G)/C. 

To construct a I'-basis for G we first write G in cosets with respect to I’; 
then, from each of those cosets which correspond to the elements of a U-basis 
for G/T’, we select an operation of G, obtaining thereby the 4 operations 


U1, Ua, ee » Un. 
If h=n, then %, ue,--- , u, will constitute a set of I.G.O. for G. For 
Uz = - - is Non-invariant in G unless each x; is divisible by p%; 


we know that ®(G) is {U:(G), C}; hence wu, cannot be in ®(G) unless each x 
is divisible by 

If h is less than m, we can extend m,--- , u, to a set of I.G.O. for G by 
adding a certain n—h elements u41,--~-, %,. To show that these n—h 
elements may be chosen from I, we observe that G/{u} and I'/T are 
simply-isomorphic, where {u} is the group generated by m,--- , ws, 
is the cross-cut of and I’. Consequently G={T, {u}}; hence ways, 
may be taken from I. 


* Throughout this paper it is assumed that in any indicated product, such as A;™!- + - A,™, 
P,** etc. no subscript is repeated. 


|_| 


1935] METABELIAN GROUPS 175 


We shall make no further use of these two types of bases. It is, perhaps, 
worthwhile to point out that for a given G it is usually impossible to construct 
a basis whose elements satisfy any two of the conditions (1), (2), (3) above. 
But there are large and important categories of groups G for which every 
C-basis is a U-basis. We mention, in particular, those groups G for which 
h=n and G/T is of type a, a, - - - , a. Those groups G in which every element 
(except the identity) is of order p provide a trivial illustration of the case 
where every C-basis is simultaneously a I'-basis and a B-basis. 

8. We shall now prove that every metabelian group G contains a B-basis. 
That is, we shall show that there always exists a set of 2 I.G.O., 81, Be, -- - , Bn 
with the property that - - - is the identity only when each 
is the identity.* 

We first prove the theorem for groups having two I.G.O. Every set of 
I.G.O. must include at least one operation of highest order in G. Let 6; be 
such an operation, and let 62 be an operation in G of lowest possible order 
such that 6; and 62 generate G. We shall now prove that {@,} and {6} can 
have only the identity in common. 

Suppose that =6,'»", where is not the identity. Since is of 
highest order in G, we may put ¢:=¢2+¢3, where e;=0. Now 


(Since p is an odd prime, (p%+1)/2 is an integer; since 6.” is commutative 
with 6;, the order of the element in the brackets divides *:.) Clearly 6; and 
628," generate G. But the order of this second operation is less than the 
order of $2, contrary to assumption. Our theorem, then, is true when G has 
two I.G.0. 

We proceed by induction, assuming the validity of the theorem for all 
groups which have less than  I.G.0. Suppose, now, that G has  I.G.0. 
Among the operations of G which can occur in a set of I.G.0., let 5 be one of 
the smallest possible order. We consider the totality of sets of I.G.O. in 
which 5 occurs. For any one of these sets, say 51, 52, - - - , §n-1, § the first n—1 
elements generate a metabelian (or abelian) subgroup H of G. Since G is 
{H, 5}, it is clear that H has exactly n—1 1.G.O. Hence for H we can find a 
B-basis, say 81, Be, - , We now show that , Ba, 5=8, must 
constitute a B-basis for G. Let us assume the contrary; that is, let B18, : - - - 
‘BriB,* = E, where at least one of the ’s is not divisible by the order of the 8 
to which it belongs. Certainly one of these \’s must be An, since Bi, - + + , Ba—1 


* This result, in a slightly different form, was proved earlier by the author: Annals of Mathe- 
matics, vol. 29 (1928), pp. 6-9. 
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are a B-basis for H. We have, then, 8,*»=8, where & is some element of 7H. 
If G contains an element o such that o“=6,7, then of, will be of order A, 
(which is less than the order of 5). Since G is {f1, -- - , Bn1, Bn}, this will 
contradict our assumption concerning 5. From this assumption we know that 
the order of each of the elements (,, - - - , 8,1 is at least equal to the order 
of 5. Hence each constituent 8+ in 8 can be regarded as [6?+]*. 

Now - - - can be brought into the form - - - B,)»-1cs, 
where c is some element in the commutator subgroup of H. If c** is the 
identity, then 6, - - - g- will serve as the operation o. If not, then we can 
find an element c’ in the commutator subgroup of G such that B,:--- 
- Bet c’* raised to the power \, will equal 8>*.* We are led, then, to the con- 
clusion that no relation 6):8.:--- 8,*»=E can exist unless each X is di- 
visible by the order of its 8. This demonstrates our theorem. 

One naturally asks whether for a certain permutation of the subscripts 
1,---,m there can exist a relation 6)'6," - - - 8” =E, where at least one ex- 
ponent is less than the order of its 8. This we can answer in the negative. 
Such a relation could be brought into the form 


Since (8) could not be the identity, we should have (8) = (c)-!+E. Since (8) 
and (c) would be of the same order, at least two of the \’s would necessarily 
be prime to p. But (8) could then occur in a set of I.G.O. for G, while (c) 
obviously cannot have this property. 

9. That every metabelian group G possesses a U-basis follows from the 
recent work of Hall in the field of prime-power groups.t The author, however, 
wishes to present his original proof, since the details are widely applicable in 
the following sections. 

From the definition, it is clear that either (A) and (B) or (A) and (C) 
below provide a set of necessary and sufficient conditions for the elements 
P,, P2,---, P, to constitute a U-basis for G: 

(A) P,% and Py=P,--- P,% represent the same 
operation of G only when each x;—y; is divisible by the order of P;; 

(B) the product of the orders of P;, Ps, - - - , P, equals the order of G; 

(C) every operation of G is representable in the form P.. 


Although it is not essential, we shall nevertheless find it convenient to 


* Cf. (d) of §1. 

t Hall, loc. cit., pp. 90-95. Hall proved (a) that every regular p-group is conformal with an 
abelian group; (b) that every regular p-group has a U-basis; (c) that the orders of the elements in a 
U-basis are the invariants of the conformal abelian group. 
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regard G as a regular permutation group. We shall, therefore, assume that 
the symbols which we employ have the meanings given in the first paragraph 
of §4. For the permutation of H which transforms G according to P; we shall 
use the letter S;. For convenience, we shall usually write 7; in place of S7*. 

Before demonstrating the existence of a U-basis for G, we shall prove the 
following result: 


THEOREM I. Jf P;, Po,--- , P, constitute a U-basis for G, then P,S;*, 
P.S#,---, P,S,* will constitute a U-basis for A. 


For the elements A;, Ag, - - - to constitute a U-basis for A the following 
conditions are clearly sufficient: 


(i) the product of the orders of Ai, As, - - - equals the order of A; 

(ii) the product A,=A;1A;*--- can be the identity only when each 
factor A;", Ae®, - - - is the identity. 

Now the orders of P; and P;S; are the same. Since the product of the 
orders of P;, Ps, - - - must equal p”, we see that (i) is satisfied for the ele- 
ments P;S¥. 

We proceed to show that (ii) is also satisfied. We know that P, =P, re- 
quires that x;—¥; be divisible by the order of P;. Now P.=P, is equivalent 
to P.P;!=E, and this latter equation may be brought into the form 


(1) = Pze-w =E,* where = P7'P;P;P7'. 


In (1) we write z; in place of x;—¥,, obtaining 
(2) = Py Py = E. 
Now the product 
can be reduced to the form 
(3) Ay = Py PT] 


Let us suppose that A, is the identity. Since G and H are isomorphic under 
the correspondence P; ~S#, we see that A,=E£ requires 11S; = EZ. 

Since the P; are a U-basis for G, we know that equation (2) holds only 
when 2; is divisible by the order of P;. By taking y; equal to au; and 2; equal 
to u;, we see from (3) that A, can be the identity only when the order of 
P.S# divides u;. This completes our proof. 

* Since the elements cj; are commutative, we may use the product sign II. It is nevertheless 


desirable to think of the subscripts as occurring in a definite order, preferably the order 12, 13,---, 
1p, 23,--+, 2p,--+, p—1p. 
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Since the orders of the elements in any U-basis for A are an invariant of 
A, we have, as a corollary, 


THEOREM II. The orders of the elements in any U-basis for G are the in- 
variants p2,---, of A.* 

We now state two theorems which assert the existence of a U-basis for 
any G. 


THEOREM III. If G is an w-group and A,,--- , A, are the elements of any 
U-basis for A, then A,T;, A2T2,--- , A,T, will constitute a U-basis for G. 


THEOREM IV. If G is any metabelian group of order p™, p>2, and 
A,,:--+, A, constitute a primary U-basis for A, then a U-basis for G is given 
by the elements A,T;, A2T2,- , A,T,. 


First we state what is meant by the term primary U-basis for A. 

The U-basis Ai, --- , A, is said to be a primary U-basis for A provided 
that for the associated automorphisms 7, - - - , 7, (arising from the equa- 
tion s;=6-*A;=A,T7;) any product T,=7,"T,” - - - T,* can be the identity 
only when the exponent of each T; which is a principal element of Z is di- 
visible by p. For the present we shall assume that A possesses at least one 
primary U-basis; the proof will be given in the following section. 

If Ai,---, A, are any given U-basis for A, then the elements Ai7j, - - - , 
A,T, have the property mentioned in (B) above. In determining whether 
the A,T; constitute a U-basis for G, the investigation, therefore, centers 
upon the equation 


(4) (A,T,)**" = (A,T,)*. 
This equation we may bring into the form 
(S) A = E, 
where 
= zi-vi = 


Vi being 


Tey 
1 


For convenience we shall write z; in place of x;—y; and u; in place of x;++.. 
One easily sees that equation (5) requires 7, = £. Hence (5) reduces to 


* Cf. Hall, loc. cit., p. 90. 
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If (6) is satisfied only by A,=E, then the A;7; will constitute a U-basis 
for G, since A, =E requires z;=0 (mod *). (The A; constitute a U-basis for 
A.) Our objective is to show that when the A; are selected according to the 
hypothesis of Theorem III or of Theorem IV, then (6) can be satisfied only 
by A,=E. 

(i) We assume that there exist certain values for the z; and u; such that 
A, equals y;", where A, is not the identity. Then A, and y, must be of the 
same order. 

(ia) If G is an w-group, then C must be a subgroup of U;(A). We observe 
that each commutator ¥;;“#i in y, arises from 7,“ and the cuiistituent Aji 
of A,. Since no element of a U-basis for A can be in U,(A), one readily sees 
that A, and y, cannot be of the same order. For an w-group, therefore, any 
U-basis of A leads to a U-basis for G. 

(ib) Suppose that G is not an w-group. We now assume that A;,---, A, 
are the elements of a primary U-basis for A. We wish to show that the as- 
sumption 


(7) A,=y77',A.# E, 


is an impossible one. 

As an element of A, each y;; can be expressed in the form A,*:A,: - - - A,r, 
If the exponent of every ;; in 7, is divisible by p* (but not by p*+), then 
each exponent z; in A, must be divisible by p*. In this case there must exist 
an element A, in A, whose order does not exceed p*, such that A.A, equals 
y-*1, where z; is p*z/, while A, and yy, are derived from A, and 7, respec- 
tively by substituting z2/ for z;, leaving wu; unchanged. Then at least one of the 
exponents in y,- will be prime to ~. As we shall see, the argument is unaf- 
fected by the presence of the factor Aq, since A, is of lower order than A,. 
We shall, therefore, assume that in equation (7) the exponent of one of the 
sj, say Of Yas“e%, is prime to p. Then A, must be a principal element of A. 
Since A,% occurs in yz1, some constituent of 772, Say Yea“e'¢, must contain A,’, 
where \ is some exponent prime to ~. Obviously u,zqg must be prime to #, 
and y-a must be a principal element of A. Consequently Tz must be a 
principal element of H. 

We recall that equation (5) is possible only when 


- - T,* is the identity. 


But the assumption that A:,---, A, are a primary U-basis and the con- 
clusion above that z4 must be prime to # are clearly incompatible. In the case 
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of a primary U-basis A,, - - - , A,, the assumption (i) can never be realized. 
This completes our demonstration of Theorem IV. 

10. Theorem IV of §9 is clearly of little value unless we prove that A 
contains a primary U-basis. We indicate a method for constructing a pri- 
mary U-basis, starting with any U-basis A:, --- , A, of A. The order of A; 
is of course p*s; we assume the inequalities 6;,=6:= --- 26,. 

It is a well known fact that the r elements 
(1) Aji = A Sir (¢=1,2,---,r) 
will constitute a U-basis for A, provided that the a,; are any integers for 
which (a) the determinant |a,;| is prime to p, and (b) a; is divisible by 
p*'i-*i for i>7. We propose to determine the a;; so that A/,---, A, will be 
a primary U-basis for A. 

If the 7,’s satisfy no relation of the form 
(2) TMT*®---TM=E 


in which a ) is prime to #, then the initial U-basis Ai, - - - , A, will be a pri- 
mary U-basis. In the contrary case, let \,. be the first \ in the sequence 
Xu, Az, «+ - which is prime to p, taking into account the totality of relations 
of type (2). If T. is the identity, we eliminate 7, from every relation of 
type (2) and proceed to the next \ which is prime to p. If not, we replace A. 


(in the set Aj, ---,A,) by 
A,= Ax AY. 


Then for the permutation 7, of H which is associated with A,’ we shall have 
the equation 


where Ai, -- - , Aas are all divisible by ». From the remaining relations of 
type (2) we eliminate by means of the equation 
' arranging, of course, the elements in each new relation according to the se- 
quence 7;, T2,---, Ta-1, If none of the exponents in these new 
relations is prime to ~, our process is at an end; otherwise, we proceed as 
before until we eventually determine a set of elements A/,--- , A; for 
which a certain of the T’”’s, say T./, T.J,--- , T.,', constitute a set of 
1.G.0. for H, while each of the remaining 7’’s is of the form 


That A/,---, A, constitute a U-basis for A is obvious from the fact that 
|a;;| equals \.AJ/ ---, while d., AJ, - - - are all prime to p. (See (a) above; 
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the elements below the main diagonal in | a,;| are all zeros.) 

From Theorems I and III of §9, in connection with the equation ¢; = 0*s,, 
we know that for every w-group the elements of a U-basis for G correspond 
to the elements of a U-basis for A, and conversely. That this correspondence 
is not necessarily a reciprocal one when G is not an w-group is clear from the 
following example. 

Let G be the metabelian group defined by the relations 


SP = SP = SP = E, = S250, S180 = SoS1, S280 = SoSe. 


Let a be the smallest positive root of the congruence 22+1=0 (mod #). By 
an easy computation we can show that A; =5,5;*, A2=52S;°, 
constitute a U-basis for A. But A17;, A2T2, AsT3 do not constitute a U-basis 
for G, since A,=(A:7T;)"(A2T2)*(As73)* is the identity for m=xm=23 
(mod #). In fact, for (mod ), Az reduces to 
which is clearly the identity. 


PROPERTIES ASSOCIATED WITH A GIVEN BASIS 


11. Having demonstrated the occurrence in G of each of the four types 
of bases, we now propose to develop certain “non-invariant” properties 
which are associated with a particular choice of a basis for G. From this 
point on, the letters 6;, Bs, - - - , 8, shall represent a special kind of B-basis, 
namely an MB-basis, which we define in the following manner: With every 
B-basis of G there is associated a number x, which equals the sum of the orders 
of the elements in this B-basis. Those B-bases for which x is a minimum in 
G we shall call MB-bases. 

Let the elements of any M B-basis be denoted by (i, Bs, - - - , 8., of orders 
pu, p™ respectively, where m2=72=--- =n. We know that every 
operation of G can be represented in the form 8/ =8.c, where 8, equals 
B17iB2% - - - B,*», while c is some element of C. Furthermore, we know that 
the order of 8, is the order of its constituent 6,;*: of highest order. We now prove 
a result which is of great importance in the following development of the 
theory. 


THEOREM I. Jf 8, is a principal element of G, then the order of BZ is the 
order of that one of its constituents B:"1, B22, - - - , Bn», c which is of highest order. 


The theorem is clearly true when 8, and c are of unequal orders. So we 
assume that 8, and c are both of order p*, while 82 is of order p, b<a. For 
the purpose of demonstrating the impossibility of the inequality }<a, it is 
permissible to assume that (a) among all the products 8, =8yc of a principal 
element of G into an element of C where 6,' is of lower order than By, there is 
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none whose order is less than p. 

Let x, be the first one of the exponents %, x2, - - - , x, in 8, which is prime 
to p. We wish to show that by replacing in our given MB-basis the element 
8. by 62, we shall obtain a B-basis. Since the sum of the orders of the ele- 
ments in this new basis will be less than 2px, i=1, 2,--- , m, we shall 
arrive at a contradiction, since 2p% is a minimum in G. 

Now fi, - + , Ba-1, Bast, , Bn Will generate G. Hence we have only 
to prove that 8, = where is BY: - - requires that each 
d be divisible by the order of the element to which it belongs. If \, is divisible 
by /’, then there is nothing to prove. So we assume that #4, the highest power 
of which divides is less than p. 

In fy we replace 8? by 6.¢ and bring the result into the form 6,’ =B)a*1 
‘Bata: - + B,\nta*nc'aé, where é is a product of commutators, each of whose 
exponents is divisible by \.. Let * be the highest power of p that divides 
every exponent in §,’. Clearly e is not greater than d. 

Now we can find in G an operation 8/ =,c’, where 8, is a principal ele- 
ment 6;*182* - - - 8," in G, such that B/?° equals By (see (d) of §1). The order 
of 8, is clearly greater than p*; the order of 8 is p*, since 8, is the identity. 
This, however, involves a contradiction of assumption (a), since e is less 
than 6. We conclude, therefore, that d must equal b. This completes the 
demonstration of Theorem I. 


THEOREM II. If an operation s of G can be represented in the form B., where 
each exponent x; is a least positive residue modulo pi, then the x,;’s are uniquely 
determined. 


Suppose that s is given by 8, and also by By, where By is Bi%1B2¥ - - - B,¥. 
Then 8, =f, leads to 8.8,-!=£. This latter equation can be reduced to the 
form 8,-,C,-y=E, where is - - and is] [ic 2, 
c;; being 6718,6,8;". Our theorem will follow if we can show that 6,_, must 
be the identity, since 6,_,= EZ requires x;—y;=0 (mod p*). 

Suppose that 6,_, is not the identity. Then each exponent in 6,_, must 
be divisible by »; otherwise, 8,_, could not be in the ¢-subgroup of G. Let p- 
be the highest power of p that divides every x;—¥;. Since every exponent in 
Cz-y contains one of the x;—+,;, we can find in G an operation B/ =8,c’ 
=B,"16,': - - - B,**c’, such that 8, is a principal element of G, and such that 
is B,-4Cz-y. Since the order of 6, exceeds this leads to a contradiction 
of Theorem I. Hence 6,_, must be the identity. 


THEOREM III. If G is an w-group, then every B-basis is a U-basis, and con- 
versely. 
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To prove the “conversely” we need only to show that the elements 
P,, P2,---, P,of a U-basis constitute a set of I.G.0. for G. The ¢-subgroup 
of an w-group is Clearly a product - - - can be a pth power 
in G only when each d is divisible by p. 

To prove the first part of our theorem we make use of Theorem IV of §6. 
Knowing that we can express every operation s of G in the form 
- - - where fi, Bs, --- , Bx are a B-basis for G, we have only 
to show that s is uniquely represented by 8,, whenever the exponents x; are 
least positive residues. 

In the proof of Theorem IT above we use the assumption that fi, - - - , Bn 
are an MB-basis in order to show that 8, =, requires 8,_,=£. But if G is 
an w-group, we can prove this without requiring that the #’s constitute an 
MB-basis. If Bz, - - , are simply a B-basis, then 8,_,=£ will hold only 
when each x;—¥; is divisible by the order of the 8; to which it belongs. In the 
case of an w-group every commutator can be expressed in the form 
- - From this we see that and ¢,_, (in Theorem II) can 
never be of the same order unless each is the identity. That is, if G is an 
w-group, then in Theorem II we may replace our assumption that 
B1, B2,--- , Bx are an MB-basis by the weaker assumption that they are a 
B-basis. 

From this modified form of Theorem II we see that the elements 
Bi, Bz, --- , Bn Satisfy the requirements (A) and (C) of §9 and accordingly 
constitute a U-basis for G. 


THEOREM IV. If G is an w-group, then every B-basis is an MB-basis. 


This follows directly from Theorem III, since the orders of the elements 
of a U-basis are an invariant of G. 


THEOREM V. The orders of the elements in any MB-basis for G are an in- 
variant of G. 


When G is an w-group, this follows directly from Theorem III. We let 
Bi, Be, -- , Bn, Of orders p, ps,---, p™ respectively, and BY, BY,---, Bx, 
of orders p%, ~%:,---, p%, be any two MB-bases for G. We may assume 
the inequalities =n, and =>--- Now m and ni 
must be equal. Let 7 be the first one of the 7’’s which differs from its cor- 
responding 7, and let 7,’ be less than 7,. Now the elements 6/,--- , By 
can be expressed in terms of the 6’s by means of the equations 
(1) Bi = - - - Biting; (i = 1, 2, n) 
where ¢, - - - , ¢, are elements of C. Since the 6’’s are a set of I.G.O. for G, it 
is obvious that the determinant | a,;| must be prime to p. Since the order of 
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B.! is pra’, either (b) @a1, * are divisible by puta’, +, plata’ 
respectively, or (c) the order of 8;%182%2 - - - B,%en exceeds the order of 6,’ . 
In case (b), the determinant | a;;| would be divisible by », while in case (c), 
we should have a contradiction of Theorem I. Consequently, 7,’ must equal 
ni, for i=1,2,---,m. 

To our list of invariants in §6 we may add the invariants p, p,---, p™. 
Obviously 7; equals 6;. That these invariants coincide with a certain m of the 
invariants p*:, p's, - - - , p*r is a consequence of the following result. 


THEOREM VI. By the addition of a certain r—n terms every MB-basis can 
be extended to a U-basis for G. 


For w-groups the theorem is trivial. We therefore assume that G is not 
an w-group. 

(i) We first show that A2=0%B2,--- , An=0°8, constitute a 
U-basis for the subgroup A’ of A which they generate. 

(ii) Next we show that we can select from A a certain r—n elements 
Ans, such that --- , A, will constitute a U-basis for A. 

(iii) Finally, we prove that 6-*A,, - - - , @-*A, constitute a U-basis for G. 

Proof of (i). We have only to show that the equation 


(2) AMA... AD = E 


holds only for A; divisible by ps. Now 6°68; equals 6;S;*, where S; transforms 
G according to 8;. In (2) we replace each A; by 6,;S,* and bring the result into 
the form 
(3) --- BMT] = E, 

i<i 
where ¢;; is 

Now - - - cannot be in unless each is divisible by p. 
Consequently, every exponent ad,;A; must be divisible by 7. Evidently 
By: - - - 8,» must be the identity, if equation (3) is to hold. Since the 6’s are 
an MB-basis, each \; must be divisible by ps. Since the order of A; is p%, 
we see that A’ is the direct product of {A,}, {As}, etc. 

Proof of (ii). We write A in cosets with respect to A’. Let Qi, Qe, ---, Qu, 
of orders ph, pis, ---, pt,, be any U-basis for A/A’.* We wish to show that 
the coset of A which corresponds to Q;, 7 =1, 2, - - -, i, contains an operation 
of order pi. 


* One sees that A/A’ and C/C, have the same number of invariants. Furthermore, equals 
r—n (see §6). 
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Now this coset contains an element c; of C which is a principal element of 
C and is not in U;(A). If c; is of order pi, then we denote it by the letter 
A,,; and add it to the set A, -- -,A,. If not, then there must exist an equa- 
tion 


(4) chi = A, bn)? 


where the element in the parenthesis is a principal element of A’. We propose 
to show that must exceed {;. We replace, in (4), each A; by 8;S;*. We may 
then bring (4) into the form 

(It is clear that (S,*: - - - S,*»)»® must be the identity.) If £ is not greater 
than ¢;, we can determine an c’ in C such that By: - - - 
will be of order p§. Since B;':8,": - - - B,*= is a principal element of G whose 
order exceeds p', we have a contradiction of Theorem I. For the element 
Anz; we may therefore take A abn) Obviously the r 
elements A;,---,An, constitute a U-basis for A. 

Proof of (iii). Let 71, T2, - - - , T, be the permutations of H which corre- 
spond by means of the equation s;=@-%; to A1,---, A, as determined in 
(i) and (ii) above. From the manner of selection for Ai, A2z,---, A, it is 
clear that no 7,4; can be a principal element of H (observe the inequality 
£>f{; above). Again, every product A%-+A**# - - - A*r must be in ®(G). 

Now the equation 


can be brought into the form 


where 6, is in ®(G). We know that (7) can exist only if each x;—¥,, 
i=1,---,m, is divisible by ». We also know that (6) requires that the T’s 
satisfy the equation 


Consequently, in the particular equation (8) which arises from a given equa- 
tion (6) the exponent of every T which is a principal element in H must be 
divisible by p.* Hence the proof of Theorem IV in §9 is applicable to the 
U-basis Ai, - - - , A,, as determined in (i) and (ii) above. Having proved that 

*In the hypothesis of Theorem IV in §9 we demanded this property of every equation 


T,"- - - T,#7=E. Obviously it is sufficient to require it only for that particular equation which arises 
from equation (5) of §9. 
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AiT,, - - -,A,T, constitute a U-basis for G, our demonstration of Theorem VI 
is at an end. It is, of course, obvious that the orders of the A;7;, viz., 
pr, pr, pm, ph,---, do not, in this sequence, necessarily coincide 
with p:,---, pr respectively. 

We now mention two theorems, which are rather obvious consequences 
of the definition of a U-basis. 


THEOREM VII. If P;, Po, ---, P, are any U-basis for G, then the order of 
P,=P\=P. - - - P is the order of its constituent Pj of highest order. 


THeoreM VIII. Jf P.,, Ps, are the elements P,, P2,--- , P, above 
written in any arbitrary sequence, then each element of G can be expressed uniquely 
in the form P,,*P,,*:-- + P,,, where each exponent is a least positive residue 
modulo the order of the element to which it belongs. 


The proofs are easily supplied. 
We now prove the complement to Theorem VI. 


THEOREM IX. Let P;, P2,---, P, be any U-basis for G. Any n elements 
P,,, Ps +++, Pon (of this U-basis) which generate G will constitute an MB- 
basis for G. 


Since P;, --- , P, generate G, it is obvious that a certain n of them, say 
P,,,- ++, Ps,, will constitute a set of I.G.O. for G. Let the orders of these be 
m2n 2 Let Bi, By ---, Bn, of orders 
pr, pr, m2m= be any MB-basis for G. Our theorem 
will follow if we can show that »/ must equal 7, 7=2, 3,---, m, since 
P,,,: P.,, constitute at least a B-basis. 

Now each f;, i=1, 2,---, m, can be expressed in the form 
- - - P,,%nmc;, where c; is some element of C. Suppose that 
is the first of the 7”’s, in the sequence n/, n3,---, 7, which differs from 
its corresponding 7. Since ,/ cannot be less than ya, we take nz >a. Now 
|a,;| must be prime to (see proof of Theorem V). Hence at least one of the 
exponents G41, Giz, - - - , din in every 8; must be prime to p. So we take aa 
prime to p. As an element of G, c; can be expressed uniquely in the form 
P,,P,,,,70 (see Theorem VIII). In this expression each 
- - - ,m, is divisible by since no product P,,4P,,% - - - P,,% can be 
in C unless each y; is divisible by ~. We can therefore express 6; in the form 


From this we see that the order of 8; is at least equal to the order of P,,, 


which is m (see Theorem VII). Consequently, for i>j, a;; must be divisible 
by p¥’-%. Taking i=a, we see that @a1, a2, * * , daa Must be divisible by 
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punta, - , pta’—"a respectively. But for n/ this would lead to 
|a;;] =0 (mod p). Hence the assumption 7/ >7_ is impossible, and the ele- 
ments P,,, P,,,-- +, P., must constitute an MB-basis for G. 


DEFINING RELATIONS FOR G 


12. In this section we shall develop a compact set of abstract defining re- 
lations for G which arise from the elements P,, P2, - - - , P, of a given U-basis 
for G. 

As before, we denote the orders of P:, P2, - - - by ph, ps, ---. We de- 
fine the symbol R,«(q) to be the least positive residue of g modulo p*. Again, 
by the symbol R[P: - - - P,**]—in short, R[P.|—we mean the result ob- 


tained by replacing each exponent x; by its least positive residue modulo p%. 
That is, 


(1) P| 


is the product of r terms P*, where R;=R,*,(x;). Let P;; be defined by the 
equation P;;=P;-!P;P;P;-', and let p*ii denote the order of P;;. We know that 
each P;; can be represented uniquely in the form 


(2) Py; = pri... PPrii, 


where the exponents are least positive residues. Although every P;; is invari- 


ant in G, the constituents P,'aij need not be separately invariant under G. 
We know, however, that the order of Pi“! 
is less than the order of P;;. From this fact we see that by using equations 
(2) we can ultimately bring any product P,P, (where the x’s and y’s are arbi- 
trary integers) into the form P, =P,’ P,”’ - - - P,*’. For instance, the first 
step in this reduction is to bring P,P, into the form 


Pit... PrtwTT Pzjvs, 
i<j 

Now P, and P, are operations of G, whether or not we regard the x’s 
and y’s as least positive residues. But if we wish to obtain a unique represen- 
tation for each operation of G, we must obviously replace P, by R[P.]. In 
view of the inequalities 6;;<6,, 5;;<45;, it is clearly a matter of indifference, 
in bringing P,P, into the form R[P.-], whether we reduce exponents after 
each step (after adding together x; and ¥,, for instance) or whether we make 
only a single reduction,—on the exponents of P,,. Let us adopt this latter 
point of view with the proviso that in the course of bringing P,P, into the 
form P, we drop out all elements P}« for which the exponent \,; is for- 
mally divisible by p*, i=1, 2,---,7. This, of course, amounts to treating 
the x’s and y’s as unknowns during the process of constructing P,. We see, 
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therefore, that the exponents of P,, can be given in terms of the x’s and y’s 
by the equations x/ =x;+yi+fi(m, ---, 2,---, 7, 
where f; is either identically zero or a rational integral function of the x’s 
and y’s, each term of which is at least of the first degree in both x and y. In 
view of the congruence x°°* “-Y =1 (mod p%), we may assume that the 
exponent of each x or y in f; does not exceed p'-'(p—1). Let us write P,, 
for R[P.-|. Then the exponents of P,, are given by the equations 


Now each of the p” operations R[P.] of G is completely characterized by 

the exponents 

R,Ai(x;) G= 1, 2,- 7). 
Consequently, G is completely defined by the r numbers p4, p%, ---, p* 
and the equations (3) above. One readily sees that the form of the functions 
f; depends, in general, upon the particular U-basis P, P2, - - - , P, which we 
select. 

If each component x; in the vector 1, =(%1, x2, - - - , x,) is a least positive 
residue modulo p*, then v, has p” distinct values. Now equations (3) associ- 
ate with any two vectors v, and v, a unique product v, =v,0y. It is clear that 
under the law of multiplication defined by (3) those p” vectors constitute a 
representation of G. Under the multiplication defined by 

w; = + yi) 
they constitute a representation of A. The “divergence” of G from its con- 
formal abelian group is measured, so to speak, by the r functions f;. 

It is worthwhile to mention two other representations of G which arise 
from equations (3). If in (3) we hold the y’s fixed and let the x’s range over 
all permissible values (i.e., least positive residues), then there is defined a 
regular permutation (9) of the p™ vectors. So we may regard (3) as defining 
a representation of G as a regular permutation group G,. 

If in (3) we regard the x’s as unknowns and the y’s as residues, then for a 
given set of values y:, - - - , y, there is defined a transformation ry, which is 
not necessarily linear. That is, (3) gives rise to a representation of G as a 
congruence group G,. It is a simple task to verify the fact that G, and G, are 
simply isomorphic under the correspondence 


v 
~T;'. 


* The x’s and »’s in equations (3) are to be regarded as unknowns; this point of view is essential 
for certain interpretations of (3) which we shall mention later. Of course in the computation above 
we are concerned only with values of the x’s and y’s which are least positive residues. 
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13. In §12 we indicated a means for constructing a set of defining rela- 
tions for G, starting from a given U-basis for G. In §13 we set ourselves a 
similar task, with reference to the operations of a given MB-basis. First, 
however, we shall prove the following “existence” theorem. 


THEOREM I. Let B,, Bz, - - - , B, be n operations which satisfy the following 
conditions and no others: 
(1) the order of B; is pi, i=1,2,---,n; 
(2) the order of B;; is p%i, where B;; is B7'B;B;B;'; 
(3) S053 
(4) i, 7, R=1, 2, +--+, 0; the symbols* n, nj. are arbitrary, 
but fixed, positive integers. Then Bi, B2,---, B, will generate a metabelian 
(or abelian) group F, whose order is p*+1;k, 


It is, of course, permissible to assume 7; >0. If F exists, then the B; plus 
those By which are not the identity will surely constitute a U-basis for F. 
This suggests the introduction of the vector 


= (x1, Xn, “12, Xin; %23, Xen, Senta), 


where the x; and the xj, 7<k, are least positive residues modulis p% and 
respectively.t The symbol v, has »+n(n—1)/2 components (each com- 


ponent for which 7, is zero is represented by a zero); two symbols are to be 
regarded as distinct unless their components are identical. We readily see 
that v, has p*%+*% distinct values. We propose to show that the symbols 2, 
constitute a group of this order, under the law of multiplication given by 
V»=V,Vy, Where the components of v, are defined by 


wv; = (x5 + (i 1, 2, n); 


(S) 
Wie = + Yin + =1,---,m;k =2,---,n;j < hk). 


We outline a method for proving that the four group-postulates are satis- 
fied. Obviously (5) associates with any two symbols v, and 2, a unique prod- 
uct 2; from (3) it is easy to show that multiplication is associative. The 
element vo, for which every component is a zero, has the characteristic prop- 
erty of an identity: i.e., 27,=v.00=v:. By computation, we find that the 
components of (v,)* are given by 


AA — 1 


* We justify this choice of symbols on the grounds that the B,’s will ultimately be identified 
with the elements of an M B-basis for a given G. 

t From (2) and (4) it follows that B;; must equal B;=1; consequently nj equals n;;. For xjx, ac- 
cordingly, we are justified in assuming j<k. 
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From (6) we see that (v,)"* equals vo, where 7, is the smallest positive integer 
satisfying the simultaneous congruences n,x;=0 (mod %); n.*,,=0 (mod 
prix). The results of this paragraph show that the symbols v, constitute a 
group. 

To show that this group is metabelian (or abelian) we construct 
v, =vzv,0,0,'. Its components are given by 


(7) = 0,7=1,2,---,m; = — 


By referring to (5) we readily see that the commutator 2, is commutative with 
every 2:2. 

It remains to associate the symbols B; and By with the symbols v,. We 
define v;,i=1, 2,---, m, to be that vector for which the component ~; is 
1 while the remaining components are zeros. We define 7, as that vector for 
which the component x, is 1 while the remaining components are zeros. From 
(6) it follows that the order of each 2; is p%, while the order of each v,, is 
pik. From (7) we observe that v;, and v7'v,v;! are the same. As symbols, 
therefore, v; and B; are interchangeable; the same is true of v;, and Bj. This 
completes the proof of Theorem I. 

Let us now assume that the numbers 2, 7;, nj, are no longer arbitrary, 
but represent respectively the number of I.G.O., the order of 8;, the order of 
Cix( where Bi, ---, Ba are the elements of a given MB- 
basis for a given metabelian group G. We construct the group F, as in The- 
orem I above. Each of its operations is given uniquely by the symbol 

B, = Bz Bz. Bes Il 
i<i 
where the exponents are least positive residues.* Let y be defined as the opera- 
tion of replacing in B, each B; by 8; and each By, by c;,. That is, ¥(B.) =B,, 
where 8, is 


i<k 


We know that every operation of G is representable (although not necessarily 
uniquely) in the form 8,. 

We state without proof two results, whose verification presents no diffi- 
culty: (a) the number of formally distinct representations of a given element 
o of G in the form 8, equals the number of formally distinct representations 
of the identity of G; (b) the operation y defines an isomorphism of F with G. 
Let F; denote that subgroup of F which corresponds to the identity of G in 

* We agree always to write the factors of I1B;;7si in the same order, although the particular 


order which we adopt is clearly a matter of indifference; we furthermore agree that those Bj for 
which nj, is zero shall not occur in IB, ;7#i. 
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this isomorphism. Of course, G is simply isomorphic with F/F,. 

Let Ni, No, ---, Nn», denote an MB-basis for F;. Of course, each N; is 
representable uniquely in the form 


ik 
i<k 


By applying the operation y to every element of F; we obviously get all the 
formally distinct representations 8,(EZ) of the identity of G. We readily see 
that every relation 8. =£ in G can be derived from the relations 


(9) (i =1,---, m).* 
i<k 


Now the data given by (1), - - - , (4), (9) were determined from the ele- 
ments of a particular MB-basis for G. With these data at hand we are able 
to identify any product of powers of the symbols 8; and c;, with a definite ele- 
ment of G. In this sense, therefore, we may regard (1), - - - , (4) and (9) as 
constituting a set of abstract defining relations for G. 

14. In this section we shall outline a third method for defining G, which 
amounts to a specialization of the procedure developed in §§3-4. The nota- 
tion which we shall employ is the same as that given in §4 and in §9, assum- 
ing, of course, that G is represented as a regular permutation group. 

Let Ai, - - - , A,, of orders p4, - - - , p*, be the elements of any U-basis 
for A, and let A;, be defined by the equation Aj,=T77'A,T7;Az", j, k 
=1,2,---,7. Asan element in A, A;, may be represented in the form 
(1) Aj, = AghAgis Ath 
(the letter 7 in a}, is a superscript, not an exponent). Since each operation 
T; replaces A, by jx, we may represent 7; by the substitution 

A, Aj = Asie, 
(2) 

A! =AphAgh--- 
The matrix of the exponents in (2) we shall call Mj. 

We know that the operation @-¢ (see §3) when applied in turn to each 
element of A yields all the operations of G. In particular, 

0-°A --- is T,**). 

* In connection with the various representations 6,(E) of the identity of G, which we may de- 

note by f,’c,”, where 
By’ = + and = ik, 


it is of some interest to note that the order of 8,’ cannot exceed the order of cy”. If 8,’cy” is one of the 
m elements ¥(N;), i=1, 2, - - - , m, then either 8,’ is the identity or 6,’ and .y” are of the same order. 


4 
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Since each 7; is completely characterized by its matrix M;, it follows that G 
is defined by the orders of Ai, As, - - - , Ay, the exponents in the r matrices 
M,, Mz, - - , M,, and the operation 6-*.* 
From the known properties of G we may state certain necessary condi- 
tions which the elements of M; must fulfill. Since 
(3’) the order of 7; divides the order of A,, 
(3) each aj is divisible by p*-* for i>k; 
since 
(4’) every A; is commutative with every T;, 
(4) >°a},aj, must be a multiple of p* where j, k,l, u, v range independently 
from 1 to r. From the equality 
(5’) Ajx=Aj;" 
we obtain 
(5) (mod p*:), u,v, /=1,2,---,7. 
As a special case of (5) we have 
(6) a;;=0 (mod i,j=1, 
which may be derived immediately from the fact that 
(6’) T; is commutative with A;,i=1,2,---,r. 
From the conclusions of the paragraph above we derive two additional 
results: 
(7) the matrix of the exponents in 7;? is given by 


i i 


i i 
Anx +1 


(8) the matrix for 7,“7.* - - - T,* is given by 


Denn 


The foregoing results, as well as the symbols involved, are based on the 
assumption that we are given a regular permutation group G. The operations 
6 and 7;, as originally defined, have a meaning only when every permutation 


* For this method of defining G it is clearly a matter of indifference whether or not the elements 
0-*A;=A,T; (t=1,2,---,7r) 
constitute a U-basis for G. 


i 
i 
a's 
rl 
k=l k=l 
kel k=l 
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of G is regarded as known. We wish to reinterpret the operations 7; quite 
apart from the assumed existence of G, under the sole assumption that 
Ai, - +--+, A,are a U-basis for a given abstract abelian group A. (We do not 
think of A as having any particular concrete representation.) As above, we 
shall denote the orders of - --, A, by - --, p* respectively. 

We now define 7;, 7=1,---, 7, to be the substitution A;>A/,---, 
A,—A}, which is given by (2) above. For this substitution to define an auto- 
morphism of A, it is necessary and sufficient that the r? elements a}, be in- 
tegers which satisfy the following two conditions: (a) the determinant | M,| 
of M; is prime to p; (b) for7>k, ai, is divisible by p**-*, Let us assume that 
the elements of M; have any integral values which satisfy (3), (4), and (5) 
above. Since (3) and (b) are identical, in order to show that 7; now defines 
an automorphism of A, it is sufficient to prove that | M;| is prime to p. This 
we can derive as a consequence of (4). Or, from (7), which was derived from 
(4), we see that some power of M; is the identity matrix, whence | M;| must 
surely be prime to p. As a consequence of these restrictions which we have 
imposed on the elements of M;, it follows that the operations 7), - - - , T, 
may be interpreted as automorphisms of A. 

In the course of verifying that (3) follows from (3’), (4) from (4’), (5) 
from (5’) it becomes evident that these three statements are reversible, in 
the sense that (3’), (4’), (5’) as a whole follow from (3), (4), (5). Therefore, 
the r automorphisms 7, T2, - - - , T, generate an abelian group, and A is 
isomorphic with this abelian group under the correspondence defined by 


(9) A,~T; (¢=1,2,---,7). 


By applying the theorem in the second footnote to §4, we conclude that the 
products A,T,, where 


Azis A, and Tz is - - - 


constitute a group G of order ps. That this group is metabelian follows from 
(4’) and the fact that the commutator subgroup of G is generated by the A jz. 
That G is conformal with A follows from (3’), (6’), and (8). 

We append a rough summary of this section. In the first part we showed 
that for a given G and a given U-basis for A there is determined a set of 
elements for each of the r matrices M;, the elements being uniquely deter- 
mined if we require that each a}, be a least positive residue modulo p*. 
These matrices, together with the orders of A:, - - - , A,, define G, since each 
element of G can be given in the form A,T,. We enumerated certain neces- 
sary conditions which the elements of these matrices must satisfy. In the 
second part of this section we proved that these “necessary conditions” are 
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“sufficient,” in the sense that any choice of elements for M; which is consist- 
ent with these conditions will give rise to an automorphism 7; of A, while the 
totality of distinct products A.J, will constitute a metabelian group con- 
formal with A. This latter part of §14 represents a refinement of the pro- 
cedure given in §4. The problem of constructing all metabelian groups which 
are conformal with a given abelian group A is therefore reduced to the prob- 
lem of determining all possible sets of elements a}, which satisfy conditions 
(3), (4), and (5) above.* 

15. In this section we shall outline a method for constructing a repre- 
sentation of G as a linear congruence group. No proofs will be given, since the 
demonstrations in every instance follow obvious and familiar lines. We as- 
sume that G is given as a regular permutation group, and we assume that 
A;,--+, A, are any primary U-basis for A. Then the elements in the r 
matrices M; (see §14) are determined; with no loss of generality, we may as- 
sume that each a’, is a least positive residue modulo p*. 

Now the permutation A, may be represented by the symbol 


Af cece 


Since 7; is commutative with A,, we may designate 7; by the symbol 


Ar ) 

Aw Agin--- 

where A?/, ---, A; are defined by (2) of §14. The product A:7; is given by 
Af 

(1) ( ). 
Aytt! Aja... 


In (1) we replace A, - - - , A? by their equivalents from (2) of §14 and bring 
the result into the form 


Ag oes As 
(2) 
Ay eee Ay 


Now the permutation A,7; is completely characterized by the exponents in 
(2) above. Hence A;7; is defined by the linear substitution 


= 2; + ante + +--+ + ant, +1 (mod 


(3) = + + (mod p*?), 


s! + + (Or + (mod p*). 


* We naturally restrict our choice of the ai, to those which are least positive residues modulo p**. 
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By an analogous procedure we may construct the linear substitutions 
Z2,---, 2, which define A272, - - - , respectively. Since 
A,T, generate G (see Theorem IV of §9), Z:, Zz, - - - , Z, will generate a repre- 
sentation of G as a linear congruence group. 
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A PROBLEM CONCERNING ORTHOGONAL 
POLYNOMIALS* 


BY 
G. SZEGO 


INTRODUCTION 


In his paper Note on the orthogonality of Tchebycheff polynomials on con- 
focal ellipses,t Walsh has obtained a new orthogonality property of the 
Tchebycheff polynomials cos & arc cos z arising by orthogonalization of the 
set 1,2,2?, - - - over the range —1<z<1 with the weight function | 1—2?|-"2, 
Walsh showed that these polynomials have the same orthogonality property 
on all confocal ellipses with the foci at +1 and with the same weight func- 
tion | 1—z*|-!/2. Another example of this kind is the set of concentric circles 
with the weight function 1: the corresponding orthogonal polynomials 1, 
z, 2°, - - - are the same for all curves of this set, provided the common center 
of the circles is at the origin. 

Walsh raised the question whether there exist other pairs of curves with 
suitable weight functions such that the corresponding orthogonal poly- 
nomials would differ only by constant factors. A complete answer to this 
question seems to be rather intricate. The following theorem may furnish 
some indications as to the possibilities to be expected. 


THEOREM 1. Let C; and C2 be two analytic Jordan curves, m(z) and ne(z) 
any corresponding weight functions, positive and continuous, and 


poz), plz), p2(z), px(z), 


a system of polynomials, the exact degree of px(z) being k, simultaneously orthog- 
onal on either of the curves, 


f mle) as| =f 
C1 C: 


Then one of the curves, say C:, must contain the other (C2) and C, is a level 
curve in the conformal mapping of the region outside C2 onto the exterior of a 
circle, the points at infinity corresponding to each other. Further there is an 
analytic function D(z) regular and non-vanishing outside C2, z= © inclusive, 
such that 


* Presented to the Society, December 29, 1934; received by the editors June 29, 1934, 
t Bulletin of the American Matheinatical Society, vol. 40 (1934), pp. 84-88. 
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| D(z) |? = m(z), Cy; lim | D(z) |? = mo(zo), zo on Ca; 


in the second formula Zo is an arbitrary point on C; and z tends to 2 remaining 
in the region outside C2. 


This theorem is valid also under more general assumptions. For the sake 
of simplicity we confine ourselves to analytic curves. The proof is a slight 
extension of a known line of argument used in several papers of the author.* 

The result stated above suggests in a natural way the following 


PROBLEM. To determine all Jordan curves C and all analytic functions D(z) 
regular and non-vanishing outside C, z= © inclusive, possessing the following 
property. Let C, be a level curve in the conformal mapping of the region exterior 
to C onto the region exterior to the circle |w| =ro, the points at infinity correspond- 
ing to each other. The orthogonal polynomials 


po(z), pi(z), px(z), owe 


associated with C, and with the weight function | D(z)|? are independent of r 
forr>ro. In other words it is required that 


f | D(z) pilz) | dz| = 0, 
Cc, 


This problem admits of a complete solution. The present paper is devoted 
to the enumeration of all the types satisfying the condition stated above. 
There are altogether five essentially distinct cases, two of which have been 
already mentioned above. In all these cases a linear transformation of the 
variable z and a multiplication of the weight function by a positive constant 
factor of course are still allowed. The orthogonal polynomials are not neces- 
sarily normalized, the normalizing factor being in general different for dif- 
ferent curves C,. The five types in question are as follows. 

I. C, is the set of concentric circles | z| =r, r >0; 


D(z) = 1, pe(z) = 2*. 
II. C, is the set of concentric circles |z| =r, r>1; 
D(z) = (1 — z=)", a a positive integer, 
pi(z) = 2*, OS k <a; pr(z) = 2 — 1), 
* Beitrage zur Theorie der Toeplitzschen Formen, II, Mathematische Zeitschrift, vol. 9 (1921), 


pp. 167-190, especially p. 178; Uber orthogonale Polynome, die zu einer gegebenen Kurve der komplexen 
Ebene gehiren, Ibidem, vol. 9 (1921), pp. 218-270, especially pp. 260-262. 
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III. C, is the set of confocal ellipses with foci at +1; 
D(z) = + — 1)1/2} 1/2(g2 {3(1 w-2)}-1/2, 


plz) = wt t+ 2=wtw, |w| =r > 1. 


IV. C, is the same set as in ITI; 
D(z) = {z + (22 — 1)1/2}—1/2(g2 — 1)'/4 = {3(1 w-2)} 1/2, 
= (wt! — w*")/(w — 


where w is the same as in ITI. 
V. C, is the same as in ITI; 


D(z) = (2 — 1)"4(z + = (1 — 1/201 + 
= (wet? — /(wi/2 — 


It should be observed that Tchebycheff polynomials III, in addition to 
the property discussed here, have another analogous one, viz. that they mini- 
mize the max|z*+a,2*-14+ ---| on all the ellipses defined above. This 
property which was pointed out by Faber,* is analogous to that obtained by 
Walsh. Our line of argument given in §I applies without difficulty to Tcheby- 
cheff polynomials minimizing the max n(z)|z*+a:z*-!+ - - - | on prescribed 
curves, n(z) being a given weight function, positive and continuous; thus for 
this problem we are lead to a theorem analogous to Theorem 1. 

In §I we prove Theorem 1 concerning the question raised by Walsh. §II 
contains a short discussion of the polynomials enumerated under I-V, par- 
ticularly with respect to their orthogonality. In §III we deal with the prin- 
cipal problem and prove that the only possible polynomials orthogonal on 
all level curves of a conformal mapping are those of §II.f 


I. Proor or THEOREM 1 


1. Let us consider an analytic Jordan curve C with a positive and con- 
tinuous weight function m(z). There is no difficulty in showing the existence 
of an analytic function D(z) regular and non-vanishing outside C, z= © 
inclusive, with the boundary property 


lim | D(z) |? = n(zo), 


* G. Faber, Uber Tschebyscheffsche Polynome, Journal fiir Mathematik, vol. 150 (1920), pp. 
79-106, especially pp. 84-86. 

¢ After having completed this paper, I communicated its main results to Professor Walsh who 
kindly informed me that he also obtained the first part of Theorem 1 and proposed precisely the 
same problem as stated above, without discussing it. These results of Walsh will appear in a mono- 
graph of the Mémorial series, Paris, Gauthier-Villars, under the title Approximation by Polynomials 
in the Complex Domain. Nevertheless, for the sake of completeness, we give here a short proof of 
Theorem 1. 
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where Zo denotes an arbitrary point of C and z tends to 2» from the exterior 
of C. The function D(z) is completely determined up to a factor of the ab- 
solute value 1. 

The proof of this statement can be based on the conformal mapping of the 
region outside C onto the region outside the unit circle | w| =1, the points at 
infinity corresponding to each other. The mapping function and its inverse, 

z= g(w) = gwt+ got 
w= (2) 
are uniquely determined under the assumption g>0. We write 
D[g(w)] = A(w), | w| > 1; m[g(w)] = v(w), | w| = 1. 
Then the function A(w) must satisfy the following condition: 


lim | A(w) |? = v(wo); | wo| = 1, | w| > 1, 


from which it can be computed by means of the Poisson integral 
w+ 
w 


2 log A(w) = f log v(e**) 


2. Let p:(2)=p.2*+ - - - denote the orthogonal polynomials associated 
with C and with the weight function (z), the normalization being arbitrary. 
Then it is known* that the minimum p? of the integral 


Cc 


over the set of polynomials of degree k and with the highest coefficient 1 is 
attained for the polynomial p;'p;(z). 
We show first that 


(1) im = | D(x). 
Indeed we have 


= min f | A(w) |?| g(w)* + + --- + ax|?| g’(w)|| dw] 


= min (2n)-* f + g(w)/w) 
a,w-*} g’(w)/2|2| dw|, 


* See for example the second paper of the author quoted above, p. 231. 


z 
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where the integrals should be interpreted as the limits of the corresponding 
integrals over the circle | w| =r as r1+0. The function under the absolute 
value sign is regular for | w| >1. Hence, we get a lower estimate for u?, 

| |? = | D(oo) 


An upper estimate for »? can be obtained for instance by using the poly- 
nomials f,(z)=y*z*+ - - - introduced by Faber* as the principal parts of 
the expansions of y(z)*, k=0, 1, 2, - - - . Faber shows by elementary methods 
that 


lim = 1 


is valid uniformly outside a level curve |-y(z)| =p, p<1, provided p is suffi- 
ciently near to 1. Now, as a consequence of the minimal property we have 


< f n(z) | qu(z) ds, 
c 


where q;(z) is an arbitrary polynomial of degree k with the highest coefficient 
1. We put 


qx(z) k = mM, & = 1, 
h=0 


where m and the constants a, are to be specified later. Using the asymptotic 
estimate above of the f,(z) we obtain 


— m 2 
lim lim f n(z)| >> | | do | 
ine 


m 2 
< n(z)| >> | de| 
h=0 


< (2m)! J | | 


We now choose for the polynomial 
> ang-*w-* =i+.--- 
h=0 


the mth partial sum of the power series expansion of the analytic function 
(g/g’(w))*/*(A(@ )/A(w)). 
By taking m sufficiently large the deviation of the last integral above from 


* Loc. cit., p. 83. 


1935] A PROBLEM CONCERNING ORTHOGONAL POLYNOMIALS 201 


| A(co)|? can be made arbitrarily small (Schwarz’s inequality). Thus (1) is 
established. 
3. The following formula is merely another expression of (1): 


lim (2m)~1g-2*-1 f n(z) | pi*px(z) |2| de | 
c 


= f | A(w) lg(w) Je’ (w)/? |2| dw | = | 


On putting 
we may write this as 
im (| |? + | a3 |? + -+-)=0. 


Hence we get, uniformly for | w| 2r,r>1, 


lim (a, w-! + +.--- )=0. 


This yields the asymptotic formula 
(2) Pelz) ~ pug )y(z) 


which is valid uniformly outside an arbitrary level curve C,, r>1. 

This formula shows immediately that the set »,(z) uniquely determines 
the mapping function +(z) as well as the function D(z). The proof of Theorem 
1 is thus complete. 


II. FIVE TYPES OF ORTHOGONAL POLYNOMIALS 


1. It is well known that on an arbitrary circle | z| =r, 


(3) f 


This equation is valid for arbitrary integral values of k and J. 

2. The polynomials listed under II, in the special case a=1, were intro- 
duced by the author.* Their orthogonality may be verified in the following 
manner. On putting |z| =r>1 we have 


f — — 1)|1 — 2 dz | = ef dz| = 0 
|zl=r 


jzl=r 


(RE 1,121, 


* Uber trigonometrische und harmonische Polynome, Mathematische Annalen, vol. 79 (1919), 
pp. 323-339, especially p. 324. 


= 
4 
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Further for k21, z=re**, r>1, 


In the case a>1 the vanishing of the integral for k2=a, 12a, kl can 
be shown in the same way, and is trivial for k<a,1<a, k#l. The only fact 
which still remains to be proved is that for k =a, 1<a, 


gk-agl 
f gk-a(ze — | |-2| dz | = per f do 


— 1 

r t 
pon f (= dd = 0 
which is easily verified. 


3. Type III has been treated by Walsh. The proof can be presented in 
the following simple way. We have 


| dz | w-*)|| dw, 
and for r>1, kl, in view of (3), 


f (w* + w-*)(w! + | dw| = 0. 
|wl—r 


In case IV we have only to show that for k¥/ 


| dw | 


f wet) — — 11 — 
|wl=r 


w— 


1 
(wt — — | dw| = 0, 
|wl—r 


which again follows from (3). 
Finally, in case V, for k #1, 


1 wettl2 — — 


1 — 
2 wil? — w-i/2 w/2 — | | | dw | 


| wl—r 


if we use the equation 


f | dw | = 0 
|wl—r 
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which is valid for arbitrary integral values of & and J, provided k #1. 


III. SOLUTION OF THE PRINCIPAL PROBLEM 
1. With the notation of §I our assumption can be written in the form 


J pelg(w) |pilg(w) ]| A(w)g’(w)*/2|?| dw] = 0, r>1. 


As the first step of the proof we shall derive a power series expansion of 
the form 


(4) 
= + O.(w), 


where \,~0. Let Aw” be the second term of the power series expansion of the 
left-hand member of this formula. By hypothesis, if 0 <m<k, we must have 


f + Aw™+---)Anw™+--- )|dw|=0, r>1. 
|wl=—r 
Here the principal term for large values of r is obviously 
AXm f dw| = 
|wl=r 


Hence A =0 and the desired result follows. By (3) and the orthogonality 
condition we have for k +1, 


|wl—r 


+ f dw] = 0. 
|wl—r 


f Qx(w)Oi(w)|dw| =0, 
| 


Consequently 
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Thus we see that no column Ax, (k=0, 1, 2, - - - ) of the matrix (Aza) (k=0, 
1,2, ---3;A4=1, 2, ---) can contain more than a single element ~0. 
2. Let now |w| >|¢| >1. We consider the function 


(5) G(w, t) = (g(t) — g(w))} 


It is regular for ¢ fixed in | w| >|¢| and has a simple zero at infinity. Therefore 
it admits of a representation of the form 


(6) G(w, t) = + + + 
We shall show that 


(7) f t*G(w, t)dt = Q,(w), | w| >r>i1. 
tj—r 
Indeed the left-hand member is, on account of (4), 


‘(dt — .(t)G(w, 
(2x1) f Qx(t)G(w, #) 


| 
On writing r = g(t) we obtain for the first term 


since z= g(w) is outside C,. The integral of the second term, being taken over 
a large circle |¢| =R, tends to 0 as R--. Thus we get the residue Q,(w). 
An alternative form of this result is 


(8) f t*,(t)dt = (k = 0,1,2,---; h = 1,2,3,--- >. 
| 


3. There is no difficulty in obtaining explicit representations for the func- 
tions ¢,(¢). From (6) we have 


= — 
a(t) = — +const.). 


A direct expansion shows that ¢,(¢) is of the form g’(¢)!/?/A(é) multiplied by a 
polynomial in g(¢) of the exact degree (—1). 

In virtue of (8) and of the remark above concerning the vanishing of the 
Aga in a fixed column, we see at once that the Laurent series expansion of 
¢,(¢) cannot involve more than one negative power of ¢, that is, ¢,(¢) must 
be of the form 


(9) 
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bi? + bo + bt +--+ + bi B>O. 


As a consequence of this ¢2(t)/¢:(¢), hence also g(#), must be rational. This 
function cannot have other poles than 0 and ~ ; otherwise ¢,(#) would have a 
further pole provided / is sufficiently large. Thus we find 


(10) gt) = 


4, On denoting the exact orders of ¢:(¢) and of g(#) at =0 by p anda 
respectively we first assume o =0, that is, 


g(t) = gt + go, dilt) = — = dt? + do. 


This yields types I and II given in the Introduction. 

Next assume o >0. We now distinguish two principal cases. 

(a) Qo(w) is not identically zero, that is, there is at least one coefficient 
don ¥~0. We know by (8) that ¢,(#) has a simple pole at =0. Then, by (9), 


p+(h—1)o = 1. 

Consequently we have to consider the following possibilities: 

h=1, p=1; 

h=2, o=1, p=0. 
Under the first hypothesis we have on account of (4) for k=0, 

= bo + bit, g(t) = co + cat, bo, bi, co, O,~ 
whence 
g’(t) = doco + + bico)t-! + dicit-?, 


so that boc; =0 and 


b? 
g(t) = bocot + bet = + + 
0 


while 
b? 1/2 Co 1/2 bo = b,t-! 1/2 
This is our type V. 
The second hypothesis gives at once 
g(t) = gt t+ gotgit! (g,g1% 0); g’(t)'/2/A(t) = const., 


which is type IV. 
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(b) Qo(w) is identically zero, that is, A(#)g’(¢)!/*=const. Then 
¢i(t) = const. g(t), p=o+1, 


and from (4) for k=1 we find that \,,#0. Consequently ¢,(¢) has a pole at 
t=0 of the exact order 2. Now the exact order of the pole ¢=0 of ¢,(¢) is 


= ho +1. 


For h=o we have o?+1=2, ¢=1, which corresponds to type III. Our proof 
is now complete. 


KGNIGSBERG, Pr. 


CERTAIN CONTACT PROPERTIES OF LINEAR 
SYSTEMS OF HYPERSURFACES* 


BY 
B. C. WONG 


Introduction. The equation 
(1) EfO+EfM 4--- +E =O, 


where the ¢’s are homogeneous parameters and the f’s are homogeneous func- 
tions of degree in the variables xo, x1, --- , represents an © ?’-system, 
| V|, of hypersurfaces of order m in an r-space, S,. Interpreting the ¢’s as the 
homogeneous coordinates of a point of a p-space, 2,, we have a one-to-one 
correspondence between the points of 2, and the hypersurfaces of | V|. 

In this paper we propose to deal with certain contact properties of the 
system |V| and to investigate some of the properties and relations to one 
another of the corresponding loci in 2,. Our results will be generalizations of 
certain results which W. L. Edgef has, in connection with his study of octadic 
surfaces, described for the case r=3, p=2, n=2. We should mention that 
T. R. Hollcroft has derived{ the properties of the curve in the plane 2, of 
the parameters which corresponds to the Jacobian curve of a net of hypersur- 
faces in S,, and in another paper§ those of the surface in the 3-dimensional 
space 2; of the parameters which corresponds to the Jacobian surface of a 
web of surfaces in $3. In neither of these papers, however, has the author 
touched upon the results which we are going to derive. 

In the following we shall, first, describe the general case. This is done in 
§1. Then we shall consider the case r=p=2 in §2 and the case n=2, r=p 
general in §3. Finally, in §4, we shall conclude the paper with a description of 
the results for »=2, r=p=3. 

1. The general case. Let 1, r, p be general. Since for a hypersurface to ac- 
quire a conical point or hypernode is equivalent to one condition, there are 
co *-! hypersurfaces of the system |V| each possessing a hypernode. The 


* Presented to the Society, June 20, 1934, under a slightly different title; received by the editors 
May 2, 1934. 

t Octadic surfaces and plane quartic curves, Proceedings of the London Mathematical Society, 
(2), vol. 34 (1932), pp. 492-525. 

t Nets of manifolds in i dimensions, Annali di Matematica, (4), vol. 5 (1927-1928), pp. 261-267. 

§ The general web of algebraic surfaces of order n and the involution defined by it, these Trans- 
actions, vol. 35 (1933), pp. 855-868. 
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locus of these hypernodes is a (o—1)-dimensional manifold, the Jacobian 
manifold, J”_,, of |V|. Differentiating equation (1) partially with respect 
to x;, we have, writing f; for df/dx,, 


(0) (1) (p) 


The result of eliminating the ¢’s from these equations is 


(0) q) (r) 
to oes tr 
(1) (1) (1) 


fo 


(3) = 0, 


(p) (p) (p) 
hh tr 
which are the equations of /~,. To determine m, notice that the matrix in 
(3) contains p+1 rows and r+1 columns. Then the system of equations 
given by (3) is a restricted system of equations and its order is, the elements 
of the matrix being all of order »—1,* 


Now if we eliminate the x’s from (2), we obtain a result in the form 
A(fo, ,---,&) = 0 
which is of degree 
w= (r+ 1)(m — 1)" 


and therefore represents a hypersurface Af_, of order uw in the p-space ,. 
The points of this hypersurface give the hypersurfaces of | V| that have each 
a hypernode and may be said to correspond one-to-one to the points of J". 

Let us now consider a variety V" of k dimensions in S, and let it be the 
complete intersection of r—k hypersurfaces of orders m, m2,--- , M,-« given 
by the equations 


(4) FY =0,F® =0,---, Fe) =0 
respectively. Then N =m, - - - n,_,. Contact being one condition, there are 


co *-! hypersurfaces of | V| tangent to V" and the locus of the points of con- 


* Salmon, Modern Higher Algebra, 4th edition, Lesson 19. 
t The method of deriving this result is analogous to or an extension of the one described by 
Salmon in his A nalytic Geometry of Three Dimensions, 5th edition, vol. 2, Art. 576. 


[i= 0,1,---,r]. 
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tact is V, itself if k<p and a fil 


if k2p. The equations of ale are the 
equations (4) and 


that is, We is the intersection of V4 and the Jacobian manifold of the hyper- 
surfaces given by (4) and any p+1 independent hypersurfaces of | V|. In 
the above we have written F; for dF /dx;. 

Now to determine the order N’ of V%2;, it is necessary first to determine 
the order of the restricted system of equations M=0. We see that M con- 
tains r—k+p+1 rows and r+1 columns and that the elements f; are all of 
order n—1 and F; are of order n;—1. Therefore, the order of M is* 


k—pt+1 


t=0 


Co = Ao = 1, 


C ( r+i 1)* 


= (m, n) (no (n; — n)v 


where 
=t. 
Therefore, the order of V%, is N times the order of M, that is, 


k—pt1 


Correspondingly, we find that there is a hypersurface ®,”, of order v in 
2, whose points yield the hypersurfaces of | V| tangent to V.¥ and may be 


* Salmon, Modern Higher Algebra, 4th edition, Lesson 19. 


(0) (0) (0) 
fo fi fr | 
q) (1) (1) 
fo fi Se 
po 
where 
q 
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said to correspond to the points of V¥’,. The condition of contact between a 
hypersurface of |V| and V is the vanishing of the tact-invariant which 
involves the coefficients in (1) in the degree v. We have, then,* 


ino \R — 

For k <p, the hypersurface ®,”, is the locus of *(p—k—1)-spaces and, 
for k=p, it is a point locus. As our knowledge of hypersurfaces is still very 
scanty, we find it difficult to describe the ®,”,’s for all values of k<r and 
their relations to one another. We shall, however, content ourselves with a 
few special cases. 

2. The case r=p=2. Now we have a net |c| of curves of order # in an 
x-plane to which correspond the points of a é-plane. The Jacobian curve J™ 
of |c| is of order m=3(n—1) and the corresponding curve A“ in the é-plane 
is of order 1=3(n—1)?. The characteristics of this curve A* are known.f 

Now consider a curve C™ of order m in the x-plane. Here k =1. From re- 
sult (5) we have v =,(m,+2n—3) for the order of the curve I’ in the £-plane 
whose points give the curves of the net tangent to C™. If C™ has d; nodes 
and &, cusps, the quantity 2d,+3h, is to be deducted from the above result. 
Since the points of I’’ and the points of C™ are in one-to-one correspondence, 
the genus of I’ is 


1)(v— 2) 

3(m, — 1)(m — 2) —di — hi, 
where 6 is the number of nodes on I’ and is equal to the number of the curves 
of |c| doubly tangent to C, and « is the number of cusps on I’ and is equal 


to the number of the curves of |c| having each a 3-point contact with C. 
Hence, the characteristics of I’ are 


= n(n, + 2n — 3) — 2d, — 3k1,t 
= we 9) —_ 9) + 1) + d,, 
3n,(n 3) 6d, 8k, 


= nn, 
the last being the class of the curve. 
* Salmon, Analytic Geometry of Three Dimensions, above. 


t See Hollcroft, Nets of manifolds in i dimensions, above. 
t This formula is given in Salmon, Higher Plane Curves, 3d edition, Art. 97. 
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Since the given curve C% meets J™ in mym=3m,(n—1) points, the curve 
I’ touches the corresponding curve 3,(m—1) times and meets it again in 
pv — 6m (n —1) =3m,(n —1)(mn+2n? —5n—m+1) points. This is the number 
of the curves of |c| which possess each a node and are tangent to C. I’ 
touching A* 32,(m—1) times and possessing 5 nodes and x cusps must satisfy 
3m(n—1)+65+2« conditions and the degree of its freedom is }»(y+3) 
— 3m,(n —1) —6—2x which is equal to —d,—2h:, the degree of free- 
dom of C™ in the x-plane. Hence, we have a one-to-one correspondence be- 
tween the curves of the type I’ in the é-plane and all the curves of order m 
for all values of m, in the x-plane. 

For n=r=p=2, we have a net of conics in a plane, the x-plane. Corre- 
sponding to the conics of this net are the points of another plane, the é-plane. 
In the x-plane there is the Jacobian curve, J*, the locus of the vertices of the 
degenerate conics of the net, and in the é-plane there is a cubic curve, A*, 
whose points correspond to the degenerate conics of the net or may be said 
to correspond to the points of the Jacobian J*. The conics of the net which 
are tangent to a given line / of the x-plane are given by the points of a conic 
\? in the é-plane. This conic i? is triply tangent to A*, the points of contact 
being the images of the points on J* in which / intersects it. Thus, we have a 
one-to-one correspondence between the lines of the x-plane and the conics 
triply tangent to A® in the é-plane. Now through a given point A of the x- 
plane pass the conics of a pencil belonging to the net and in the é-plane we 
have a line a. Then, a one-to-one correspondence exists between the points 
of the x-plane and the lines of the é-plane. If A is on /, then a is tangent to \? 
at the point which corresponds to the conic of the net tangent to/ at A. We 
may look for loci of points in the é-plane which yield conics tangent to given 
curves in the x-plane and describe their properties and their relations to one 
another and to the curve A*. But we shall not unnecessarily lengthen our 
work by a discussion of these details here as they can be easily obtained from 
the results above. 

3. The case n =2, r=p general. In this case we have an ©*-system of | Q| 
of quadric hypersurfaces in an r-space S, and correspondingly the points of 
another r-space Z,. The Jacobian of |Q| is a hypersurface J;*; of order r+1 
in S, and the locus of points in 2, corresponding to J7*} is a hypersurface 
also of order r+1. 

Let now an (r—#)-space, S,_:, be given in S, and let its equation be 


G @ 
xo + x =O0 [j = 1,2,---,é#]. 


The condition that a quadric hypersurface of |Q| be tangent to S,-4 is 
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(1) 
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Axo An Aw 
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(#) (t) 
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where A + - as; being the coefficients in the 
equation f” =0 of the Ath quadric hypersurface determining the system 
l@l- The equation above is that of a hypersurface ®/-{*" of order r—#+1 
in 2, whose points correspond to the quadric hypersurfaces of |Q| tangent 
to S,_, We may say that there is a one-to-one correspondence between the 
points of S,_, and the points of #/—{*". 

Suppose ¢=1. Then, to all the *+! hypersurfaces of S, correspond «r+! 
hypersurfaces of the type ®,", in =,. Each such %,", is tangent to A’*} along 
an (r—2)-dimensional variety, 07"3"'"’, of order r(r+1)/2, and the points 
of this contact variety correspond to the points of the section of J/*! by the 
corresponding hyperplane S,_:. 

Now suppose ¢=2 and let S,_2 be in a fixed S,_;. The locus of points in 2, 
corresponding to those quadric hypersurfaces of |Q| tangent to S,-2 is a 
hypersurface ®/—| of order r—1. This #/—} is tangent to A/_, corresponding 
to the fixed S,_, along an (r—2)-dimensional variety 07°7"”” and tangent 
to along an (r—3)-dimensional variety The points of 
@;">"”? correspond to the quadric hypersurfaces of |Q| tangent to S,-: at 
the points of S,2. The points of 5,2 considered as points of S,_, have for 
corresponding points the points of 0/">"”” lying on #{_,. The points of S,_s 
considered as points of contact between S,, and those quadric hypersur- 
faces of |Q| which are tangent to it without being tangent to S,_; have for 
corresponding points the points of Now meets in a Vi55 to 
which correspond the points of 

Let us now consider a series of sub-spaces S,-1, S,-2,-- Srt, , Ss, 
Si, So, each being contained in the preceding one. Then we have a series of 
hypersurfaces in 


r r—1 r—t+l1 3 2 


1 


[the last one being a hyperplane] corresponding to the given sub-spaces re- 
spectively. We see that 


(t) 
(t) 
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is tangent to %,_, alongaQO,,  , 
r—1 r(r—1)/2 


r—t+1 r—t+2 (r—t+2) (r—t+1)/2 


1 ,_ 1 ? 


A general plane in 5, meets A/*t} and all the @’s in a series of curves, an 
(r+1)-ic, an r-ic, - - - , a cubic, a conic, and a line. The (r+1)-ic is touched 
by the r-ic at r(r+1)/2 points, the r-ic by the (r—1)-ic at r(r—1)/2 points, 

- ++, the cubic by the conic at 3 points, and, finally, the conic is touched by 
the line. All these different groups of points of contact are the intersections 
of the plane and the various 9,_.’s. 

Now 


(r—1) (r—2)/2 r(r—1)/2 r(r—1) (r—2)/6 


6 4 
1 


A general 3-space in £, meets the whole configuration consisting of A’*} 


and the ®’s in a configuration consisting of a series of surfaces F’*!, F’, - - - , 
F*, F?, and a plane. The plane is tangent to F? which is a quadric cone along 
a line; F? is tangent to F* which is a four-nodal cubic surface along a twisted 
cubic curve C*; F* is tangent to F*, a quartic symmetroid known to have ten 
conical points, along a sextic curve C* of genus 3; - - - ; F’ is tangent to F’*! 
along a curve C*+¥/2. These curves of contact are the intersections of the 
@,_2’s by the given 3-space. Now the line of contact between the plane and 
F? is tangent to C* at one point, C* is tangent to C® at 4 points, C® is tangent 
to at 10 points, --- , is tangent to at r(r+1)(r—1)/6 
points. These points of contact are the points where the given 3-space meets 
the various 0,_;’s. 

We may continue this process until it terminates. But instead we shall 
exhibit the series of ’s and the different series of 0’s in the following table, 
where for the moment (to simplify typography) we have set 
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m 
(m,n) = ( ). 
n 
Sub-spaces; Corre— 


in S, sponding Varieties of contact 
@’s in 2, 


r+1 r+1 
Ay-1 


Ss 


Si 


So 


In this table any two symbols in the same column (other than the first) 
represent two varieties which touch along a variety whose symbol stands in 
the two diagonals in which the two symbols of the touching varieties lie. 
For example, and touch along along which 
and and also and touch. 


v—2 r—2 
4. The case n =2, r=p=3. We have now a web of quadric surfaces in S3 


whose Jacobian is a quartic surface J;*. The locus of points in 2; correspond- 
ing to J; is a quartic symmetroid A,;‘. A plane f in Ss meets J+ in a quartic 
curve c‘. The points of 23 corresponding to those quadric surfaces of the web 
tangent to f or to the points of f as points of contact form a four-nodal cubic 
surface F* which is tangent to A;* along a sextic curve 0,°. @,° passes through 
the four conical points of F* and its points correspond to the points of c*. 
We have in 2; 0? four-nodal cubic surfaces each having its four nodes lying 
on A; and touching A,‘ along a sextic curve of genus 3. 
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Now take a line / in f. The locus of points in 23 corresponding to the quad- 
ric surfaces of the web tangent to / or to the points of / as points of contact 
is a quadric cone F?. The vertex of F? corresponds to the quadric surface of 
the web passing through / and it lies on F* corresponding to f. The line / 
considered as a line of f has for image a cubic curve 09,’ on F*. F? and F* 
touch along 9,*°. Now @,' and the curve 0,° corresponding to ct common to 
J# and f are tangent at 4 points at which F? and A+ are also tangent. These 
four points correspond to the four points common to c‘ and / in f. F? inter- 
sects A- in an octavic curve with four actual double points and the points of 
this curve give the cones of the web tangent to /. The locus of the vertices 
of these cones is a curve of order 12 on J+ and it also has four actual double 
points. We see that there are ©” quadric cones in 23 corresponding to the »? 
lines of f each of which has its vertex on F* and is tangent to F* along a 
twisted cubic curve passing through the four nodes of F*. Each point of F* 
is the vertex of two-such cones, for a quadric surface of the web containing a 
line of f contains another line of f. 

If we take any curve, say a conic, c*, in f, then the quadric surfaces of the 
web tangent to c? are given by the points of a ruled sextic surface F* in 23. 
This surface F* is, in fact, a developable surface and it is tangent to F* along 
a sextic curve y® whose points yield the quadric surfaces of the web tangent 
to f with the points of contact on c*. Its edge of regression is also a sextic 
curve and the nodal curve is a quartic, the points on the former giving the 
quadric surfaces which osculate c? and the points on the latter giving those 
doubly tangent to c?. If c? happens to be on a quadric surface Q of the web, 
F* is a tangent cone of F* having four nodal and six cuspidal elements and 
its vertex corresponds to Q. In either case, F* is tangent to A;* at 8 points at 
which y° is tangent to 0,°, the curve of contact between F* and A,‘. These 8 
points correspond to the 8 points in which c? meets J++. Now the two surfaces, 
F® and F*, intersect in another sextic curve and the points of this curve yield 
the quadric surfaces of the web which are tangent both to f and to c?. 

Finally, let a point P be given in f. The quadric surfaces of the web pass- 
ing through P form a net and they are given by the points of a plane z in 23. 
If P is on a fixed line / of f, x is tangent to F? along a line which is tangent to 
Q,' at one point. m is tangent to F* at the same point. There are ©! cones of 
the web passing through P and to these cones correspond the points of the 
quartic curve in which 7 meets A;*. The vertices of these cones lie on a sextic 
curve of 
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A BASIS FOR RESIDUAL POLYNOMIALS IN 
n VARIABLES* 


BY 
MARIE LITZINGER 


I. INTRODUCTION 


Kempnerj has established the existence of a basis for residual poly- 
nomials in one variable with respect to a composite modulus. A residual 
polynomial modulo m is by definition a polynomial f(x) with integral coef- 
ficients which is divisible by m for every integral value of x, and a residual 
congruence is written f(x)=0 (mod m). By a basis for a given modulus is 
meant a finite set of residual polynomials ;(x) which fulfills two require- 
ments: (i) every residual polynomial modulo m is expressible as a sum of 
products of p;(x) by polynomials in x with integral coefficients; (ii) no mem- 
ber of the set »;(x) can be written identically equal to a sum of products of 
the remaining members of the set by polynomials in x with integral coef- 
ficients. 

For this work, the following notation is used. The symbol u(d) denotes 
the least positive integer for which d divides yu!. A special set of divisors of 
m is chosen: separate all divisors of m which exceed 1 into groups such that 
u(d) has the same value for all the d’s of a group but different values for the 
d’s of different groups; select the largest d of each group and denote this set 
by ---,d,. Finally, I(u)=x(a—1) - - - when ~x is replaced 
by x;, the product will be designated by II,;(u); I[(1) is interpreted as 1. 
Employing this notation, Dicksonf gave a brief proof of the theorem due to 
Kempner$: 


Every residual polynomial f(x) modulo m is a sum of products of m and 
(m/d;)TI(u(d;)) for i=1, - - - ,s by polynomials in x with integral coefficients. 


In a later paper, Kempner§ considered the problem for m variables. In 
attempting to apply Dickson’s method to the proof of the existence of a 
basis for residual polynomials in more than one variable, I found that Kemp- 
ner had omitted from the set p;(x, - - - , x,) certain residual polynomials in 


* Presented to the Society, February 23, 1935; received by the editors July 8, 1934. 
t These Transactions, vol. 22 (1921), pp. 240-266. 

t L. E. Dickson, Introduction to the Theory of Numbers, p. 26, Theorem 28. 

§ These Transactions, vol. 22 (1921), p. 263. 

{| These Transactions, vol. 27 (1925), pp. 287-298. 
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several variables. This was brought to my attention by an example in two 
variables modulo 12. For this modulus, the d;, - - - , d, are d;=12, d,=6, 
d;=2; the corresponding y’s are wi=4, we=3, Write g:=m/d,. The 
part of the basis containing one variable is composed of 
(1) 12, gilli (us), = 1, 2, 3). 

Kempner would include in the basis ;(x:, x2) modulo 12 only the seven 
terms (1). However, the residual polynomial, 

P = (m/(ds- = — — 1), 


must be added since, as is shown below, it is impossible to write the identity 


(2) P = 12-¢+ + 


where c, f;, g; are polynomials in x, x2 with integral coefficients. By use of 
(x1, %2) =(0, 0), (2, 0), (0, 2) we prove the constant terms of c, fs, gs even. 
The pair (x1, x2) =(2, 2) shows the right side of (2) divisible by 24 and the 
left side equal to 12. 


II. REPRESENTATION OF RESIDUAL POLYNOMIALS 


Dickson’s method of establishing the existence of a basis for residual 
polynomials modulo m in one variable may be applied to the case of two 
variables and then by induction to n variables. Several preliminary steps are 
necessary. The first is the statement of two lemmas due to Dickson. 


Lemma* 1. If d is any divisor of m, u(d) is the minimum degree of a residual 
polynomial f(x) modulo m whose leading coefficient is m/d. 


Lemmaf 2. Any residual polynomial f(x) modulo m is term by term con- 
gruent modulo m to the product of an integer prime to m by a residual polynomial 
whose leading coefficient is a divisor of m. 


The next step is to obtain a lemma similar to Lemma 2. 


Lemma 3. Any residual polynomial f(x1, - - - , Xn) modulo m, written as a 
function of x; with coefficients containing x2, - - - , Xn, 1s term by term congruent 
modulo m to the product of an integer prime to m by a residual polynomial in 
which the greatest common divisor of the coefficients of the highest power of x; 
is a divisor of m. 


Let 


* L. E. Dickson, Introduction to the Theory of Numbers, p. 25, V. 
t Ibid., p. 25, VI. 
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where the coefficients of G have the greatest common divisor 1, and let g 
be the greatest common divisor of c=gC and m=gM. Since C is prime to 
M, CL=1 (mod M) has a unique solution L. Then every integer satisfying 
Cz=1 (mod M) is of the form z=Z+My, and y can.be chosen so that z is 
prime to m. Consequently zZ=1 (mod m) has a solution Z and cz =gCz=g 
(mod m), also 

af = gG(x2, Xn) (mod m), 

f = Z[gG(m,---, | (mod m). 

Finally, two properties of 4 and divisors of m must be derived. 


Lemma 4. If d and d’ are divisors of m such that d’ divides d, then 
u(d’) Su(d). 

Write po - where pi, po, ---, px are distinct primes. 
Then yu(d) is the largest (or one of the largest in case several are equal)* 
of the numbers u(p:*'), -, w(p.2*). Since d’ divides d, d’=p," 
- poe? - - where 0Sb;Sa; fori=1, 2,---, k. Sou(p**) Sp(pe*) for 
i=1, 2,---, k, and u(d’), the largest of the - - - , w( 
is less than or equal to u(d). 


Lemna 5. If d; is one of the set d,, - - - , d, for m, then d; is divisible by every 
divisor of m which divides u(d;)!. 

_ The assumption that a divisor d of m divides u(d;)! and does not divide 
d; leads to a contradiction as follows. Denote by D the greatest common di- 
visor of d; and d so that d;= DD; and d=DD_’. Since yu/(d;)! is divisible by 
both d; and d and since D; and D’ are relatively prime, u(d;)! is divisible 
by N=DD,D’ and N divides m. As N divides u(d;)!, u(N) Su(d;); as N is 
divisible by d;, by Lemma 4, 2=u(d;); consequently u(NV) =p(d;). But 
d; is one of the set d,, - - - , d, and therefore is the maximum of all divisors 
d; of m for which u(d;) =u(d,;). There is then a contradiction unless D’ =1, 
therefore d divides d;. 

With the aid of these lemmas, it is possible to prove 


THEOREM 1. Every residual polynomial f(x:, x2) modulo m is a sum of 
products of m and functions 


(3) (m/(d;,- 


by polynomials in x1, x2 with integral coefficients, where d;,, d;, are divisors of m, 
at least one belongs to the set d,, - - - , d,, and the product d;,-d;, divides m. 


By Lemma 3, 


* Kempner, these Transactions, vol. 22 (1921), p. 243. 
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%) = x2) + ZF (x, x2), 


where Z and the coefficients of ¢ are integers, Z is prime to m and F is a 
residual polynomial modulo m of the form 


(4) +---, 


d being a divisor of m. If d=1, the terms containing m as a factor may be 
combined with m¢@ and the remaining portion considered the new ZF. So let 
d>1. 

Case 1. Let r=>u(d). Employ the relation* 


(S) (m/d)Ti(u(d)) = 


where d;, is one of the set d,, - - - , d, and g is an integer. The product of 
(5) by G(x2)x:-* gives a function whose term in 2,’ is identical with that 
of F. The difference is a residual polynomial of degree less than r in x. 
Case 2. Let r<yu(d). Consider F which is of the form (4). For a chosen 
value x2’ of x, by Lemma 2, F as a residual polynomial in x is term 
by term congruent modulo m to the product of an integer prime to m by a 
residual polynomial whose leading coefficient is a divisor of m, that is, 


F(x, x2) = (m/d)G(x2 )ay + z((m/d’)xy’ +---) (mod m), 


where z is prime to m and d’ divides m. Then (m/d)G(x2') =z-m/d’+km 
where & is integral. As m/d’ divides m, (m/d)G(x2’) is divisible by m/d’. 
Now (m/d’)x:"+ - - - is a residual polynomial whose leading coefficient is a 
divisor of m, consequently, by Lemma 1, r2y(d’). Let d; represent the di- 
visor of the set d;, - - - , d, to which corresponds the largest » which does not 
exceed r. Then yu(d,;) =u(d’), therefore d’ divides u(d;)!. By Lemma 5, d’ 
divides d;. Consequently m/d; divides m/d’ and must then divide (m/d)G(z2’). 

There is an important consequence of the divisibility of (m/d)G(x?) 
by m/d;. Note first that m/d,; does not divide m/d, for if d divides d;, by 
Lemma 4, u(d) <u(d,); but by the definition of d;, u(d;) <r; the conclusion 
u(d) <r contradicts the hypothesis of this second case, namely r<y(d). 
Since m/d; does not divide m/d, denote their greatest common divisor by M. 
Then 


(6) m/d; = Mg, m/d = Mo, v-m/d; = g-m/d, 
where g>1 and prime to v. From the divisibility of (m/d)G(x2) by m/d,, it 
follows that the quotient of (m/d)G(x) by m/d;, which equals (v/g)G(x:’), 
is integral. As g is prime to 2, g divides G(x/). 

Consider G(x2) for other values of x2. Although the coefficient correspond- 


* L. E. Dickson, Introduction to the Theory of Numbers, p. 27, equation (34). 
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ing to m/d’ varies with the choice of x2, d; by definition is determined by r 
and m and is independent of the value of x2. Consequently g and 2, deter- 
mined by m/d; and m/d, do not vary with x2. So for every choice of x2, the 
m/d’ determined by it is such that it divides (m/d)G(x2) and is divisible by 
m/d;; therefore (m/d)G(x2) is divisible by m/d; and G(x2) is divisible by g. 

Since G(x2) is divisible by g for every value of x2, G(x2)=0 (mod g). 
Therefore G(x2) is expressible* as a sum of products of g and (g/d;,)II2(u(d;,)) 
by polynomials in x2 with integral coefficients, where the d;, represent the 
set of divisors of g selected as the set di, - - - , d, was chosen from all divisors 
of m. As g divides m, for each d;,, u(d:,) =u(dx) where d, is one of the set 
d,,---,d,for mand, by Lemma 5, d;, equals or divides d,. 

In the work which follows, write d;, for d; to indicate its association with 
x,. The term of F containing the highest power of x, may be expressed as 
follows: 

= = v(m/di,)(t/m) G(x) 


where / is defined by the equation ¢g = m, and g and v are defined by (6). Note 
that d;, divides ¢ from the following considerations: ¢/d;,=(m/g)g/(dv) 
= m/(dv) which is integral since v divides m/d. As d;, divides ¢ and each d,, 
is a factor of g, for every d;,, the product d;,d;, divides m. From its definition, 
d;, is one of the set di, - - - , d, for m. The product of v(m/d;,)Ii(u(d;,)) by 
(t/m)G(x2)x1"-*“4 gives a function whose term in x,’ is identical with that 
of F. The difference is a residual polynomial of degree less than r in x. 

This process, continued for the resulting polynomials considered as func- 
tions of x; or x2, lowers the degree in x; or x2 at each step and leads to a differ- 
ence zero. Finally f(x1, x2) is expressed in the manner described in Theorem 1. 

A similar theorem for m variables is readily proved by induction. 


THEOREM 2. Every residual polynomial f(x1, - - - , x) modulo m is a sum of 
products of m and functions 
(7) (m/(d;, - - - - 


by polynomials in x, - - - , X, with integral coefficients where the d;, are divisors 
of m, at least one of the d;,,- - - , d:, belongs to the set di, - - - ,d,, and the product 
d;,--- d;, divides m. 

The theorem has been established for the case m= 2. Assume that it holds 
for n—1 variables and show that it must then be true for ». By Lemma 3, 


= tn) + , Xa), 


where Z and the coefficients of ¢ are integers, Z is prime to m, and F is a resid- 


* L. E. Dickson, Introduction to the Theory of Numbers, p. 26, Theorem 28. 
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ual polynomial modulo m of the form 
(8) (m/d)G(xa, Xn) x1" ’ 


d being a divisor of m. If d=1, the terms containing m as a factor may be 
combined with m@ and the remaining portion considered the new ZF. So 
let d>1. 

Case 1. Let r2u(d). Employ relation (5). The product of (5) by 
G(%2,--- , %n)%1"~*(4%) gives a function whose term in 2,’ is identical with 
that of F. The difference is a residual polynomial modulo m of degree less than 
rin x). 

Case 2. Let r<y(d). Consider F which is of the form (8). For a chosen set 
of values x7, --- , , by Lemma 2, F as a residual polynomial in x; modulo 
m is term by term congruent modulo m to the product of an integer prime to 
m by a residual polynomial whose leading coefficient is a divisor of m, that is, 


F(x, x2 , Xn ) (m/d)G(x2 , Xn )xy" + 
= 2((m/d’)u’ +---) (mod m), 


where z is prime to m and d’ divides m. For the chosen set x7,---, Xn, 
(m/d)G(xd,---, x1) =s-m/d'+km where k is integral. As m/d’ divides m, 
m/d’ divides (m/d)G(xz,--- , x1). Now (m/d’)xi'+ - - - is a residual poly- 
nomial whose leading coefficient is a divisor of m, consequently, by Lemma 
1,r=p(d’). 

Repeat the argument given in Theorem 1 for Case 2, defining d; as the 
divisor of the set d:,--- , d, for m to which corresponds the largest wu not 
exceeding r, and replacing the phrase “value of x/” by “set of values 
and G(x7) by G(x/,---, x1). Exactly as in the first two 
paragraphs of Case 2, Theorem 1, m/d; divides m/d’ and therefore divides 
(m/d)G(x?,---, x1); but m/d; does not divide m/d. Let M denote the 
greatest common divisor of m/d; and m/d, and obtain (6). Then the quotient 
of (m/d)G(x/,---, x1) by m/d;, which equals (v/g)G(x/,---, x2), is 
integral. Since g is prime to 2, g divides G(x/,--- , xn). 

Consider G(x2,---, xn) for other values of x2,---, %,. Although the 
coefficient corresponding to m/d’ varies with the choice of x2, -- - , Xa, d; is 
determined by r and m and is independent of the values of x2,---, Xp. 
Consequently g and v, determined by m/d; and m/d, do not vary with 
So for every choice of x2, - - - , Xn, the m/d’ determined by it is 
such that it divides (m/d)G(x2, - - - , x,) and is divisible by m/d;; therefore 
(m/d)G(x2, - - - , Xn) is divisible by m/d; and G(s, - - - , Xn) is divisible by g. 

Since G(x2, - - - , Xn) is divisible by g for every set of values x2, --- , Xa, 
G(x2,---, %,)=0 (mod g). According to the hypothesis, G as a residual 
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polynomial in » —1 variables is expressible as a sum of products of g and 


by polynomials in x2, --- , x, with integral coefficients, where the d;, (for 
j=2,---+,m) represent divisors of g and d,, - - - d;, divides g. Since g divides 
m, for each d;,, u(d;;) =u(d,) where d, is one of the set d,, - - - , d, for m, and, 
by Lemma 5, d;, equals or divides d,. 

For the following work, write d;, in place of d; to indicate its association 
with x;. The term of F which contains the highest power of x; may be ex- 
pressed as follows: 


where # is defined by the equation ¢g =m, and g and v are defined by (6). Asin 
the fifth paragraph of Case 2, Theorem 1, d;, divides ¢. Since each product 
d;,---d;, divides g, then d;,d;, - - - d;, divides m. The product of v(m/d;,) 
-T,(u(d;,)) by (¢/m)G(x2, - - , gives a function whose term in 
x," is identical with that of F. The difference is a residual polynomial of 
degree less than r in x. 

This process, continued for the resulting polynomials considered as func- 
tions of x; for 7 =1, 2, + - - , m, lowers the degree in x; at each step and leads to 
a difference zero. Finally f(x, - - - , x,) is expressed in the manner described 
in Theorem 2. 

Theorems 1 and 2 contain one interesting difference from the theorem 
for one variable. Of the divisors of m appearing in a term (3) or (7), only one 
is necessarily chosen from d,, - - - , d,. 


III. SELECTION OF A BASIS 


It is now essential to establish a basis for residual polynomials in n vari- 
ables modulo m. By Theorem 2, the set composed of m and all terms (7) 
fulfills the first requirement for a basis. It remains to select from m and (7) 
a reduced set p;(x1, - - - , %,) such that no member of p; can be written identi- 
cally equal to a sum of products of the remaining ~; by polynomials in 
%1,° °°, %, With integral coefficients, and such that each of the terms of m 
and (7) not included among the #; can be written identically equal to a sum 
of products of p; by polynomials in x, - - - , x, with integral coefficients. The 
terms /; form a basis and will be called independent. All other terms m and 
(7) will be called dependent. 

A term k-II,(u(d;,)) - - - n(u(d;,)) of (7) whose coefficient & is a multiple 
of that of another term (7) containing Ii(u(d;,)) - - - In(u(d;,)) is obviously 
dependent. Discard such terms and represent the remaining terms (7) by 
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(9) P(d;,, d,,). 


Denote by S the set composed of m and all terms (9). Throughout the dis- 

cussion, an element of the set S will be termed simple or compound according 

as it contains one variable or more than one variable. The phrase “member 

related to (9)” will be used to designate any term of the set S, simple or com- 

pound, which contains not more than factors in x; for eachj=1,--- , n. 
The following theorem establishes a basis. 


THEOREM 3. For the general modulus m, a basis for residual polynomials in 
n variables is composed of m, all simple terms and all compound terms (9) such 
that u(d;,), - - - ,u(d;,) are all multiples of the same prime factor of m. 


Example. For the modulus 3*-5, the set S in two variables contains terms 
which are not members of the basis. The d:, - - - , d, for this modulus are 
d,=3*-5, d.=3?-5, ds=3-5, ds=3; the corresponding y’s are u1=9, w2=6, 
us=5, us=3. The basis is composed of 3*-5, all simple terms, and the com- 
pound terms P(d,, ds), P(ds, dz), P(dz, ds). The dependent compound terms 
of S are expressible in terms of the basis as follows: 


P(d4, ds) = 2(x%2 — 3)(x2 — 4)P(ds, dy) — — 1)(*1 — 
P(ds, = — 3)(m1 — 4)P(ds, da) — — 1)(%2 — 


The part of Theorem 3 concerned with simple terms is readily established. 
Kempner* proved that m and (m/d,)II(u(d;)) for i=1, - - - , s form a basis 
for residual polynomials modulo m in one variable. It follows that m as well 
as each simple term of S is independent of all other members of the set S. 
For instance, to show the independence of a simple term in x,, set the remain- 
ing n—1 variables equal to zero. 

The proof of the portion of Theorem 3 which deals with compound terms 
will be divided into two parts. First it will be shown that each of the com- 
pound terms listed in the theorem is independent of all other members of the 
set S. Then it will be shown by means of an auxiliary theorem that these are 
the only independent compound terms. 

It is not difficult to prove the independence of the compound terms de- 
scribed in Theorem 3. Suppose it were possible to write the identity 


(10) P(di, din) = mot DP i-fi, 


where c and f; are polynomials in x;, - - - , x, with integral coefficients and the 
P; represent all members of the set S, simple and compound, except 


(11) P(di,, din). 


* These Transactions, vol. 22 (1921), pp. 263-264. 
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By hypothesis each yu on the left side of (10) is a multiple of a prime p which 
divides m. That each term on the right contains one more factor p than ap- 
pears on the left for x:=(d;,),--- , %,=s(d;,) may be shown as follows. 
Substitute successively for each x, the values 0, u(d;,) for all k=1,---,m 
such that u(d;,) <u(d;,). Under this substitution, terms P; not related to 
(11) disappear, and the constant term of c and each remaining f; associated 
with a member of the basis containing only yw’s which are multiples of p is 
proved congruent to zero modulo p. Related members not included among the 
latter present no difficulty since for the values listed above each will contain 
p to a power at least one greater than that exhibited in the modulus, p*. For 
instance, consider the simple term (m/d;)II((u(d;)) which lies between terms 
whose variable parts are II(rp) and II((r+1)p) and contain respectively rp 
and (r+1)p factors. This implies rp<yu(d;)<(r+1)p. For x=rp, (m/d;) 
-II(u(d;)) is zero; for x=p(d;) it is divisible by exactly p*. The sequence 
Il (u(d;)) =x(x—1) --- (w—p(d;)+1) contains at least one higher power 
of p for x=(r+1)p than for x =yu(d;) since one additional factor p is thus in- 
troduced at the beginning of the sequence when (r+1)? is substituted for x, 
and none is lost at the end as the sequence contains more than rp factors. 
The same reasoning holds for members of the set S formed by compounding 
(m/d;)11(u(d;)) with other terms; however it will be shown in the Auxiliary 
Theorem that such members are dependent. The independence of (11) fol- 
lows immediately; substitute for each x, the value u(d;;). The left side of 
(10) is divisible by exactly p*, the right side by p**. 

It is possible to select from the set S certain dependent terms. If the 
coefficient of a compound member is the greatest common divisor of the 
coefficients of related terms, it is expressible as a linear homogeneous function 
of them with integral coefficients. Since the related terms by definition con- 
tain no more factors in any one variable than appear in the given term, the 
latter may be expressed by means of the related members in the manner 
described in Theorem 3. 

That these are the only dependent terms follows from the 


AUXILIARY THEOREM. For a compound term (11) of the set S for n variables 
modulo m, if 
(12) m/(di,- dig) 
is not the greatest common divisor of the coefficients of all related members of the 
set S, each w(d;;) for j7=1,---,n is a multiple of the same prime factor of the 
modulus. 


Adopt the following notation to designate terms related to (11): let d;/ 
represent any of the divisors of m such that u(d;/) <u(d;,) forj=1,---,n. 
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Then the coefficient of any term related to (11) is of the form 
(13) m/(di, din), 


where at least one d,,=d,/ if all of them are greater than 1; for one possible 
type of coefficients (13), each d,,=d;/. 

From the manner in which the set S is constructed, (12) divides the coeffi- 
cients of all related terms. Since by hypothesis (12) is not the greatest com- 
mon divisor of all coefficients (13), denote their greatest common divisor by 
the product of k by (12), where & is a divisor of m greater than 1 which may 
or may not be prime to (12). Then for 7=1, - - - ,, each m/d;/ contains a 
higher power of & than appears in m/d;,. Otherwise one of the combinations 
(13) would equal (12) and (12) would be the greatest common divisor of all 
coefficients of related terms. In other words, the coefficient of every simple 
term of the set S which exceeds m/d;, contains a higher power of & than does 
m/d;,. Since for each j, the largest II ,(u(d;/)) has a coefficient which divides 
all the other m/d;/ , its coefficient contains the product of k by (12). So for 
each j, II ,(u(d;;)) differs from the largest II ,(u(d;/)) in that it is divisible by 
a higher power of & than II,(u(d;/)) for all values of x,. Therefore if k is a 
prime /, for each j, u(d;,;) is 4 multiple of p; if k is composite, for each j, 
u(d;,) is a multiple of the same prime factor of &. 

There are two corollaries to Theorem 3. 


Coro.iary 1. For a modulus composed of the product of distinct primes, a 
basis is composed of m and all simple terms. 


Write the modulus m as pips: -- p- where the p’s are distinct primes 
arranged in descending order. The set d,,---, d, for m is composed of 
Pops: Pc-iPe, Pe; the corresponding are fu, 
p2,---, Pe-1y Pe. No product of two or more of the d’s listed above will 
divide m since each contains p.. Even when all possible divisors of m are 
considered, as each one associated with 4=p, contains p, as a factor, the 
product of two or more such divisors, if it divides m, divides one of the 
d’s given above. Consequently a residual polynomial whose coefficient is m 
divided by this product is expressible as a single variable member of the set 
S multiplied by a polynomial with integral coefficients. 


Coro.Liary 2. For a modulus equal to the power of a prime, a basis is com- 
posed of all terms m and (9). 


The divisors of m= p* are powers of p, and the y’s are all multiples of p. 


Mount HoryokeE CoLlEcE, 
Soutn Hap.ey, Mass. 
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ON POTENTIALS OF POSITIVE MASS* 
PART I 


BY 
GRIFFITH C. EVANS 


I. INTRODUCTION 


A recent contribution to potential theory is characterized by the names of 
Lebesgue, Wiener, Kellogg, Vasilesco and Bouligand. Central features of 
this contribution are the notions of capacity and of regular boundary point, 
which are related to each other by Kellogg’s hypothetical lemma.f A recent 
memoir by de la Vallée Poussin reinterprets these theories in the light of 
potentials of positive mass and the Poincaré sweeping out process.{ In the 
present memoir, the author’s aim is to push on the development of these 
central problems of mass distribution, regularity, capacity, and approxima- 
tion, and to answer definitely some of the questions which have become im- 
portant. Fortunately there is already at hand, in the analysis of the general 
integral or linear functional of Radon, Daniell, and F. Riesz, the precise 
mathematical tool which is necessary.§ 

1. Integrals and potentials. Let F be a closed bounded point set, T the 
infinite domain lying in the complement of F, whose boundary ¢ consists en- 
tirely of points of F. We consider an arbitrary distribution of positive mass 
f(e) on F, finite in total amount.|| The potential of this mass, at a point M, 
is given by the generalized Stieltjes integral 


1 
U(M) = fa df(ep) 


* Preliminary reports presented to the Society at the meetings of December 29, 1932, October 28, 
1933, and December 27, 1933; received by the editors June 25, 1934. The material except §22, Part 
II, has been delivered as a course of lectures at the Rice Institute in the Spring and Fall of 1933. 

Tt O. D. Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 337. 

t C. dela Vallée Poussin, Extension de la méthode du balayage de Poincaré, et probléme de Dirichlet, 
Annales de l'Institut Henri Poincaré, vol. 2 (1932), pp. 169-232. 

§ G. Radon, Theorie und Anwendungen der absolut additiven Mengenfunktionen, Sitzungsherichte 
der Akademie der Wissenschaften in Wien, vol. 122, IIa (1913), pp. 1295-1438; Uber die Randwertauf- 
gaben beim logarithmischen Potential, ibid., vol. 128 (1919), pp. 1123-1167. 

P. J. Daniell, (1) A general form of integral, Annals of Mathematics, vol. 19 (1918), pp. 279-294; 
(2) Further properties of the general integral, ibid., vol. 21 (1920), pp. 203-220. 

F. Riesz, Uber lineare Funktionalgleichungen, Acta Mathematica, vol. 41 (1916-18), pp. 71-98. 

|| That is, f(e) is an additive, bounded, not negative function of Borel measurable point sets ¢, 
such that f(e: CF) =0, CF being the complement of F. 
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extended over the whole of space; when necessary we denote this entire space 
by W, so that W—F, W—+t, etc. have meaning. 

Let s be a closed bounded set which is the boundary of a domain 2; as a 
whole or in part s may be the boundary also of other domains By, Bz, - - - , 
which thus constitute in their totality an open set B. The set s+B is a closed 
set G which may or may not have points in common with F. 

It is of frequent application that if f(e) is a distribution of positive mass 
on F, bounded in total amount, the same is true of the function 


= fle-E) 
where E is any fixed set, measurable Borel. Also if f’(e), f’’(e) are two such 


functions, with f(e) =f’(e)+/’(e), and ¢(P) a continuous point function, 


The same equation remains valid for the generalized integral, ¢(P) not being 
continuous, as far as the integrals exist. 

Let now /fi(e), fe(e), - - - form a denumerable sequence of such functions 
chosen so that fi(F) + f2(F) + - is convergent. The functions 


= file) + fale) + fale), fC) = file) + fee) +---, 
r"(e) = fasile) + + 
are distributions of positive mass on F, finite in total amount, and if ¢(P) is 


continuous, 


(1) f = tim 
w w 


In fact, 
P)d = P)df" P)dr*(e), 
and, as in (3), below, 


< r*(F)(u.b. on F of | (P)| ). 


| 
w 


We introduce the function 
hX(M, P) 


1/(MP), MP =1/N, 
N, MP <1/N. 


il 
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This is a continuous function of P to which (1) applies. Hence, for all N, 


f P)df(ep) = lim hN(M, P)df"(er) lim inf df*(ep), 
w Ww MP 


and 


1 
df(ep) < limint | —— afr(er), 
MP fer) f*(er) 


admitting + © as a possible value of the integral. Also 


f Prajter) 2 and 
w w 


f > f 
w MP ~ Jw MP 


for every n. Hence 


f df(ep) = lim sup f df*(ep). 
w MP - w MP 


n= 


From the two inequalities we deduce 


MP n= w 


1 1 
(2) f ater) = tim f —— 
w 


which is an identity in the potential functions of the various masses. 
Let E be a set measurable Borel. If ¢(P) is bounded and continuous in W 
and |¢(P)| <N on E, we have 


(3) f $(P)df(E-ep) | < Nf(E), 
w 


and if ¢:(P) and ¢2(P) are bounded and continuous in W and identical on E, 
then 


(4) f $:(P)df(E-ep) = f $x(P)df(E-ep). 


So much is seen, for (3), by taking the Stieltjes integral as the limit of a 
Riemann sum on a net; and (4) is an immediate consequence of (3). 

But further, if the set E is merely measurable Borel, and , $1, $2 are merely 
measurable Borel in W, then (3) is valid if |\¢(P)|<N on E, and (4) if 
o:(P) =2(P) on E, provided the integrals are convergent. - 

In fact, if we define the class To, of Daniell, as the class of functions 
¢(P) on E which can be extended so as to be bounded and continuous in W, 
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and take the range of the variable P as the set E, the integral defined by the 
equation 


te J = f 


is uniquely determined by the values of ¢(P) on E, satisfies the postulates 
(C), (A), (LZ), (P) of Daniell,* and is therefore a general J-integral on E. It 
is merely the postulate (Z) which requires attention: 

(L) If ¢:(P) >¢2(P) = -- - on E and lim (n= ~)¢,(P) =0 for all P in E, 
then lim (n=) I(¢,) =0. 

If £ is closed, the ¢,(P) approaches 0 uniformly on £, and (3), for con- 
tinuous functions, yields the conclusion (ZL). If E is not closed, and ¢:(P) < Ni 
on £, the lesser, nevertheless, of the two values ¢:(P), Ni forms a continuous 
function ¥(P) on W. Moreover I(W) =I(¢:) by (4). Hence without loss of 
generality we may suppose ¢,(P) <M; in W. Now, given e>0, E contains 
a closed set Ei, such that f(E) —f(E:) <e/Ni; moreover f(e-[E—E,]) is a 
positive distribution of mass. We have 


— = f $a(P)df(E-ep) — f $a(P)df(Ey-ep) 


— E,]-er) < Nie/Ni = €. 


But lim J,(¢,) =0; whence lim J(¢,) Se. Consequently also lim J(¢,) =0. 

Let I’, be a spherical region of radius p and center Q, and denote by 
U,,(Q) the contribution to the potential at Q due to the mass on I’,. We 
note, with de la Vallée Poussin, that if U(Q) is finite, 


(5) lim U;,(Q) = 0. 


In fact, given e>0, we can choose WN so that 


= f hN(Q, P)df(er) > UQ) — 


* Daniell, loc. cit. (1), p. 280. The postulates (C), (A), (P) are as follows: (C) If 6(P) =co(P) 
on E, I(6)=cI(¢); (A) If on E, 1(6)=1(¢:) +12); (P) If o(P)20 on E, 
I(¢) 20. If these postulates are satisfied for functions of the class To, which has to be closed with 
respect to the operations of addition, multiplication by a constant, logical addition and logical multi- 
plication, they remain as properties for the class of functions to which the operation J is generalized. 
This class in our case contains all those functions on E which arise from functions bounded and meas- 
urable Borel on W. 
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Hence, with this value of NV, since the integrands are positive, 
f hX(Q, P)df(T,- ep) > Ur, (Q) for all p- 


But (Q, P) is bounded and lim =0)f(T',) =0, since otherwise U(Q) would 
be +; and we can therefore choose po >0 so that 


Whence 
Ur,Q)<«, pS po. 


2. Potentials and superharmonic functions. A function u(M) is super- 
harmonic in a bounded domain @ if (i) it is lower semicontinuous in Q, not 
identically equal to +, and (ii) given any regular closed surface ¢, con- 
tained with its interior in 2, and any function »(M) continuous within and on 
a, harmonic within such that 0(M)<u(M) on then also <u(M) 
within o.} For (ii) may be substituted the statement that u(M) is at least as 
great as its mean on any spherical surface of center M and radius p, for all p 
sufficiently small, depending on M. Instead of a spherical surface, a spherical 
volume may be used. 

It will be convenient to speak of a function simply as superharmonic if it 
is superharmonic in every bounded domain, and as superharmonic in an in- 
finite domain if it is superharmonic in every bounded domain contained in 
the infinite domain. 

Let 2; be any domain contained with its boundary Q* in ©. A function 
which is superharmonic in 2 cannot take on its lower bound 6 for Q, at any 
point of ; unless it is identically constant. On the other hand, given e>0, 
the set of points in 2,+9* where u(M) <b+¢€ is closed and not empty. Hence 
u(M) must take on the value 5 at some point of 0*. It is F. Riesz’s fundamen- 
tal theorem that u(M) may be written in Q, as the sum of a potential of a 
distribution of positive mass on Q,, finite in total amount, and a function 
harmonic in Q.f 

The potential U(M) satisfies the conditions (i), (ii), and accordingly is 
superharmonic. Conversely, if u(M) satisfies the conditions (i), (ii) in W, is 
harmonic outside F and vanishes continuously at ©, it must be the potential 


+ For the analysis of superharmonic functions, see F. Riesz, (1) Sur les fonctions subharmoniques 
et leur rapport a la théorie du potentiel, Acta Mathematica, vol. 48 (1926), pp. 329-343; (2) same title, 
ibid., vol. 54 (1930), pp. 321-360. 

t A proof of F. Riesz’s theorem is given in §4, below. 
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U(M) of a distribution of positive mass on F, finite in total amount. 

In order to prove this statement we apply the theorem of F. Riesz to 
a spherical region %, of radius p and center at a point of F, which contains F 
in its interior. Since u(M) is harmonic outside F the distribution of positive 
mass must lie on F. Given e>0, we take p so large that the potential U(M) 
of this distribution is <¢/2 on ¥*, and also so large that |u(M)| is <«/2 
on Q,*, and write, for all M in W, 


u(M) = U(M) + o(M). 
Then v(M) is harmonic in Q, and continuous in 2,+Q*, and |v(M)| <e on 
Q*. Hence |v(M)| <e in Q. But this means that »(M)=0. 
Lemma. If U,(M) and U,(M) are potentials of positive mass distributions 
file), fele) on F, and U2(M)=U,(M), for all M, then f.(F) =fi(F). 
In fact, if U2(M) =U,(M) in T their total masses are equal: 
f =a 
Cc On 
C being a smooth surface sufficiently large to contain F in its interior.f If 


U:(M,) > U,(M;) for some M, in T, it follows that U2(M)>U,(M) for all M 
in T, for U;(M) =U,(M) and both functions are harmonic in T. Hence by 


taking C as a spherical surface of radius p sufficiently large and developing 
U.—U, about ©, we see that 


OU 2 
f da > f do, 
On Cc on 


and 
> filF). 
2.1. Increasing sequences of potentials. A function which is the limit of 
an increasing sequence of superharmonic functions and is not identically 
+ is also superharmonic. A similar proposition is the following: 


THEOREM. A function u(M) which is the limit of an increasing sequence of 
potential functions U,(M) of positive masses f,(e) on F, such that f,(F) is 
bounded, independently of n, is also a potential of a positive distribution f(e) on 
F, with 

fF) = lim f,(F). 


Tf An obvious generalization of de la Vallée Poussin’s theorem, loc. cit., p. 210. 
t Where » stands for the direction of the normal to a simple closed surface it is taken as positive 
towards the interior. 
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In fact, u(M) is not identically + © since the convergence of the sequence 
is uniform outside a sufficiently large sphere. Hence u(M) is superharmonic. 
Moreover, as is well known,f there exists (by the Cantor “diagonal process”) 
a subsequence f,,(e) and a rectangular net R, such that for every meshwof R 
we have 


(6) = lim 


where f(e) is a certain distribution of positive mass on F. And if ¢(P) is any 
continuous function, 


(7) tim f = oaf. 
Ww w 


The equations (6), (7) are characteristic of what Radon calls weak convergence.t 
Let U(M) be the potential of f(e). We show that U(M)=u(M), by using 
the mean value on a spherical surface. 
2.2. Mean value on a spherical surface. Denote by A.(p, Q) the average 
value of a function u(M) on a spherical surface C(p, Q) of radius p and center 


Q: 


(8) f (M)dM 
= 
4p? J 


We have, for the potential U(M), 


1 1 
po J am — afer) 
(pe .Q) 


Arp? w MP 


Arp? / w MP 
Q) f h0(O, P)df(er) 
Ww 


from the fact that [c¢[1/(MP) |dM is the potential at P of a uniform distribu- 
tion on C(p, Q). But 4*/*(Q, P) is a continuous function of P. 
For any superharmonic function u, we have 


(9) u(Q) = im A,(p, Q). 


For u(Q) <lim inf (9=0)A.(p, Q), being lower semicontinuous, and u(Q) 
=A.(p, Q) from the property (ii); that is, w(Q) has what may be called the 
“super-mean” property. Hence lim (9 =0)A.(p, Q) exists and satisfies (9). 


t J. Radon, Uber lineare Funktionalgleichungen, Sitzungsberichte der Akademie der Wissen- 
schaften in Wien, vol. 128 (1919), pp. 1083-1121, p. 1092. 

t Ibid., p. 1088. The equation (7) is, in fact, Radon’s definition of weak convergence. For the 
sake of its more evident relation to the structure of the Stieltjes integral, however, we shall say that 
the sequence of positive mass distributions {f,(e)} converges weakly to f(e) if f.a(W) is bounded, 
independently of n, and lim (n= ©) f,(w) =f(w) for every mesh w of some rectangular net. 


1 1 
(8’) = | | — dM, 
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Moreover, from (ii), it is evident that if w(M) is superharmonic, A,(p, Q) is 
monotone increasing as p tends to zero. In particular, U(Q)=lim (p=0) 


Au(p, Q). 


Returning to the statement to be proved, we note that from (8), since 
the U,, form a monotonic sequence, 


Au(p, Q) = lim Ap, (p, Q), 


and from (8’), by means of the weak convergence property (7), 
Au(p, Q) = lim Av,,(e, Q). 


Hence A.(p, Q) =Au(p, Q), and accordingly, by (9), 
u(Q) = U(Q). 
But this is what was to be proved. If we take the integral over a large 
spherical surface C, we have {c(du/dn)do=lim(n=~) f¢(dU,/dn)do, or 
f(F) =lim(n= &)f,(F). 

Evidently a sufficient condition that f,(F) be bounded is that u(M) be 
not identically infinite. For in that case u,(M) will converge uniformly to 
u(M) in any closed region which has no points in common with F. 

3. Generalized derivatives. We recall some properties of generalized de- 
rivatives, with special relation to the potential function. Since the space 
integral of 1/(MP?) extended over a bounded domain 2 is convergent ,—in 
fact, for every P, 

1 
(10) f — dM < 4nd 
ao MP? 
where d is the diameter of the domain,—it is easily verified that the quantity 
U.(M), 


MP, a) 


a being a fixed direction in space, is a summable function, spatially, of M, 
and that 


cos (MP, a) cos (MP, a) 


t G. C. Evans, Complements of potential theory, 11, American Journal of Mathematics, vol. 55 
(1933), pp. 29-49. 
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We denote by ®,(e) the function of point sets generated by /,U.(M)dM. 
It is absolutely continuous. Moreover, since wherever U,(M), U,(M), U.(M) 
exist, 


(12) U.(M) = U.(M) cos (x, a) + U,y(M) cos (y, a) + U.(M) cos (2, a), 
it follows that 

(13) @,(e) = &,(e) cos (x, a) + hy(e) cos (y, a) + &,(M) cos (z, a), 
for every spatially measurable point set e. 

We denote by D.U the Lebesgue derivative of the absolutely continuous func- 
tion of point sets ®,(e); it exists almost everywhere. In particular, from (13), 
it exists wherever D,U, D,U, D.U exist, and it satisfies the relations 

D,U = D.U cos (x, a) + DyU cos (y, a) + DU cos (2, a), 


14 
D.U = UVa, 


except possibly on a set of spatial measure zero which is independent of a. 
Finally, from the convergence of {dM {[1/(MP?) |df(ep) it follows that 
S{1/(MP*) |df(er), [[cos (MP, x)/(MP?) |df(er), [[1/(MP) |df(er) represent 
summable functions of x on almost all lines of direction x. It may be easily 
verified that on any line / where {[1/(MP?) |df(ep) is summable the total mass 


must be zero, and that on one of these non-exceptional lines / of direction x, 
if we select a point A where U(A) is finite, 


MP, x) MP, 


= U(B) — U(A), 


so that U(B) exists everywhere on / and is absolutely continuous in x.t 

That is to say, on almost all lines with a given direction a, U(M) is abso- 
lutely continuous as a function of distance on the line, and its partial derivative 
exists and has almost everywhere on the line the value 


(15) 


That this relation holds almost everywhere in space follows from the spatial 


+ A generalization of these formulas, for integration along a curve, is given by W. H. 
Binney, An elliptic system of integral equations on s ble functions, in the present number 
of these Transactions, pp. 254-265; see Lemma C. 


au 
|| — = D,U = Ug. 
0a 
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measurability of the partial derivative numbers. The exceptional set, how- 
ever, is not shown to be independent of a. 

For a surface o, bounding a domain Q, sufficiently smooth for Green’s 
theorem to hold, we have 


dU 
(16) f p.vam = f —dM = ff = fc cos a)dM, 
9 2 0a a 


which is a sort of three-dimensional statement of absolute continuity along 
the direction a. The author has used the phrase “U is a potential of its vector 
or generalized derivative D,U” to signify the relation 


(16’) f v.vam = f U cos (x, a)dM, for all a, 


even if 9U/da may fail to exist. 

By Riesz’s fundamental theorem, it follows that (16) applies to a function 
u for a bounded region 2 contained with its smooth boundary within any 
domain in which u is superharmonic. 

4. Further properties of the average. Riesz’s theorem. In order to illus- 
trate further useful properties of the average we shall give a brief proof of 
the theorem on the resolution of a superharmonic function into a potential 
and a harmonic function, in line with the ideas of F. Riesz and T. Radé. 

Denote by u(p, Q) or au(p, Q) or, for brevity, u,, the average of a function 
u(M) over a spherical region I'(p, Q) of center Q and radius p; we take the 
same p for all Q. Similarly, denote by u(p’, p’’, Q) or u,-, the iterated average, 
obtained by averaging u(p’, M) over a sphere of radius p” and center Q. 
We have 


3 p 
(17) u(e,0) = f “Auto, 


A,, being the mean on the spherical surface, as before. Significant properties 
of these averages are well known and easily established.} If u(M) is summable 
in a domain Q, u(p, M) is continuous in any portion of 2 distant from the 
boundary of 2 by as much as p, and lim (p =0) u(p, M) =u(M) for almost all 
M; du(p, M)/dx, du(p, M)/dy, Au(p, M)/dz exist and equal the generalized 
derivatives almost everywhere; if «(M) is a potential function of its general- 
ized or vector derivative, as in (16’), §3, then 

1 H. E. Bray, Proof of a formula for an area, Bulletin of the American Mathematical Society, 
vol. 29 (1923), pp. 264-270; Green’s lemma, Annals of Mathematics, vol. 26 (1925), pp. 278-286; T. 
Rad6, Remarques sur les fonctions subharmoniques, Comptes Rendus de |’Académie des Sciences, vol. 


186 (1928), pp. 346-348; F. Riesz, Memoir (2) cited in §2, see p. 342 ff., where other references are 
given. 
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(18) ap,u(p, Q) = Daa,(p, Q) = 

0a 
these quantities being continuous. Hence by iterating the averaging opera- 
tion the derivatives to any order may be made continuous. 

If u(M) is superharmonic in 2, A.(p, M) and a,(p, M) are superharmonic 
in any portion of 2 distant from the boundary of 2 by more than p. In fact, 
if we write u(Q)=u(0, 0, 0), u(M)=u(x, y, 2), u(P)=u(x+é, yt+n, 2+9), 
and formulate explicitly the averages, we see that the successive averaging 
operations are commutative; that is, for all p’ sufficiently small 


3 
u(p, = dxdydz u(x +f, y+ 9,2 + 
(p’ (p,0) 


(19) 
= u(p’, Pp; Q) 


Now u(p, M) is continuous in M; moreover from (ii), §2, 


3 3 
u(p, Q) = —— u(M)dM = -— u(p’, M)dM = u(p’, p, Q), 


so that, from (19), 


> 3 
f u(p, R)dR 
(p’ .Q) 


Arp” 


which is a substitute for the condition (ii), and makes u(p, M) superharmonic. 
A similar demonstration applies to the A-operation. 

Again let u(M) be superharmonic in Q. The function u(p1, pe, - - - , px, Q) 
is a weighted mean of u(M) over a sphere I'(pi1+p2+ -- - +px, Q), such that 
u(pi, p2, , pr, Q) Su(Q). Moreover, since u(M) is lower semicontinuous, 
u(Q) Slim inf (M =(Q)u(M); hence 


lim u(pi, P2, °° * Pky Q) = u(Q), Q in 2, 


aS pi, p2, , px tend independently to zero. In particular, 


(19’) lim Q) = u(Q), Qing, 
p=0 


where u‘)(p, M)=wu(pi, po,--- , px, M) with pi1=p2= - - - =p. =p, and in- 
creases monotonically as p decreases to zero. 

Let D be a bounded domain, 2 a domain contained with its boundary 2* 
in D. Let Q;, i=1, 2, 3, be intermediate domains with boundaries 2;* such 
that we have 


+ Q* in Q; in ‘= 1, 2: Q3 + Q* in D, 


[March 
| 
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and Q;* is sufficiently smooth for application of Green’s Theorem to regions 
bounded internally or externally by it. 


THEOREM OF F. Riesz. If u(M) is superharmonic in D, it may be written 
in the form 
u(M) = U(M) + (M), MinQ, 
where U(M) is the potential of a distribution of positive mass on Q, finite in 
total amount, and v(M) is harmonic in Q. 


Let u(M), u(M),--- , u(M),--- be a monotonic-increasing se- 
quence of continuous superharmonic functions, with limit u(M), in a region 
Q, which contains 2;+0; for instance, let u‘”(M) be the average 
u(1/(pot+p), M), with fo fixed and sufficiently great. Define 

u,(M) = u®(M), M ind, + QF, 
w,(M), M inQ; — + QF), 
= M in %— Qs, 


where w,(M) is the function which is harmonic in 2;—(02,+*) and takes 
on continuously the boundary values u‘”)(M) on Q* and OF. 

Then u,(M) is continuous in Q and evidently possesses the super-mean 
property. It is therefore superharmonic in 2,. Moreover the sequence u,(M) 
is monotonic-increasing, and <u(M), converging accordingly to a function 
w(M), superharmonic in Q. We note that w(M) is harmonic in Q;— (Q,+2*) 
and identical with u(M) in +0. 

We take 4p small in comparison with the distances between Q* and the 
boundary of %, between 2 and Q*, and between 2 and Q¥; and consider 
the function w(p, p, p, p, M) =w(p, M), which is superharmonic in a region 
which contains 2;+¥# and is identical with w(M) in a neighborhood of QF, 
where it is harmonic. The function w“(p, M) has continuous third-order par- 
tial derivatives, and tends, increasing monotonically, to w(M) in a domain 
which includes Q;, as p tends to zero. By means of Green’s theorem, as applied 
to 2., we have the decomposition 


w“(p, M) = Us(M) + 20(M), M in 


where U,(M) is the potential of a distribution of positive continuous density 
on {%, finite in total amount, and where vo(M) is harmonic in Q2, continuous on 
Since vo(M) involves merely the boundary values of w and dw /dn 
on {%, it follows that vo(M) will remain independent of p, as p tends to zero. 

The potential U,(M) therefore increases monotonically as p tends to 
zero. Moreover, since U,(M) is identical with w(M) —v(M) in the neighbor- 
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hood of 2, and is harmonic there, the total mass is given by 4m times the 
integral of the normal derivative of w(M)—vo(M), and does not involve p. 
Hence by the theorem of §2.1, the function 

U,(M) = lim U,(M) 


p=0 


is the potential of a distribution of positive mass f(e) on a bounded set, and 
is bounded in total amount. 
We have 


1 
u(M) = w(M) = »(M) + f uP df(ep), M in Q. 
w 


Writing 
f(e) = f(e-2) + f(e-(W — Q)), 


1 1 
U(M) = f df(ep-2), o(M) = + f df(ep-(W — Q)), 
w w 


we shall have 


u(M) = U(M) + »o(M), M in Q, 
according to the conditions of the theorem. 


II. LIMITING VALUES OF POTENTIAL FUNCTION 


In general terms it seems safe to say that the potential of a positive distri- 
bution of mass is greater where mass is than where it is not. In fact, the po- 
tential cannot take on its upper bound at a point of positive distance from 
the mass, being harmonic at such a point. Nevertheless it is evident that a 
potential need not take on its upper bound at any point whatever in space, 
and if our naive idea is to be made precise, it must involve the limiting values 
of potential functions as we approach points of the mass distribution. 

We note that for any point M whatever, on account of the lower semi- 
continuity of U(M), and equation (9), §2.1, 

(1) U(M) = lim inf U(M’), M’ inW. 
M'=M 

5. Points of continuity. In terms of the notation of §1 we have the fol- 

lowing 


THEOREM. Let Q be a point of t, not an isolated point, and U(Q) finite; if 


(2) lim U(P)=U(Q), Pint, 
P=Q 
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then 
(3) lim U(M) = U(Q), M in T. 
M=Q 


For this theorem, T may be any domain containing no points of F, whose 
boundary ¢ consists of points of F. 
On account of (1) it is sufficient to prove that 


lim sup U(M) UQ), MinT. 
M=Q 


We assume that the theorem is false, and that therefore there is a sequence 
of points M,, M2, - - - in T, and a number e>0, such that 


(4) U(M;) > lim M; = Q. 


‘=o 
Let &:, €2, - - - be a sequence of positive numbers such that 
< ¢/2. 


Let I'(p, Q) be an open spherical neighborhood with center Q and radius p, 
small enough so that the contribution U,,(Q) to the potential at Q from the 
mass on F-I'(p, Q) satisfies the inequality (see (5) §1) 


Ur,(Q) <4. 
It follows therefore that 
Uw_r,Q) > UQ) — 4. 
We suppose also that p is small enough so that, for P in ¢-T'(p, Q), 
U(P) < UQ) + «. 


But Uw-_r,(P) is continuous at Q for any method of approach; let therefore 
T'(5, Q) be a second spherical neighborhood, concentric with I'(p, Q), with 
5 <p, 6 being small enough so that, for P in T'(6, Q), 


Uy_r,(P) > Uw_r,(Q) — > UQ) — — 
Thus we have 
Ur,(P) < UQ) + — (U@Q) — a — 4), 
Up, (P) <4 + + 6s, P in t-T(6, Q). 
Denote the distance MQ by 6;; we may assume without loss of generality 
that 6;<6/2 for all 7. Let Q; be a point in F at the minimum distance, say 


6,’, from M;. Such a point Q; exists, since F is closed; moreover Q; lies in ¢, 
since otherwise the segment Q;M; would contain a point of ¢ nearer to M; 


(5) 
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than Q;. Further, Q; lies in (6, Q), since Q0;5Q0M;+M,0;<6/2+6/2. 
Finally, lim ©)Q;=(Q. 
We have 


(6) Q:P PinF-T(p,Q). 


In fact, 0,M;=6,', M;P Also, for P in F—F-T(p, Q), 


0:P < 0:M; + = (: + M.P 
M;P 


‘ 


p— 4; 
since for such P, M;P >QP—QM;=p—5;. Accordingly, since p >6>6;25,’, 


(7) or <(1+ me, Pin F —F-T(p, Q). 


Now, from (6), (7), making use of the properties (C), (P) of the general 


integral, 


: 1 
U(M,) = + (Mi) = f wp’ [F -T'(p, Q)]) 


Ww 


1 
4 df(er: [F — F-T(p, Q)]) 


5; 
< 2U + (1+) (00 
p—d 


6; 
p—é 


= + + Uy_r,(Qi) 


6; 
<eatete + UQ) tet + ¢2). 


Choose now 7 great enough so that 


6; 


(UQ) + < 
p—d 


Then 
U(M,) < UQ) +a t+ 2e2e+etea< UQ)+€. 


But this statement contradicts (4). Accordingly the proof is complete. 


M;P 
<(1+—— 
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Coro.iary. Let Q be a point of t, isolated or not, and U(Q)=+0. Then 


lim U(M) = U(Q), M inW. 
M=Q 


In fact, this is equation (1) in this case. 

5.1. Frequency of points of continuity. Let the set ¢ be without isolated 
points; it is then perfect. Let T', be any closed spherical region which con- 
tains F in its interior. The functions 


U)(P) = f hN(P, P’)df(ep:) 


are, on T';, positive, continuous, and bounded away from zero by a lower 
bound independent of NV, as NW tends to +. Accordingly the functions 
w(P) = 
are continuous and uniformly bounded on Ij, and the function 
o(P) = 1/U(P) 


is a function of the first class of Baire on T;. It is therefore punctually dis- 
continuous on T';.t Given any perfect subset E of ¢ (for instance, all the points 
of ¢ in a closed spherical neighborhood of a point P of #) there will be points 
of E at which v(P) is continuous, considered only on E. In other words, ad- 
mitting + as a possible value of U, we have the following proposition: 


THEOREM. If tis perfect, and P is given int, then in any neighborhood of P 
there is a point Q of t such that 


lim U(P’) = U(Q), P’ int. 
P’=Q 


By an application of the theorem of §5 we have the following corollary: 
Corotiary I. If t is perfect, and P is given in t, then in any neighborhood 
of P there is a point Q of t such that 


lim U(M) = U(Q), M inT +t. 
M=Q 
The following corollary may also be stated, and proved in the same man- 
ner as the above. In fact, in the theorem of §5 we may replace ¢ by F, and 


T by CF, although CF is not necessarily a domain, Q being a frontier point 
of CF. 


Lebesgue, Lecons sur Il’ Intégration, Paris, 1928, p. 203. 


— = : 
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Coroirary II. If F is perfect and P is a point of F, there will be, in any 
neighborhood of P, a point Q of F such that 
(8) lim U(M)=UQ), MinW. 

M=Q 

This corollary affords an immediate proof of Kellogg’s Lemma (see §18). 

6. The superior limit of the potential function. We return to the set / 
as in §5, which is closed but not necessarily perfect, and let T be a bounded 
or an unbounded domain. 


THEOREM.{ Let Q be a point of t, not an isolated point, and let k, assumed 
to be finite, be the superior limit of U(P), P int, as P tends to Q. Given e>0, we 
can find Q, in t, arbitrarily close to Q, so that 
(9) lim sup U(M) < UQi)+e<k+ M inT. 

With «, &, - - - as before, we choose a neighborhood 2 of Q of diameter 
small enough so that U(P) <k+e, for P in ¢-Q. For Q, we take any point in 
t-Q for which U(Q,;) >k—6; this choice of Q, is possible by definition of &. 
The proof of the theorem from this point on is substantially that of the 
theorem of §5, with Q of §5 replaced by Q;. Hence it need not be repeated 
here. 
The following simple remarks supplement the theorem just given. 

I. If Q is an isolated point of t, either U(M) is continuous (and harmonic) 
at Q, or else lim (M =Q)U(M) =U(Q)=+%, for M in W. 

If there is no mass on Q, U(M) is bounded and harmonic in the neighbor- 
hood of Q and continuous at Q, therefore harmonic at Q. If there is a point 
mass at 0, U(Q)=+, lim (M=Q) U(M)=+0. 

II. Let = be any domain and s its boundary, Q any point of s. Then 


(10) lim sup U(P) S lim sup U(M), P,Qins, Min . 
P=Q M=Q 


For there exists a sequence of points P; of s, tending to Q, such that 
lim U(P;) exists and equals lim sup (P=Q)U(P). But there is a sequence of 
points M; in 2, M,P;<e/2‘, U(M,) >U(P,) —e/2', € given >0; for U(M) is 
lower semicontinuous. Hence, admitting the value + as a possible limit, 
the equation (10) is established. 


Tt The theorem is slightly sharper than the lemma of §2 of G. C. Evans, A pplication of Poincaré’s 
sweeping-out process, Proceedings of the National Academy of Sciences, vol. 19 (1933), pp. 457-461, 
but the proof is quite similar. In the cited lemma ¢ was assumed to contain all the mass, instead of 
being merely a frontier of the mass, as here. 

The theorem of §4 is a corollary of the above, by taking Q:=(Q. 
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III. We leave unanswered the question{ 
(10’) u.b. U(P)(P in #) = u.b. U(M)(M in T)? 


7. Inferior limit of the potential function. We shall see in §7.2 that there 
may exist points of the mass where the potential is actually less than its lower 
limit for approach not on the mass. For their consideration there is no gain in 
restricting the sets in which they lie to points of the mass, specifically, and 
accordingly we discuss them with reference to the sets s, 2, Bof §1. We are 
thus dealing with the properties of potentials as positive superharmonic func- 
tions rather than as explicitly given integrals. 

If there exists a potential U(M) of positive mass on F such that 


(11) U(Q) <liminf U(M), Qins, Min2, 
M=Q 


we say that Q is an exceptional point of s with respect to 2; similarly we speak 
of exceptional points of s with respect to 2+, etc. As is evident from the 
definition, we are dealing with geometrical properties of the sets in question. 
We use the symbol C(p, Q, E) for the portion of the spherical surface 
C(p, Q) which is common to it and a set EZ, measurable Borel. Such a portion 
is also measurable Borel. 
7.1. Special cases. We prove the following theorem: 


THEOREM I. If Q is an exceptional point of s with respect to , 
C(p, Q, 2) 
im 
e=0 C(p, Q,5+ B) 
also, if Q is an exceptional point of s with respect to 2+B, 
im =0 
p=0 C(p, Q, s) 


? 


Suppose that 
lim inf U(M) = UQ)+h, Minz=,h>0. 
M=Q 


Let 6 be any fixed number 0<@<1. Since U(M) is lower semicontinuous, it 
follows that, given e>0, there is a spherical neighborhood I'(p:, Q), such that 


U(M) > U(Q) + 6h, M ine, QM <p, 


U(P) > UQ@) Pin W, OP < pu. 
Hence 
T The question is now answered in the affirmative, by A. J. Maria, The potential of a positive 
mass and the weight function of Wiener, Proceedings of the National Academy of Sciences, vol. 20 
(1934), pp. 485-489. 
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C(p, Q)U@Q) > C(e, Q, + oh] + C(o, Q, s + B)[U@) 
0> bhC(p, Q, C(p, Q, s+ B), 
C(p, Q 2) € 


12 <—) < 
a 


Similarly, if 


lim inf U(M) = UQ) + A&A, Min=+8B,h>O, 
M=Q 


there exists pz such that 


C(o,Q,2+ « 
nae 


From this the conclusions of the theorem are evident. 


CoROLLARY. An exceptional point of s with respect to = is a point of s of 
spatial density unity in s+B. If s is a set of Lebesgue spatial measure zero it 
has no exceptional points with respect to 2+B. 


We remark that the exceptional points of s with respect to = must all be 
regular boundary points of 2, since an irregular boundary point of = cannot 
be a point of spatial density unity on s+B (see §23, below). 

Perfect totally disconnected sets, of which the typical example is the 
spatial discontinuum, need not be of zero spatial measure. But they are 
closed sets of dimension zero in the sense of Menger. The following theorem 
about such sets may be proved very simply. 


THEOREM II. Jf s is of dimension zero at Q, Q cannot be an exceptional 
point with respect to x. If s is of dimension zero, none of its points are excep- 
tional with respect to =. 


If s is of dimension zero at Q, in any neighborhood about Q there is con- 
tained a neighborhood Q, to which also Q belongs, whose boundary 2* con- 
tains no points of s. The set 0* is at a positive distance from the closed set s, 
and, for 2 small enough, since it contains at least one point of 2, lies entirely 
in 2. The lower bound of U(M) for Q is taken on at some point M, of *. 
Hence by taking a sequence of neighborhoods with diameters which approach 
zero as a limit we obtain a sequence of points Mi, M2, --- , lim M;=Q, M; 
in 2, such that U(Q) >U(M,j). 

The second part of the theorem is a consequence of the first, for a set of 
dimension zero is of dimensivn zero at every one of its points. 
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7.2. An exceptional case. The accompanying figure illustrates a point Q 
of s for which lim inf (M@=Q) U(M)>U(Q), M in 2. The set B is vacuous, 
and F=s, mass being deposited only on s. 

We construct a surface of revolution S,, made in part of a sphere with 
center O and in part of an exterior Lebesgue spine with vertex at Q, the 
sphere being pierced opposite Q on QO, so that the complement of S; becomes 
a domain. To S;, is applied a conductor potential distribution (see §15) with 


S 
1 S, 


potential U;(M). The point Q being irregular for the domain W—S,, we 
know, from the symmetry of the figure about OQ, that, as M approaches Q 
along the extension of OQ (from the right, in the figure), 

lim U\(M) = UiQ) =1—k <1. 

M=Q 

We now adjoin to the end of the spine, on the same axis of revolution, a 
closed surface of revolution S2, exterior to S,, such that on S2, in the neighbor- 
hood of Q, U;(M) =1—k/2. Throughout Bz, the region interior to Sz, we dis- 
tribute a uniform mass, of density sufficiently small so that its potential no- 
where exceeds the value k/8. Accordingly the inferior limit of the potential 
of the total mass, for approach to Q, is still obtained by a path through the 
region Be. In the figure so far constructed we have F = B.+S,+S2. 

We may now eliminate the interior mass and still retain the desired prop- 
erty. Denote by o the projection of B, on the x, y plane, and let the points 
R, of o, for which x and y are both rational, be put in countable order. With 
R, as center of base, construct a cylindrical surface o; of length /, long in 
comparison with the diameter of S:, remove the mass from the interior of the 
tube, and place a uniform mass on the surface of the tube, so that 

(i) the potential of this mass at any point in the set O, common to the 
interior of the tube o; and to B; shall be 22, 

(ii) the potential of this mass at Q shall be <2-*(k/8), 

(iii) the tube o; shall be exterior to the tubes o1, o2,--- , ox-1, if Ry is 
exterior to them; otherwise R, shall be omitted from the sequence, 


= | 
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(iv) the sum of the masses on all the a; shall be finite. This construction 
is possible, since a segment of a straight line is a point set of zero capacity 
in three dimensions; that is, any positive charge on the line will make the 
potential infinite at some point. 

The set 5:+5:+B—2ZO,+F’, where F’ denotes the closed cover of Zo:, 
is closed and bounded. We take this set as the set s, and denote by U(M) the 
potential of the masses distributed on s. For = we have the entire set comple- 
mentary to s. We have evidently 


U(Q) 1 — 3k/4, 


lim inf U(M) >1—/2, Min&. 
M=Q 


lim inf U(M) > UQ)+k/4, Min&. 
M=Q 


Incidentally, we know that s is of positive spatial measure, of set density 1 
at Q, and that Q is a regular boundary point of 2. 
7.3. A theorem on the inferior limit. We prove the following 


THEOREM. Let Q be a point of s, x, y two arbitrary directions at right angles, 
Q an arbitrary neighborhood of Q. Then Q is not an exceptional point of s with 
respect to +B unless the set Q-s contains a family of closed rectangular con- 
tours, with directions parallel to x, y, whose vertices constitute a set of positive 
spatial measure. 


Let z be a direction normal to x, y. Denote by I'(p, Q, Z) the portion of 
I'(p, Q) which lies in the Borel measurable set E. Then 


(14) = 0, Bap. 
0 


Suppose the theorem is not true, and thus that 
(15) lim inf U(M) = U(Q) + 3h, Min=+B,h>0O. 
M=Q 


Let E denote the set of points in W where U(M) < U(Q) +4; it is closed. 
Given there exists po >0 so that for p<po, '(p, Q, E) is contained 
in 2 and 
meas I'(p, Q,£)2 (1 = n)4rp*/3, 
T(p, Q, £) lies in s, 


lim inf U(M) => U(P) +h, Min=+B, B). 
M=P 


(16) 


Hence 
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In fact, by (15), for p sufficiently small, U(M)>U(Q)+2h, M in 2+B, 
QM <p. Hence I'(p, Q, E) lies in s, and the second and third of conditions 
(16) are satisfied, for such p. Now, similarly to (13), for p sufficiently small, 
given e>0, 


C(p, 0, W BE) B), 


€ h 
C0) <="C0,0, B), 


eth 
T(p, Q) < h T(p, Q, E), 


from which follows the first of equations (16). 

On almost any plane z=const., U(M) is continuous along almost all lines 
x=const. and y=const. (see §3). Select then a non-exceptional plane z=2p, 
which cuts I'(po, Q, £) in a set of positive superficial measure, and in this 
plane a line y = yo, which cuts I'(po, Q, E) ina set E, of positive linear measure. 
On almost all lines x =const., which pass through points of E,, U(M) is con- 
tinuous. 

There is a closed subset F, of E, of positive measure, such that 
lim (y=yo) U(x, y, 20) =U (x, yo, 20) uniformly, for x in F,; that is, 6’>0 
exists so that 


(17) U(x, y, 20) — U(x, yo, 20.) < h/4, | yo | <a, xinF,. 


In fact, let {y,;} be a sequence of values, tending to yo. Since U(x, y, 20) 
is lower semicontinuous, the sets of points in a rectangle a<x<b, yoSy$ i, 
contained in I'(p, Q), where U(x, y, 20) >c and where U(x, y, 2) <c respec- 
tively, for any c, are measurable Borel; hence their projections on y = yo are 
also measurable Borel. But these are respectively the sets where f;(x) >c and 
$:(x) <c, f(x) being the upper bound and ¢,(x) the lower bound of U(x, y, zo) 
considered as a function of y, yo Sy 5 y:, for x in the interval a<x<b. Hence 
f(x) and ¢;(x) are measurable Borel, and 


lim Six) = U(x, yo, 20), lim (x) = U(x, yo, Zo), xin Ez. 


But, by Egoroff’s theorem, corresponding to the sequence {i}, there is a 
closed subset F, of E,, of measure differing arbitrarily little from that of E,, 
such that the approach of f;(x) and ¢,(x) to their limiting values is uniform, 
for x in F,. Also, for yoS yi, 


oi(x) — U(x, yo, 20.) S U(x, y, 20) — U(x, yo, 30) S fi(x) — U(x, yo, 20), 
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so that the approach of the middle member of this inequality to zero is uni- 
form for x in F,. 

For almost all the points of F, the linear set density of F, is unity. Select 
one of these non-exceptional points (x0, yo, 20). For almost all lines y = const. 
in the plane z=2z9, U(M) is continuous. We may therefore apply the sort of 
argument just used in the case of F, to the neighborhood of yo on the line 
x =x. There exists then a set F, in y, | y—~yo| <6’, of positive measure on the 
line x =o, and a 6” >0 such that 


(18) U(x, y, 20.) — y, 20) < h/4, for | xo | yin Fy. 


We may choose the (xo, yo, 0), 6’, 5’ so that the entire figure lies in the 
sphere of center Q and radius po. 

Consider then a rectangle in z=z9, composed of two lines x=m, x=%2, 
x1, in F, and two lines y=41, y 91, ¥2 in Fy, with | x: |42—20| 
and |¥:—yo|, |¥2—o| <6’. This rectangular contour lies entirely in s. In 
fact, for any point on a side parallel to x, say (x, 1, 20), we have 


U(x, y1, 20) — U(xo, Yo, 20) 
U(x, yi, 20) — U(%o, y1, 20) + U(xo, y1, 20) — yo, 20) 
< h/4 + h/4 = h/2, 


by (17), (18). But by the third of equations (16), since P = (xo, yo, Zo) lies in 
T'(p0, QO, E), M=(z, 91, 20) cannot lie in Also for any point on a side 
parallel to y, say (x, y, zo), we have 


Zo) = U(x, V0» 20) < h/4. 


But (x1, Vo, Zo) lies in (po, Q, EZ); hence (m, y, 20) cannot lie in 2+B. 

The set of points (x1, yi, z), (x2, V2, 2), Ye, 2), (x2, V1, 2), vertices of rec- 
tangular contours which lie in s, for which | x2—2,| 2a, | ye—y,| =), is closed. 
Hence the set of vertices of all the contours of the theorem, for given direc- 
tions x, y, is measurable Borel. But, as we have proved, this set cannot be of 
zero measure spatially. This completes the theorem. 

It will be noticed that Theorem I of §7.1 relates to measure and Theorem 
II of §7.1 is topological in character. The present theorem partakes of both 
characters. A set which has an exceptional point, by this theorem, cannot be 
of zero spatial measure, since it must contain a set of vertices of positive 
measure; it cannot be of dimension zero, since the neighborhood of an excep- 
tional point must contain contours of dimension one. 

In the plane, and for logarithmic potential, a boundary set s which contains 
an exceptional point with respect to the complement 2+ B of s contains a family 
of rectangular contours, with sides parallel to given orthogonal directions, whose 
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vertices constitute a set of positive superficial measure. It follows then that if s 
is a boundary set and occludes no points from infinity it has no exceptional points. 
This is a topological theorem of which the analogue in three dimensions, as 
illustrated in §7.2, is not valid. 


III. THE ENERGY EQUATION 


8. The Dirichlet integral and the averaging process. When U is a po- 
tential, the quantity 


aU? 
coun = (22 (22) (22) 

Ox oy 0z 
has meaning almost everywhere and is a measurable function spatially; for 
the separate partial derivatives, according to §3, possess these properties. 


Moreover the quantity in (1) is identical almost everywhere with the expres- 
sion in terms of generalized or vector derivatives 


(D.U)? + (DU)? + (D.U)? 
which is invariant of an orthogonal transformation at all points where D,U, 


D,U, D.U exist. We shall discuss the convergence of the Dirichlet integrals 


(2) D = D(U) = f (VU)*dM, 
w 


aU av aU aU a 
(3) Dv, v) = f f vw, nam. 
w Ox Oy oy Oz Ww 


It is immediately verified that if 5(m) is a function such that 
f i(m), f 5(m) 
E 
when meas E <™m, then also, using the notation of §4 for the spatial average, 
(4) f 90", wwe”, = 50m). 


We state this fact as a lemma. 


Lemma. Let ¢(M), ¥(M) be summable with their squares over W. The abso- 
lute continuity of the integrals over measurable sets E, 


fie, f nye", nau, 
E 


ts uniform as p’ and p” tend independently to zero. 
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If U(M) is a potential of a distribution of positive mass on F, we have 


(5) U(p, M) = f k(M, P)df(er) 
w 


3p? — MP? 


k,(M, P) = —————_ MP <p, 
2p 


1 
MP’ 


MP2 p, 

is continuous in M, P with continuous partial derivatives of the first order, 
and is superharmonic as a function of M. Moreover, since U(p, M) vanishes 
continuously at © and is harmonic outside a set F,, of which no point is dis- 
tant from F by more than p, it follows by §2 that U(p, M) is itself the 
potential of a distribution of positive mass f(p, ¢) on F,; and, as is seen by 
integration over a sufficiently large spherical surface, the total mass is the 
same as that for U(M). It has already been pointed out, in the proof of the 
theorem of §2.1 (the U(p, M) forming an increasing sequence of potentials), 
that f(p, e) converges weakly to f(e) on a subsequence of values of p. 

Since U(M) has summable first partial derivatives, and satisfies (16), §3, 
U(p, M) has continuous first partial derivatives and satisfies (18), §4. In 
particular, D(U,) exists. If V(M) is a second potential of the same kind, 
D(U,,, V,) also exists. 

9. Convergence of the Dirichlet integrals. We shall prove the following 


THEOREM. A necessary and sufficient condition that D(U) converge is that 


D(U,) = ji VU(p, M)}*dM 


remain bounded as p tends to zero. Further 
(6) D(U) = lim D(U,) 


p=0 
if D(U) converges. 

That the condition is necessary comes immediately from the lemma of 
§8, applied to 0U,/dx, dU,/dy, U,/dz separately. For it follows that the 
absolute continuity of {{ VU(p, M) }?dM is uniform as p tends to zero. Hence 
this integral is bounded, independently of p, on any bounded region. But 
outside a certain bounded region, sufficiently large, U(p, M) is identical with 
U(M), for all p, as p tends to zero. Hence fy{ 7U(p, M)}?dM is bounded, 


where 
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independently of p. Also equation (6) is verified. For since lim (p=0) 
{ VU(p, M)}?={ VU(M)}? for almost all M, and the absolute continuity 
of the integral is uniform, it follows by Vitali’s theorem that 


lim | { 7U(p, M)}*dM = f { VU(M)}*dM, 
D D 


p=0 


where D is any bounded region; on the other hand, the integrals extended 
over the portion W — D of W, where D is taken sufficiently large, are identical. 

The condition is also sufficient. In fact, it is well known and immediate 
that if ¢:(M), ¢2(M), - - - form a sequence of not negative summable func- 
tions, which have a limit, lim (= ©)¢,(M) =¢(M) almost everywhere on a 
perfect set EZ, then 


imo 


(7) lim int (M)dM = f $(M)dM, 
E 


admitting +0 as a possible value of the right hand member. Hence if K 
exists such that 


f { VU(p, M)}*dM < K, for all p, 
w 


it follows from (7), taking p=1/i, that { VU(M) }? is summable over every 
bounded region D, and 


f { VU(M)}*dM < K. 


Hence { VU(M)}? is summable over W. 
We have also immediately the following corollary: 


Corotiary. If U(M), V(M) are two potentials of positive masses on F, 
finite in total amount, such that D(U) and D(V) converge, the integral D(U, V) 
also converges, and 


(8) DU, V) = lim D(U,,, V,-*), 


as p’ and p”’ tend independently to zero. 


The convergence comes immediately from the inequality 2| V(U, V)| 
<(VU)?+(VV)?; the limit property is a consequence of the uniform abso- 
lute continuity, as in the proof of the theorem. 

10. The energy equation. We prove the following 
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THEOREM. Jf D(U) exists, then 
(9) D(U) = 4x f 
and if also D(V) exists, and y(e) is the mass function for V, then 
(10) D(U, V) = 44 U(P)dp(ep). 


Consider first (10). We remember that U(p’, M), V(p’’, M) are potentials 
of positive mass distributions on bounded sets, and prove the following 
lemma. 

Lemma. If D(U,, Vi) =4afwU(p’, P)du(p”, ep) and D(U), D(V) exist, 
then D(U, V) 

In fact, by the corollary of §9, 


D(U, V) = lim { lim D(U,,, = 47 lim { lim f U(p’, P)du(p", 
w 


p'=0 p’'=0 p’=0 p’’=0 


= 4r lim U(p’, P)du(er) 
by the weak convergence of p(p’’, e) to w(e), over the proper sequence of 
values of p”, the function U(p’, M) being continuous. Whence, since U(p’, P) 
increases monotonically to U(P), as p’ tends to zero, by the definition of 
generalized integral, 


D(U, V) = f U(P)dy(er), 


which proves the lemma. 

To return to the theorem, we note that U(p/, p, ps, M), V(pi', po’’, 
ps’, M) have continuous third partial derivatives, and the identity (10) 
applies to them as an immediate consequence of Green’s theorem, their first 
derivatives vanishing continuously at infinity like 1/r?. Hence by successive 
applications of the lemma, the equation (10) is established for U, V. Equa- 
tion (9) is obtained from (10) by writing V =U. 

Corotiary I. If D(U), D(V) are finite, then also D(U, V) is finite and 
positive. 

In fact, D(U, V) is given by (10). 

Coro.iary II. If D(U)), D(U;2), D(V) are finite and U2=U, but U.# Ui, 
then D(U2) > D(U;); D(U2, V) = D(W,, V). 
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Since there is a point where U,>U,, there will be a neighborhood of the 
point in which, almost everywhere, U2>U,, by (19’), §4. But Ui, U2 vanish 
continuously at Hence D(U2—U;) >0. 

The second inequality of the theorem is an immediate consequence of 
(10). Moreover, since D(U;) and D(U2) are convergent Lebesgue integrals, 
the same is true of D(U2, U,) and of D(U2—Ui, U:) = D(U2, U1) —D(Ui), 
although U,—U, is not necessarily a potential of positive mass; hence also 
D(U2—U;,, Uz) and D(U2—U;) = D(U2—U,, U2) — D(U2— Ui) are conver- 
gent Lebesgue integrals. But 


D(U2) = D(U; U2 U;) = D(U;) + 2D(U2 Ui, U;) a 
where D(U,—U,) >0, and by equation (10), D(U2—U,, U;) 20. 


III. The integrals D(U,», D(U,») are monotonic increas- 
ing as p’, p’”’ decrease independently to zero. 

Corotiary IV. A necessary and sufficient condition that D(U) exist is that 
the generalized integral fyU(P)df(ep) converge. 


The necessity has already been demonstrated in the theorem. For the 
sufficiency, we note first that 


= f U(p', P)df(o”, ep). 
w 


Choose now a sequence of values p/’, decreasing to zero, such that the cor- 
responding mass distributions f(p/’, e) of the U(p/’, M) converge in the 
weak sense to f(e). Since U(p’, M) is continuous, 


DU yr, Uggs) f P)af(er). 
p;’’=0 


But by Corollary III, D(U,., U,,-) increases monotonically as p’’ decreases to 
zero; accordingly 


Uy) 4x f Paster) 4x f forall 6”. 
Ww Ww 


Hence, by taking p” =p, p’=p, D(U,) is bounded independently of p, and 
D(U) is finite, by the theorem of §9. 


Corotiary V. A sufficient condition that D(U) exist is that U(M) be 
bounded in W. 
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AN ELLIPTIC SYSTEM OF INTEGRAL EQUATIONS 
ON SUMMABLE FUNCTIONS* 


BY 
J. H. BINNEY 


1. Introduction. Given A(e) and B(e) two additive} functions of point 
sets e, measurable in the Borel sense and contained in a simply connected and 
bounded plane open region 7, we shall consider the elliptic system of integral 
equations 


ff + = A), 


(1) 
f 02, dy + = 

in which s is a (variable) simple closed rectifiable curve in T and ¢ its interior 
region. In one sense it would be more natural to employ, in the right hand 
members of equations (1), the functions of curves which “correspond” { to 
A(e) and B(e), rather than the functions of point sets themselves, since the 
curvilinear integrals are functions of curves. But aside from the difficulty of 
defining additive functions of curves on a family of curves as general as 
rectifiable ones, it turns out that we need to consider only curves ¢ where the 
functions of point sets are regular, that is, such that 


A(c) = A(o + 5), = Bio +); 


in fact, only curves such that if e”’ is any set of points on s itself measurable 
Borel on s, then A(e’”) =0 and B(e’’) =0. 

In this paper,§ a general solution of the pair of equations (1) is obtained, 
supposing merely that the functions ¢ and @ are summable superficially 
everywhere in 7. This result is expressed in Theorem IV, below. 

Let 


* Presented to the Society, August 31, 1932; received by the editors May 31, 1934. 

t “Additive” is understood as “completely additive,” that is, additive over a denumerable in- 
finity of distinct sets. An additive function is therefore bounded. 

t Evans, Fundamental points of potential theory, Rice Institute Pamphlet, vol. 7 (1920), pp. 
252-329. See pp. 261 and 268. 

§ The author wishes to express his indebtedness for assistance in this problem to Professor G. C. 
Evans, who has discussed continuous solutions of the related pair of partial differential equations in 
An dlliptic system related to Poisson’s equation, Acta Szeged, vol. 6 (1932), pp. 27-33, and to Dr. A. J. 
Maria, who has also made suggestions on important points of the treatment. 


254 


INTEGRAL EQUATIONS ON SUMMABLE FUNCTIONS 


=—f (MP, y)dB(ep) — cos (MP, x)dA (ep) ] 
= MP cos ep cos , x)dA(ep)], 


2 
= (MP, x)dB(ep) + cos (MP, y)dA(ep)]. 


These functions are defined almost everywhere and are summable over the 
region T.* We shall see that these are particular solutions of the pair of equa- 
tions (1). 

2. Lemmas on convergence. It is necessary first to establish the following 
lemmas. 


Lemma A. If f(e) is a non-negative additive function of point sets e in T, 
measurable in the Borel sense, and s is a simple closed rectifiable curve in T, on 
which fr[1/(MP) |df(er) represents a summable function of M with respect to 
arc length, then f(e'") =0 for every set e’’, composed of points of s and measurable 
Borel on s, and the equation 


1 1 
—— df(ep) = f — df(e 
is valid. 
The lemma is of course equally true if s is a simple rectifiable arc, and the 
proof which follows requires merely an obvious modification to cover this 


case. 
At any point M of s for which fr[1/(MP) |df(ep) converges, we have 


1 1 1 


where e”’ =e-s and e’ =e-(T—s), that is, the parts of e on s and in T—s, re- 
spectively. These sets are measurable Borel if e is measurable Borel and 
Se) =f(e’) +f(e”) since e=e’+e” and e’ and e’”’ have no common points. To 
show that (3) holds, we let 


1 1 
h,(M, P) = —»> MP>—,» 
MP n 


1 
=n, MPs—- 
n 


This is a continuous function of (M, P) and is such that 4,(M, P) 


* Evans, Rice Institute Pamphlet, loc. cit. See p. 263. 
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Shasi(M, P). Since h,(M, P) is uniformly continuous as a function of P in 
the region T —s, in fact in the whole plane, we may show from the definition 
of the Stieltjes integral that 


Prager) =f Paster’) + f hal, 
T T-s 


All three terms of this equation are increasing functions of n, and since the 
left hand member remains bounded as becomes infinite, both terms of the 
right hand member do also. Hence the resulting generalized integrals con- 
verge and yield the desired equation (3). 

Hence if the left hand member of equation (3) represents a summable 
function of M on the curve s, the same is true of the function 


1 
J aftet!). 


But, as is seen by direct calculation, this can be true only if f(e’’) =0. 

A well known property, which is deduced with the aid of Fubini’s theorem 
on multiple integrals, is the following: 

Lemna B. If f(e) is an additive function of point sets e, measurable Borel in 
T, then the integral fr[1/(MP) |df(er) exists for almost all M in T and is a 
summable function of M on almost all rectangular contours in T, whose sides 
are parallel to two fixed rectangular directions x and y. 

When the integrals in (4) below are suitably defined we may prove the 
following lemma. 

Lemma C. /f f(e) is an additive function of point sets e in T, measurable 
Borel, and s is a simple closed rectifiable curve in T, on which 


r MP 


represents a summable function of the point M with respect to arc length, then 
the integrals 


(4) f : cos (MP, s™)df(ep) f : MP )df(ep) 
MP » 3M f(er), MP cos ( » 


exist almost everywhere in T as summable functions of M with respect to arc 
length on s and the equations 


1 
(5S) few cos (MP, su)df(ep) 


= 
| 
= 
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1 
= J aenf uP cos (MP, sy)dsu = 0, 


1 
few UP cos (MP, nu)df(ep) 
1 
nen f cos (MP, ny)dsu = 2rf(c) 


are valid, where o is the set of points interior to s. 


In this paper we take my to mean the direction of the interior normal to 
the curve s at the point M. 

We notice that cos (MP, sx), cos (MP, ny) are not defined when P=M 
or when M is a point on the curve s where the direction of s is not definite. 
Evidently, however, we may define them in these exceptional cases so that 
the functions are measurable Borel in the closed space Rs in which coordinates 
are X=Xp; Y=Yp; 2=Sm, Sm being measured from some fixed point on s and 
varying over the length of s,and P=(x,y) being confined to a closed rectangle 
R which includes the region 7. We extend the definition of f(e) throughout R 
by writing f(e) =f(e-T). 

Since the integral over T with respect to f(e) is the same as the integral 
over T —s, and since the points M on s where s has no tangent direction form 
a set of measure zero on s, independent of P in T—s, the values of the 
iterated integrals in (5) and (6) are independent of the definitions assigned 
to these cosines at the exceptional points. The lemma is then verified by a 
change in the order of integration which is justified by the existence of the 


integral* 
1 
d. f ——j|d 
Jeu 


A lemma of slightly different type is the following: 


Lemma D. Let a, x represent any two fixed directions. Then, with the hy- 
potheses on s and f(e) of Lemma C, the integral 


1 1 
uP cos (MP, a)df(ep) = fa cos (MP, a«)df(ep) 


exists, and is equal to 


1 
aster) cos (MP, a)dzx. 


T-s 


* G. C. Evans, Rice Institute Pamphlet, loc. cit., p. 258. 
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The integral in Lemma D is an iteration of two Daniell S-integrals.* For 
its treatment we make use of the following proposition: 


Lemma E. If f(¢) is measurable Borel and if x(t) is absolutely continuous in 
t such that f(t)x'(t) =f(t)dx/dt is summable over (a, b), then J? f(t)dx(t) exists 
and 


b 
[oi = [sox 


We note that if f(#) is summable and x’ (é) is bounded, f(#)x’(#) is summable 
over (a, 

We first prove the lemma for x(#) monotonic-increasing. If f(¢) is continu- 
ous both members of the above equation exist and they are equal. With 
x’ (¢)=0, both members are general J-integrals of f(#) (a Lebesgue integral is 
merely a special case of such an integral). Hence if the right hand member 
exists, the left member does also, and the equality is unchanged. But the 
right member exists if f(#)x’(é) is summable. 

If x(#) is no longer monotonic-increasing, from the measurability of 
f(t), x’( and the summability of f(é)-x’(é) follows the summability of the 
functions 


+ 


Hence if we denote by x*(#), x-(é) the positive and negative variation func- 
tions respectively for x(#), with derivatives 


xO}, 


the J-integrals [?f(é)dx+(t) and fof(t)dx-(t) 
both exist, and {?f(#)dx(#), which is an S-integral and the difference of two 
I-integrals, exists and has the assigned value.t 

Consider now any function Q(M) summable with respect to arc length 
su_on the simple closed rectifiable curve s. Let us write =2(sq) to repre- 
sent the projection of the arc RM =sy on OX, where R is some fixed point 
of the curve s. Then x(s) is an absolutely continuous function of arc length 
sm. In fact, 


xu = = f cos (x, 


Hence the derivative dx/dsy=cos (x, sm) exists for almost all points M on s 
and is bounded in absolute value by unity. Hence by Lemma E, 


* P. J. Daniell, A general form of integral, Annals of Mathematics, vol. 19 (1918), pp. 279-294. 
t P. J. Daniell, loc. cit. 
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f Q(M)dxy exists and = f Q(M) cos (x, su)dsy. 
We return now to the proof of Lemma D. Since the function 


r MP 


is summable with respect to sy on s and since it dominates the measurable 
function 


1 
— cos (MP, a)d 
spp HP, after 
then the latter is summable with respect to sy. Hence we may take 


1 
Q(M) = f UP cos (MP, a)df(ep). 


Therefore 


fa f . MP, a)d 
UP cos (MP, a)df(ep) 


= cos (MP, a) cos (x, sm)df(ep). 


But now the change of order of integration may be justified in the same 
manner as in Lemma C. Also f(e-s) =0 and our integral is therefore 


aster) cos (MP, «) cos (x, su)dsx 


and this again is 


f aster) (MP, a)dxy 


This completes the proof of Lemma D. 
3. The general solution of equations (1). We are now in a position to prove 
the following theorem. 


THEOREM I. The functions oo and 0o given by (2) satisfy the pair of equations 
(1) on all simple closed rectifiable curves s in T on which 


1 1 
up | 4@) |, | | 


represent summable functions of M with respect to arc length on s. 


| 
| 
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Since the functions 


1 1 


are summable with respect to arc length on s and since x and y are absolutely 
continuous functions of sy with bounded derivatives, we can conclude from 
Lemma E, as in Lemma D, that the integral 


+ Oodx 


exists and, moreover, that 


dy dx 
ff + Oodx = f {6 + 
2 dsy dsu 


Hence we are justified in substituting ¢o and 4 in the left hand member of 
the first of the equations (1). Doing this and noting that, almost everywhere 
on S$, 


——.= cos (y, su) = — cos (x, ny), 
ds 

dx 

— = cos (x, Sm) = cos (y, mm), 
ds 


we get 
ff + = f do Cos (x, Mu) + cos (y, nu)}dsy. 


But the right hand member may be written as follows, since A(e-s)=0 
=B(e-s): 


1 1 
— | ds f —}-— cos (MP, y) cos (x, ny)dB(e 


+ cos (MP, x) cos (x, nu)dA(ep) + cos (MP, x) cos (y, n)dB(ep) 
+ cos (MP, y) cos (y, mu)dA (ep) } 


1 1 
=— ds f ——};|cos (MP, x) cos (y, 
J loos (ate, 2) (y, mw) 


— cos (MP, y) cos (x, my) |dB(ep) + [cos (MP, x) cos (x, ny) 
+ cos (MP, y) cos (y, mu) |dA (ep)} 
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= f asu f [cos (MP, x) cos (x, sm) 
MP 
+ cos (MP, y) cos (y, sa) |dB(ep) + [cos (MP, x) cos (x, nm) 
+ cos (MP, y) cos (y, nm) |dA(ep)}. 

We have, for almost all M on s, 
cos (MP, x) cos (x, mm) + cos (MP, y) cos (y, mm) = cos (MP, nm), 
cos (MP, x) cos (x, sw) + cos (MP, y) cos (y, sm) = cos (MP, sm). 


Hence for almost all M on s, the inside integrals take the desired form 


f 1 
MP 


Hence the Lebesgue integral with respect to sy of the inside integrals has the 
value 


1 
cos (MP, sm)dB(ep), f > cos (MP, ny)dA(ep). 
T-s 


1 1 
— | ds f cos (MP, s)dB(e 


1 1 
+ uP cos (MP, ny)dA(ep). 


By making use now of the results of Lemma C we see that 
f goody + O0odx = 


and ¢o, 9 satisfy the first equation of (1). In a similar manner we can show 
that do and @ also satisfy the second equation of (1) for s. 
From Lemma B and Theorem I, we have the following corollary. 


Coro.iary. The functions oo and 0 given by (2) satisfy the pair of equa- 
tions (1) on almost all rectangles in T, with sides parallel to x and y. 


These results lead immediately to the following theorem: 
TuHeoreEM II. If the functions ¢ and 6 are solutions of equations (1) on almost 
all rectangles in T, the functions 
satisfy the pair of equations 
f ody + = 0, 
(7) 


on almost all rectangles in T, bo and 0 being given by (2). 
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We state the following theorem.* 
THEOREM III. If ¢ and 6 are two functions summable superficially over 


every closed region interior to T and satisfy equations (7) on almost all rec- 
tangles in T, then there exists a function ¥(M) harmonic in T, such that 


ov = 
oy 


for almost all M in T. 


Finally, we may summarize the results of the preceding pages in the 
following theorem: 


THEOREM IV. The functions 


oy 
(8) = do + — ; = 0 + — 

oy Ox 
where bo and 0. are given by (2) and where y is an arbitrary solution of Laplace’s 
equation in T, form a system of solutions of the pair of equations (1) for all 
simple closed rectifiable curves s, interior to the region T, on which the integrals 


1 1 


represent summable functions of M on s, with respect to dsu; in particular the 
functions (8) are solutions of (1) for almost all rectangular contours interior to 
T with sides parallel to given directions x and y. 

Conversely, if @ and 0 are summable superficially over any closed region in- 
terior to T and are solutions of the pair of equations (1) on almost all rectangles, 
interior to the region T, with sides parallel to the axes, they may be expressed in 
the form (8) in T—E(x, y), where E(x, y) is a set of points of T having super- 
ficial measure zero at most. 


4, The complex plane. It is interesting to note that we might have begun 
our study of the pair of equations (1) by considering a single equation in 
complex variables. 


* The editors of these Transactions have brought to the author’s attention the fact that sub- 
stantially this theorem is proved by V. S. Fedoroff, Sur le théoréme de Morera, Moscow Mathema- 
ticheskii Sbornik, vol. 40 (1933), pp. 168-179. Consequently it is unnecessary to give a proof of Theo- 
rem III. See also G. C. Evans, Note on a theorem of Bécher, American Journal of Mathematics, vol. 
50 (1928), pp. 123-126. For Theorem III a function ¥ is constructed which is a “potential of its 
generalized derivatives” @, ¢, and satisfies the second of (7); ¥ is then harmonic by the generalized 
theorem of Bécher. 


[March 
ov 
Ox 
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In order to show the connection of this pair of equations with a single 
equation in the complex plane, we let f(z) be a function of the complex vari- 
able z=x+7y such that its real and its imaginary parts are summable super- 
ficially over any closed region which is interior to a simply connected plane 
bounded open region T. Let ®(e) be a completely additive complex-valued 
function of point sets e in T measurable in the Borel sense. We now consider 
the equation 


(0) f = 


where s is a simple closed rectifiable curve in the region T and a is the set of 
interior points of s. If we place 


(ec) = Ble) + iA(e) 
and let 
f(z) y) + 10(x, y); 


equation (9) becomes 
f + idy) = BE) + 


If we now equate the real and the imaginary parts we obtain the pair of 
equations 


f + 0dx = A(o), 
(1) 
f — + = B(o) 


which we have been studying. We may accordingly state the following theo- 
rem: 


THEOREM V. If s is a simple closed rectifiable curve in T on which the inte- 


grals 


represent summable functions of M with respect to arc length su, then 


1 


(10) f(z) = F(z) + ®(ep) 
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is a solution of equation (9), where a is the angle (MP, y) and F(z) is an arbi- 
trary holomorphic function in T. 


f Feds = 0 


by the Cauchy integral theorem, it only remains to show that 


Since 


1 


MP (er) 


satisfies equation (9). And this is verified by direct calculation. 
As a result of this theorem and of Lemma B we have the following corol- 
lary. 


COROLLARY. The function 


f(s) = Fe) + f 


is a solution of equation (9) on almost all rectangles in T. 
We also have a converse result expressed by the following theorem. 


THEOREM VI. Jf @ and @ are two functions summable over every closed re- 
gion interior to T and if 6+%0 is a solution of equation (9) on almost all rec- 
tangular contours s in T whose sides are parallel to the given directions x and y, 
then 6+10 may be expressed in the form (10) in T—E(x, y) where E(x, y) is a 
set of points of T of superficial measure zero. 


Since ¢+70 is a solution of the equation (9) on almost all rectangles s in 
T we have 


(11) fo + id)dz = ®(c). 


In fact the functions 
= Po; 


satisfy the equations 


ff uay + vdz = 0, ff + uaz = 0 


1 
v=0— 0 
j 
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on almost all rectangles in T. Hence, almost everywhere in 7, 


Ox 


where WV is harmonic in 7. But then the function 
ov 


F(z) +i 
s)=utw=—+i— 
oy Ox 


is holomorphic in T. 


Rice INSTITUTE, 
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ON CONVEX FUNCTIONS* 


BY 
TIBOR RADO 


INTRODUCTION 


0.1. The problems raised and solved in this paper were suggested by 
certain results concerning subharmonic functions, published jointly by Dr. 
E. F. Beckenbach and myself. 

0.2. According to F. Riesz, a function u(x, y), continuous in a certain 
region R of the xy-plane, is called subharmonic if the inequality 


1 
u(x, y) s—f u(x + pcos 6, y + psin 


holds for every point (x, y) in R and for every value of p>0, such that the 
circular disc with center (x, y) and radius p is entirely comprised in R.f 
0.3. We have the following theorem: 


A function u(x, y), continuous in a region R, is subharmonic there if and 
only if the inequality 


1 1 ar 
—ff u(x + & y+ — u(x + pcos 0, y + psin 0)d0 


t+nt<pt 


holds for every point (x, y) in R and for every p>0O, such that the circular disc 
with center (x, y) and radius p is entirely comprised in R.§ 


0.4. In the second of the joint papers by Dr. Beckenbach and myself, 
referred to in 0.1, the following theorem was proved in connection with an 
investigation of the isoperimetric inequality. 


The logarithm of a function u(x, y), continuous and positive in a region R, is 
subharmonic there if and only if the inequality 


1 1/2 1 2r 
ff u(x+ y+ s u(x + pcos 6, y + p sin 
2r 0 


* Presented to the Society, April 7, 1934; received by the editors June 7, 1934. 

1 Subharmonic functions and minimal surfaces, these Transactions, vol. 35 (1933), pp. 648- 
661. Subharmonic functions and surfaces of negative curvature, these Transactions, vol. 35 (1933), pp. 
662-674. 

t See F. Riesz, Sur les fonctions subharmoniques etc., in two parts, Acta Mathematica, vol. 48 

1926), pp. 329-343, and vol. 54 (1930), pp. 321-360. 

§ See the second paper quoted under t above. 
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holds for every point (x, y) in R and for every p>0, such that the circular disc 
with center at (x, y) and with radius p is entirely comprised in R. 


0.5. The theorems in 0.3 and 0.4 are clearly two links in a chain of similar 
theorems. In the paper referred to in 0.4, some rather incomplete remarks 
were made concerning the character of these theorems. On account of the 
close analogy between subharmonic functions of two variables on the one 
hand and convex functions of one variable on the other,f there arose in this 
manner certain problems concerned with convex functions. We shall indi- 
cate briefly the character of the problems thus suggested. 

0.6. Let f(x) be a function, continuous and positive in a given open 
interval 4,<*<22. Denoting by a a real exponent, we define 


1 


h l/a 
I(f, x, h, a) = E f flat eat | , if a ¥ 0, 
—h 


1 h 
I(f, x, h, 0) = exp log f(x + 


where x and # are supposed to satisfy the inequalities 
xe. 


Then J(f, x, 4, a) is a continuous and increasing function of a, for —%° <a 
<+o.f 

0.7. Given a real exponent 7, we define the class C, as the class of all 
functions f(x) which are continuous and positive in x,;<x<2,_ and which are 
such that 


jf?’ sgn y is convex, if y ¥ 0, 


and 
log f is convex, if y = 0. 


0.8. Given a real exponent 6, we define the class C¥ as the class of all 


functions f(x) which are continuous and positive in x,;<*x<22: and which 
satisfy the inequality 


f(x — h) + f(x + h) 
I(f, x, h, 6) 


for all values of x and / such that 4;<x*%—h<xt+h<xo. 


t See, for instance, P. Montel, Sur les fonctions convexes et les fonctions sousharmoniques, Journal 
de Mathématiques, (9), vol. 7 (1928), pp. 29-60. 

t See, for instance, Pélya and Szegé, Aufgaben und Lehrsdize aus der Analysis, vol. 1 (Berlin, 
Springer, 1925), problem 82 on p. 54 and problem 83 on p. 55. 
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0.9. The theorems in 0.3 and 0.4 suggest, by implication, the problem of 
determining couples of exponents (7, 5) such that C,=C¥. In conversations 
between Dr. Beckenbach and myself, it was foundt that 


C# ¢ 
Dr. Beckenbach proved then that 
C, C# for 2y +6 —3 = O0and0 
0.10. Thus it was established that 
C, = C# for 2y +5—3=Oand0s 7X 


In a seminar on convex functions, held at Ohio State University in 1933-34, 
the topics just described came up again for discussion. I found, against my 
own expectation, that the implication 


(1) C, C# for 2y +6 -3 =0 


did not hold generally. On the other hand, members of that seminar verified 
(1) for a number of values of y outside of the interval 0<y <1, considered 
by Dr. Beckenbach. The purpose of this paper is to present the results of an 
investigation suggested by the situation just described. 

0.11. For the sake of brevity, we restrict ourselves to state in this intro- 
duction the main results only. A number of applications, in particular a 
complete discussion of the relation C,=C;¥, will be considered in §4. 

0.12. Besides the mean I(f, x, h, x), defined in 0.6, we shall use also another 
mean value A(f, x, h, B), defined as follows: 


E — hy + f(x + 
2 


A(f, x, h, B) = , if B #0, 


and 
log f(x — h) + log f(x + h) 
2 


| = [f(a — + 


A(f, x, h,0) = exp | 


Again, 8 is a real exponent, f(x) a function continuous and positive in 
%<x <2, and x and h# are supposed to satisfy 1<x—-h<x+h<x. As is 


Tt These conversations, as well as the investigations published in the papers quoted in foot note 
T, p. 266, were carried on in 1932-33 while Dr. Beckenbach worked as a National Research Fellow 
at Ohio State University. 

} For the sake of accuracy, it should be mentioned that we only considered at that time the case 
of functions with continuous first and second derivatives. Concerning the case of general continuous 
functions, see the remarks made in 0.15. 
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well known, A(f, x, 4, 8) is a continuous and increasing function of 8 for 

0.13. Denote by E the set of all pairs (a, 8) for which the following assertion 
is true: every function f(x), whichis continuous, positive and convex in %1<x<%x2 
satisfies the inequality I(f, x, h, a) A(f, x, h, 8) for all values of x and h such 
that 

Denote by E the set of all pairs (a, B) for which the following assertion is 
true: if a function f(x), which is positive and continuous in x,<x<4%2, satisfies 
the inequality I(f, x, h, a) SA(f, x, h, 8B) for all values of x and h such that 
then f(x) is convex in 

Our main result is the explicit determination of these sets E, E. As we shall 
prove in §2, a pair (a, 8) belongs to E if and only if one of the following four 
conditions is satisfied.t 


1 a+2 
-— 
2 3 


1 a log 2 


— 1 and 8 = - 
2 log (a + 1) 


+2 
IV. 1S aandpz——. 


As we shall prove in §3, a pair (a, 8) belongs to E if and only if 38 -—a—2<0. 
The corresponding results for concave functions will be given in §4. 
0.14. The following remarks should be made concerning the method used 
in this paper. Whenever we shall be concerned with deriving an inequality 
of the form I(f, x, h, a) SA(f, x, h, 8) for a function f(x) with certain convexity 


+ See second footnote on p. 267. 
¢ The following remarks may be helpful to the reader in making a picture of the set E. Define 
three functions ¥:(a), Y2(a), ¥s(a) as follows: 
vila) = 0, —-~ <a<+o; 


(a) = 


0, if <as —1, 
log 2 
vila) = ¢ 


log 2, if a = 0. 
Then E consists of all points (a, 8) such that 
= max [y:(a), 
where the symbol max means the largest of the numbers which it precedes. The function ¥s(a) is posi- 
tive, increasing and concave for —1<a<-+ , as is easily seen by differentiation. The curves 
B=y2(a) and B=y;(a) intersect each other at the points (—2, 0), (—43, 3) and (1, 1). 
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properties, it will be possible to reduce the discussion to the case when f(x) 
is linear. The means J and A can be computed then explicitly, and our argu- 
ments will consist, generally speaking, of a more or less accurate discussion 
of the graphs of certain elementary functions. The result 


(2) C, ¢ C# <1, 


proved by Dr. Beckenbach, is a particular case which comes under this de- 
scription (see 4.8-4.9 below). The proof of Dr. Beckenbach for (2) consisted 
of quite elementary, but rather elaborate, computations, and the same re- 
mark applies, unfortunately to an even greater extent, to the arguments used 
in the present paper. While the general appearance of our inequalities strongly 
suggests the use of the simple and fundamental inequalities named after 
Hélder and Minkowski,t I was unable to establish a connection in this 
direction. 

0.15. Whenever we shall be concerned with deriving, from an inequality 
of the form I(f, x, h, a) <A(f, x, h, 8), certain properties of convexity for 
f(x), the results will be quite trivial in case f(x) has continuous first and 
second derivatives. On the other hand, I had to follow rather devious ways 
to deal with the case of general continuous functions.{ While it seems quite 
natural to establish those results first under the assumption of continuous 
first and second derivatives and to handle the general case by approximation, 
I was unable to carry out this program in a generality sufficient for the pur- 
poses of this paper. 

The purpose of the remarks made in 0.14 and 0.15 is to call the attention 
of the reader to situations which might quite possibly suggest some interesting 
investigations. 

0.16. In Part 1 of this paper, certain elementary functions, used in the 
sequel, are discussed. In Parts 2 and 3 respectively, we shall give the explicit 
determination of the sets E and E, defined in 0.13. Finally, Part 4 will be 
concerned with extensions and miscellaneous applications. 


1. Lemmas 


1.1. Let wi, we, - - and a, de, - - - , be real numbers, and consider 
the function 


Q(u) = au + +--+ + agus 


of the variable u>0. It is assumed that not all the a’s vanish. Then the num- 


t See the very elegant presentation by F. Riesz, Su alcune disuguaglianze, Bollettino della Unione 
Matematica Italiana, vol. 7 (1928), pp. 77-79. 
t See 3.4 to 3.10. 
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ber of positive roots of the equation Q(u)=0 is <n—1, every root being 
counted with the proper multiplicity. 
1.2. Let a, 8 denote real numbers such that 


(3) 
and consider the function 


1 a 1 
P(u) = — yot? — 4 ust! — 8 + 
a a a a 


of the real variable «>0. We shall need a few simple properties of P(u). 
1.3. Given a and 8, such that (3) is satisfied, there exists an e >0 such that 


sgn P(u) = sgn [(a + 1)(38 — a — 2)] forl—-e<u<1. 
This follows immediately from 
P(i) = P(1) = P’(1) = 0, = — (@ + 1)(38 — a — 2), 
by using Taylor’s formula. 
1.4. The function P(x), defined in 1.2, has at most one root in the interval 
0<u<1. If such a root exists, then it is a simple root. 


Indeed, on account of P(1) = P’(1) =P’’(1) =0, P’’”’(1)# 0, we have a root 
of multiplicity 3 at w=1. A direct computation shows that 


(-) = — P(u). 


Hence, if there are o roots in the interval 0 <u <1, then there are also o roots 
in the interval 1<u<+. By 1.1, there are at most five positive roots. 
Hence, 3+2¢ <5, and consequently o <1. 

1.5. Supposing again that a, 6 satisfy conditions (3), we shall consider 


the function 
[ 1 — 
a+ix«-1 | 
(4) = log 
We shall need a few simple properties of this function ¢(x). 


1.6. Given a and 8, such that (3) is satisfied, there exists an e >0 such that 
(5) sgn ¢(u) = — sgn (38 — a — 2) forli—e<u<1l. 


Indeed, we see from (4) that 


1 The change of variable «= e* reduces Q(u) to an exponential polynomial for which the result is 
well known. Cf. J. Tamarkin, Some general problems, etc., Mathematische Zeitschrift, vol. 27 (1928), 
p. 28. 
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(6) o(u) + 0 foru— 1. 

We also find, by a direct computation, that 

(7) (1 + — 1)(u — = P(u), 

where P(x) is the function defined in 1.2. Since 0<u<1, it follows that 

(8) sgn ¢’(u) = sgn [(a + 1)P(u)],0 <u <1. 

By 1.3 there exists an € >0 such that 

(9) sgn ¢’(u) = sgn (38 — a — 2) forl—-e<u<il. 

Relation (5) is derived from (6) and (9) by using the mean-value theorem. 
1.7. By inspection of formula (4) it is seen that 

( 0, or 


¢(+ 0) < Oif a log 2 


1 > O0and > 
let iat log (a + 1) 


On the other hand, 


<0, or 
>0u} a log 2 


1.8. If 38—a—2>0, then 
(10) < max [¢(+ 0), 0] for 0 < u <1. 

Indeed, we have (see formula (9) in 1.6), 

sgn $’(u) = sgn (38 — a — 2) forl —e <u <1, 
where ¢€ is some positive constant. Since, by assumption, 38 -a—2>0, we 
have therefore 
(11) ¢'(u) > Oforl—e<u< i. 

Case I. ¢’(u)¥ 0 in 0<u<1. By (11) ¢’(u) >0 in 0<u<1. Hence $(u) is 
increasing in 0<u<1. Also, ¢(u)—>0 for u—1. Thus ¢(u) <0 in0<u<1, and 
(10) is proved. 

Case II. ¢’(u) has some zero in 0<u<1. From (7) it follows that (x) 
and P(u) have the same number of roots in 0<u<1. But (see 1.4) P(x) 
has at most one root in 0<u<1. Thus ¢’(u) has exactly one root in0<u<1, 


and this root, which we denote by mo, is a simple root. Hence ¢’(u) changes 
its sign at uw. Since ¢’(u) >0 for u close to 1 (see (11)), 


¢’(u) < Ofor0 < u < m%, 
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and 

¢’(u) > O formu <u <i. 
That is to say, increases in u%)<u<1 and decreases in 0 <u Conse- 
quently, 


¢o(u) o(+ 0) in0d<uS 
and 


o(u) < lim ¢(u) = Oinuw Su <i. 
ul 


Thus (10) is proved. 

1.9. In a similar way, we obtain the following lemma: 

If 38—a—2<0, then 

¢(u) > min [¢(+ 0), 0] for0 < u <1. 
2. DETERMINATION OF THE SET E 

2.1. In 0.13, we defined the set E as the set of all pairs (a, 8) such that 
the inequality 
(12) I(f, x, h, a) S A(f, x, h, B) 
is satisfied by every function f(x) which is positive, continuous and convex 
in x1<% <4. The inequality (12) is supposed to be satisfied for all values of 
x and hk such that x,.<x—h<x+h<x. We shall determine this set E ex- 
plicitly. 

2.2. Suppose that (a, 8) satisfies one of the conditions I-IV of 0.13. Then, 


as we shall show presently, (a, 8) is in E. 
2.3. We first prove this under the assumption that f(x) is linear: 


f(x) = U(x) = ax+b>0in x, < x < x, 
and 
a log 2 
log (a + 1) 
Without loss of generality, we can assume that /(x—h)* l(x+h). Otherwise, 


I(x) reduces to a constant and (12) is trivial. 
We write the inequality (12) in the form 


I(f, x, h, 
A(f, x, h, B) 


(13) 


(14) 


Since f(x) has the special form ax+-, the mean I(f, x, h, a) can be computed 
explicitly. Thus we find that (14) is equivalent to the inequality 


Cf. 0.14, 
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o(u) S Ofor0 <u <1, 


where ¢(u) is the function defined in 1.5 and 
min [/(x — h), U(x + h)] 
max — h), l(x + h)] 


Using 1.7, we see that in every one of the four cases stated in 2.2 we have, 
with regard to (13), 
0) <0 
and 
3B —-a—2>0. 
Hence (see 1.8) 
o(u) < max [¢(+ 0),0] =Oin0<u<1. 


Thus our assertion is proved under the assumption that f(x) is linear and that 
a, 8 are further restricted by (13). 

2.4. Let now f(x) be a general continuous and positive convex function 
in x41; <2x <2. Let (a, 8) satisfy one of the four conditions of 0.13, and suppose 
for a moment that (13) is also satisfied. Let x and hk be such that x,<x—-h< 
x+h<x2, and denote by / the linear function which coincides with f at x—h 
and «+h. Then we have 


(15) A(f, %, h, B) = A(l, %, h, B). 

Since f is convex, we have f S/ in the interval (x—h, x +h). Hence: 

(16) I(f, *,h,a) x, h, a). 

By 2.3 we have 

(17) I(l, x, h, a) s A(l, x, h, B). 

(15), (16) and (17) yield 

(18) I(f, x, h, a) 4 A(f, x, h, B). 

Thus the assertion in 2.2 is proved under the restriction (13). An easy con- 
tinuity consideration will allow us, however, to remove this restriction and 
thus to complete the proof of our assertion in 2.2. 

2.5. So far we have proved that every pair (a, 8) which satisfies one of the 
four conditions of 0.13 belongs to E. We shall prove now that every pair 
(a, 8) in E satisfies one of the four conditions 0.13 and then the theorem of 
0.13 concerning E will he completely proved. 


2.6. We shall need the following trivial remark: if (a, 8)c E, and 720, 
then (a—n, 8B +n) ¢ E. 
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To see this, let f(x) be any positive and continuous convex function in 
<4%2, and let x and be such that Since (a, 8) ¢ E, 
we have then 
(19) I(f, x, h, a) S A(f, x, h, B). 
We also have, since J and A are increasing functions of their last arguments, 
the inequalities 
(20) If, x, h, a — I(f, x, h, a), 
(21) A(f, x, h, B) S A(f, x, h, 8B +7). 
(19), (20) and (21) yield 

I(f, h, a ”) = A(f, h,B +7). 

Thus (a—n, B+n) cE. 

2.7. Suppose now that (a, 8) ¢ E, and suppose that, in contradiction to 
the assertion made in 2.5, the pair (a, 8) satisfies none of the four conditions 


of 0.13. We shall show that these assumptions lead to a contradiction. 
Let 7» be a small positive number, and put 


. 


Then, if 7 >0 is sufficiently small, (&, 8) will not satisfy any of the four con- 
ditions of 0.13 either. Furthermore, if 7>0 is suitably chosen, (a, 8) will 
satisfy the relations 


ax0,a+1+0, 8 38-a-—-2+0. 


Finally, on account of 2.6, (@, 8) will also belong to E. 
2.8. Writing again (a, 8) for (a, 8) to simplify the notation, we would 
have a pair (a, 8) satisfying the following conditions: 


(a, B) ¢ E; 


(22) 
6X0, 38—-a—2+0. 


Besides, (a, 8) satisfies none of the four conditions of 2.2. Clearly, (a, 8) 
satisfies then one of the following three conditions: 


(23) a+i1< 0Oand6 < 0, 

a log 2 
log (a +1) 
(25) 3B —a—-2<0. 


(24) a+1>0OandB< 


2.9. From (a, 8) ¢ E we infer that the inequality 
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(26) I(f, x, h, a) S A(f, x, h, B) 


is satisfied, in particular, by every positive linear function ax+6. As observed 
in 2.3, this is equivalent to the fact that the function 


1 — 


u—i1 


1/8 


is $0 in 0<u<1. On account of (22), we can use the lemmas developed in §1. 
If either (23) or (24) holds, we have (see 1.7) 


$(+ 0) > 0. 


If (25) holds, then (see 1.6) 
sgn (vu) = — sgn (38 — a — 2) =+1 forli—e<u<il 


where ¢€ is some positive constant. Hence ¢(u) <0 is not satisfied. This contra- 
dicts (26), and the proof is complete. 


3. DETERMINATION OF THE SET E 
3.1. The set E has been defined in 0.13 as consisting of all pairs (a, 8) 
such that the inequality 
(27) I(f, x, h, a) S A(f, x, h, B) 


implies the convexity of the function f(x). It is assumed that (27) holds for 
all values of x and h such that 11<x—h<x+h<m, and that f(x) is positive 
and continuous in <2. 

We shall now prove that (a, 8) ¢ E if and only if 38-—a—2<0. 

3.2. We shall need the following trivial remark: if (a, 8) ¢ E, and »>0, 
then (a+7, B—n) ¢ E. 

Indeed, suppose that f(x) is a positive and continuous function in 
<2 which satisfies the inequality 


(28) x,h,a+n) A(f, x, h, B — 9) 


for all values of x and # such that 1,<x*x—h<x+h<2. Since J and A are 
increasing functions of their last arguments, we have 


(29) I(f, x, h, a) I(f, x, ha +7), 
(30) A(f, h, B — 0) S x, h, B). 
(28), (29) and (30) yield 

(31) I(f, ha) A(f, x, h, B). 
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Since (a, 8) ¢ E, it follows from (31) that f(x) is convex. Thus, starting from 
(28), we proved that f(x) is convex. Hence (28) implies the convexity of f(z), 
and consequently (a+7, B—7n)¢ E. 

3.3. We shall show first: if 38 -a—2>0, then (a, 8) is not in E. Suppose 
that 


(32) 3B-a-2>0. . 

Let o and 7 be two constants such that 
o¢>1, 

and put 

(33) 


If o is close enough to 1 and 7 close enough to zero and suitably chosen, then 
(a, B) will satisfy the relations 


ax~0,4+1+0, 8 +0, 38-a-—2+0. 
We set up the function 


u—1 | 


$(u) = log »0<u<il. 
2 
On account of 1.6, we have an e>0, such that 
sgn ¢(u) = — sgn (38 — &@ — 2) forl —e<u <1. 
Hence, by (32), 
(34) o(u) << Ofori —-e<u< 1. 
We define now a positive linear function / by the conditions 
(35) =1—e, Ux.) = 1, 4%, < < me. 
We assert that / satisfies the inequality 
(36) I(l, x, h, &) S A(I, x, h, B) 
for all values of x and h such that 1,)<x—h<x+h<a. If we put 
(ix — h) 


(37 
+ 
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then (see 2.3) this assertion is equivalent to the assertion 
(38) <0. 

But, from (35) and (37) and the linearity of /(x) we have 
(39) 1—e<m<1. 


Hence (38) and consequently (36) follow from (39) and (34). 
Consider now the function 


(40) f(x) = U(x)", << < 


This function f(x) is continuous and positive in 1;<x <2. If we raise (36) 
to the power 1/c, then by (33) and (40), 


(40*) I(f, x, h,a+n) x, h,B — 1). 
On the other hand, we find from (40) 


1 1 
f(a) = 1) 


Since ¢>1, we see that f(x) <0 in 41<x<2». Hence f(x) is not convex in 

To summarize, we have exhibited a function f(x), which is continuous and 
positive in #;<x#<22, and which satisfies (40*) for all values of x and # such 
that x,.<x—h<x+h<%, and which is not convex in x1<x<x2. This shows 
that (a+7, 8—7) is not in E. From 3.2, it follows finally that (a, 8) is not in 


E either. 
3.4. We show next that if 38 -a—2 <0, then (a, 8) ¢ E.t We first assume 
that the pair (a, 8) also satisfies the conditions 


(41) 3B —a—-2<0,a40,a+1+0, 

Let f(«) be any positive continuous function in 7,;<%* <2 which satisfies the 
inequality 

(42) I(f, x, h, a) = A(f, x, h, B) 

for all values of x and / such that 1;<*—h<x+h<-,. We have to show that 


f(x) is convex. 
Suppose f(x) is not convex. Then we have an xo and an fp such that 


xo +ho <x2 and 
S(%0 — ho) + f(xo + ho) 
2 


f(%0) > 


ft Cf. 0.15. 
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Clearly, we have then two numbers ai, ; such that x»—ho<a1<bi<xot+ho 
and such that the following is true: if /,(x) is the linear function defined by 
=f(a), 1,(b:) =f(b:), then <f in <by. 

3.5. By a simple reasoning whose details may be left to the reader,{ we 
infer from this situation the existence of a number # and of two sequences 
a, and b,, such that the following hold: 

I. a, <an <2 < <b, <b). 

II. a,— %, bn %. 


III. If /, is the linear function defined by /, (an) =f(a@n), /n(bn) then 
Ls 28 5,. 

IV. For »=1 we have, on account of 3.4, the stronger relation 


V. All the lines y=/,(x) are parallel to each other. 
3.6. From III in 3.5 we infer that 


(43) I(Iny S Xn, Mn, 
where 
an + by bn — Gn 

and also that 
(44) A(f, Xn, B) = A(In, Xn, hn, B)- 
From (43), (44), (42) we see that 
(45) T (ln, Xny ny &) S A(ln, Xn, B). 
From IV in 3.5 it follows that for »=1 we have the stronger inequality 
(46) x1, hi, a) < x1, B). 
Let us put 

min[l, (an), In (bn) | 
(dx), ln (x) 


Then 
0<u, £1. 


If u,=1 for some m, then /,(x) is constant. Since all the lines y=/,(x) are 


¢ Hint: Move the line y=/(x) upward, parallel to itself, until it reaches a final position in which 
it still has some point in common with y=/f(x). 


280 TIBOR RADO [March 


parallel to each other, we see that either u, =1 for all values of n, or0<u,<1 
for all values of n. 

3.7. Suppose first that uw, =1 for all values of n. Then, in particular, /,(x) 
reduces to some constant c, and (46) reduces to c<c. Thus this case is im- 


possible. 
3.8. We have therefore 0<u, <1 for all values of m. On account of II 


in 3.5 we have 
Un—1. 


As observed in 2.3, the inequality (45) is equivalent to the fact that the func- 
tion ¢(u) of 1.5 satisfies 


(47) (un) <0. 
On account of 1.6, we have an e€>0 such that 
sgn ¢(u) = — sgn (38 — a — 2) forl -e<u<i. 
Hence, with regard to (41), 
(48) o(u) > 


Since u,—1, (48) and (47) obviously contradict each other for large values 
of n. Thus the assumption that f(x) is not convex is shown to lead to a contra- 
diction. 


3.9. We drop now the last three restrictions in (41) and we assume only 
that 38—a—2<0. If n>0 is sufficiently small, then 2=a—n, 8=8+7 will 
satisfy all four conditions stated in (41). Hence, as proved above, (a, 8) ¢ E. 
From 3.2 it follows then that (a, 8) =(@+7, 8—7) also belongs to E. 

3.10. It remains to show that if 


(49) 38 —a—2=0, 

then (a, 8) ¢ E. Let f(x) be any positive and continuous function in x, <x#x <2 
which satisfies 

(50) I(f, , h, a) S A(f, x, h, B) 


for all values of x and / such that x,<x—h<x+h<x,. Let y be a constant 
such that 


y¥>1, 
and put 


f(x)" = g(x). 
Then it follows from (50) that g(x) satisfies the inequality 
(51) I(g, x, h, &) S A(g, x, h, B), 


1935) ON CONVEX FUNCTIONS 


where 


a=a/y, B=B/y. 


(52) 
Y Y 


From (49) we get 


But then, on account of 3.9, (51) implies that g(x) is convex. That is to say: 
f(x)? is convex, whenever y>1. Allowing y—1 we conclude finally that f(x) 
itself is also convex. Thus we see that (50) implies the convexity of f(x), 
which proves that (a, 8) ¢ E. 


4. MISCELLANEOUS APPLICATIONS 


4.1. In what precedes, we were concerned with convex functions. The 
lemmas developed in §1 cover however the case of concave functions also. 
Since the proofs result by obvious modifications of those we used for convex 
functions, we restrict ourselves to statements of results. 

4.2. Let us define the set E* as consisting of all pairs (a, B) such that the 
following assertion is true: every function f(x), which is positive, continuous and 
concave in %,<%<4%2, satisfies the inequality I(f, x, h, a)=A(f, x, h, B) for all 
values of x and h such that 25.<x—-h<x+h<-x. 


THEOREM. A pair (a, 8) belongs to E* if and only if one of the following 
five conditions is satisfied.t 


a+2 


II. —2S5a5 
a log 2 


1 
Ill. -1S5a< ——andps< 


2 log (a + 1) 


1 a+2 
IV. Sas landps——. 


a log 2 
log (a + 1) 


4.3. Let us define the set E* as consisting of all pairs (a, 8) for which the 
following assertion is true: if a function f(x), which is positive and continuous 
in %1<x<%2, Satisfies the inequality I(f, x, h, «)=A(f, x, h, B) for all values 
of x and h such that x,<x—h<x+h<%2, then f(x) is concave in x1<x%<%2. 

t In terms of the functions (a), ¥2(a), ¥s(a), used in the second footnote on p. 269, the set E* 


may be described as consisting of all those points (a, 8) for which 
B S min ¥2(a), 


V.isaandBps 
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THEOREM. The pair (a, 8) belongs to E* if and only if 38—a—220. 
4.4. We proceed now to present a few applications of the preceding re- 


sults. 
We shall say that the inequality 


(53) h, s A(f, x, h, B) 


expresses a characteristic property of positive and continuous convex functions, 
if the following assertion is true: a function f(x), positive and continuous in 
2%1<%<4%2, is convex there if and only if it satisfies the inequality (53) for all 
values of x and / such that 4,<x—h<x+h<24. 

It is then clear that (53) expresses a characteristic property of positive 
and continuous convex functions if and only if the pair (a, 8) is in both sets 
E and E, defined in 0.13. From 0.13 we infer therefore the following 


THEOREM. The inequality 
I(f, x, h, «) < A(f, x, h, B) 
expresses a characteristic property of positive and continuous convex functions 
if and only if (1) 38-—a—2=0 and (2) either or 
4.5. In a similar fashion, from 4.2 and 4.3, we have the 
THEOREM. The inequality 
I(f, x, h, a) = A(f, x, h, B) 
expresses a characteristic property of positive and continuous concave functions 
if and only if (1) 38-—a—2=0 and (2) either as —2 or —$ Sal. 


4.6. If we put 8=0 in the theorem of 4.4, we see that 
The inequality 


1/2 
E f(z + ed S geometric mean of f(x — h) and f(x + h) 
-h 


is characteristic for positive and continuous convex functions. There does not 
exist any other characteristic inequality of the form 


I(f, x, h, a) (f(x — h)f(x + 


For 6 = —1, we obtain the following from 4.4: 
There does not exist any inequality of the form 


I(f, x, h, a) S harmonic mean of f(x — h) and f(x + h), 


which would be characteristic for positive and continuous convex functions. 
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We leave it to the reader to formulate the corresponding theorems for 
concave functions, on the basis of 4.5. 

4.7. The results developed in this paper imply an infinity of sharp inequali- 
ties for convex and for concave functions. We wish to illustrate this point on 
the following special example. Let us ask for the best inequality of the form 


(54) I(f, x, h, 2) s A(f, x, h, B), 


which is satisfied by all positive and continuous convex functions. Since the 
right-hand side of (54) is an increasing function of 8, our problem requires the 
determination of the smallest value of 8 such that (54) holds for every con- 
tinuous and positive convex function. In other words, we have to determine 
the smallest 8 such that the pair (2, 8) is in the set EZ defined in 0.13. It 
follows from 0.13 that this smallest value is 4/3. Hence: 

The inequality 


1 h 1/2 
(55) f < 


is a sharp inequality for positive and continuous convex functions, in the follow- 
ing sense. Every positive and continuous convex function satisfies (55), but for 
every e>O there exist positive and continuous convex functions which do not 
satisfy the inequality 


— + f(x + 
2 


— + f(x + 
2 


1 h 1/2 
< 

Clearly, our results permit us to determine, for every fixed a and for 
every fixed 8, the sharp inequality of the form I(f, x, h, a) SA(f, x, h, 8) for 
convex functions, and to answer the corresponding questions for concave 
functions. 

4.8. As a last application, we shall present and discuss a theorem which 
gives a complete answer to the question raised in 0.9 concerning the classes 
C and 

THEOREM. The relation C,=C# holds if and only if (1) 2y+5—3=0 and 
(2) either y <1 or y2=2. 

This theorem is an immediate consequence of our results concerning the 
sets E, E, E*, E*. We shall reproduce the reasoning in the case y>0. The 
verification of the theorem for the cases y<0 and y=0 will be left to the 
reader. 

4.9. Suppose then that y>0O and let us ask for all those values of 4, if 
any, for which C,=C*. 
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If f(x) is positive and continuous in x,<%<%, then f¢C, means that 
g =f’ is convex. On the other hand, fc C# means that I(f, x, 5) A(f, x, h, 1) 
for all values of x and h such that x,<x*—h<x+h<. This inequality can be 
written, in terms of the function g=f7, as 


(56) I(g, x, h, 5/y) S A(g, x, h, 1/y). 


Hence, C,=C*# is equivalent to the fact that (56) isa necessary and sufficient 
condition for the convexity of g. In other words, C, =C;# is equivalent to the 
fact that (56) expresses a characteristic property of positive and continuous 
convex functions. Putting 


the theorem of 4.4 yields the following necessary and sufficient conditions: 


(i) 38 — a — 2 = ————— = 0,7, and 


1 
(ii) either — 25 a= 


These conditions are equivalent to the following set: 

(i’) 6 = 3 — 2y, and 

(ii’) either — 2y S$ 3 — S — ory S 3 — 2Qy, 
which is finally equivalent to the set 

(i’’) 2y¥ +6 — 3 = 0, and 

(ii’’) either y = 2 ory <1. 


These are, however, exactly the conditions stated in 4.8. 
4.10. It is interesting to compare the theorem in 4.8 with the remark 
made in 0.9. According to 0.9, we have 


(57) C# ¢ C, for2y +6—3=0. 


For what values of y does the converse hold? In other words: for what values 
of ¥ is it true that 


(58) C, ¢ C# for 2y + 6 — 3 = 0? 


With regard to (57), if (58) holds for a certain y, then C,=C#, where y and 


6 1 
B=—>»> 
Y Y 
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5 are related by the equation 2y+5—3=0. According to 4.8, we have this 
situation if and only if either y <1 or y=2. Summing up:f we have 


C¥ ¢ C, for2y+6-—3=0 
without any further restriction on y. The converse, namely the relation 
C, ¢ C# for 2y +5 —3 =0, 


holds however if and only if y <1 or y22. For 1<~y<2 the converse is false. 


+ Cf. 0.9 for the origin of this theorem. 
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SYSTEMS OF ALGEBRAIC MIXED DIFFERENCE 
EQUATIONS* 


BY 
FRITZ HERZOG 


In his algebraic theory of differential equations, J. F. Rittt has developed 
a decomposition theory for systems of algebraic differential equations by 
introducing the idea of irreducible systems and proving that every system is 
equivalent to one and essentially only one finite set of irreducible systems. 
The analogous theorem for algebraic difference equations was given by Ritt 
and Doob.{ The purpose of the present paper is to derive a decomposition 
theorem for algebraic mixed difference equations; i.e., equations which con- 
tain algebraically one or more unknown functions y(x), their “transforms” 
y(x), y(x+1), y(x+2), ---, and the derivatives of those transforms. 


1. FIELDS 


Let & be an open region in the plane of the complex variable x which has 
the property that it contains the point «+1 whenever x lies in Y. Let F be a 
set of functions, meromorphic in %. If the following four conditions are satis- 
fied ¥ will be called a field: 

(a) § contains at least one function which is not identically zero. 

(b) If f(x) and g(x) are in g, then f+g, f-g and f/g(g40) are in S. 

(c) If f(x) is in § then also f(x+1) is in ¢. 

(d) If f(x) is in & then also the derivative of f(x) is in §. 


2. Forms 


We introduce a finite number of letters y;, yo, - - - , Yn, Which will repre- 
sent unknown functions y;(x), ye(x), - - - , yn(x) and will be called unknowns. 
With every y; we associate the symbols 


= +79) (vio = 94), 


d*y,(x + 7) 


* Presented to the Society, October 27, 1934; received by the editors August 9, 1934. 

{ Ritt, Differential Equations from the Algebraic Standpoint, Colloquium Publications*of the 
American Mathematical Society, vol. 14, 1932. 

t Ritt and Doob, Systems of algebraic difference equations, American Journal of Mathematics, 
vol. 55 (1933), pp. 505-514. 
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where j and & are non-negative integers. y;;=~y;(x+-7) will be called the jth 
transform of the unknown y;. 

A polynomial in the y;;, the coefficients of which are functions, mero- 
morphic in an open region YI, will be called a form in the unknowns 4), - - - , Yn. 
Throughout our work we shall assume that the forms with which we deal 
belong to a fixed field $. Forms will be denoted by capital italic letters. 

By the class of a form F, if F involves one or more 4;;4 effectively, we 
mean the highest index p, such that some of the transforms y,; of y, or some 
of their derivatives y,;, are present in F. By forms of class zero, we mean 
forms free of the y;;x, i.e., functions f(x) of the field ¢. 

By the A-order of F in y,, if F involves some yj. (720, R20), we mean 
the order of the highest transform y,, of y, such that ya, or some of its 
derivatives y;,, are present in F. 

By the d-order of F in yn, if F involves some y;n. (R20), we mean the 
order of the highest derivative of y,; which is present in F. 

From what precedes, it follows that we can associate four integers with 
each form in y;, --- , Yn, not of class zero, viz. 

(i) the class p(p>0), 

(ii) the A-order g in y, (¢20), 

(iii) the d-order r in y,, (r=0), 

(iv) the degree s in y,9r (in the ordinary algebraic sense; s>0). 

These four numbers, in the succession described above, 


9,7; 5; 


which will be called simply the guadruplet of the form, define the rank of the 
forms in the following sense. 

If A and B are forms in the same unknowns 4, y2,-*+ , Ya, neither of 
class zero, if 


G2, 


and 
bi, be, bs, by 


are respectively the quadruplets of A and B, then A and B are said to be of 
the same rank if a;=b; for i=1, 2, 3, 4. B will be said to be of lower rank than 
A if, for the smallest index z for which a; and 0; are different, 5; is less than 


a. 

As for the forms of class zero, all of them are to be of the same rank and 
each of them of lower rank than a form of non-zero class. 

Obviously, if A is higher than B and B higher than C, then A is higher 
than C. 
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The following lemma can be proved very easily.* 


Lemma. Every set of forms in y:, y2,-~-: , Yn contains at least one form, the 
rank of which is not higher than that of any other form of the set. 


3. ASCENDING SETS 


Let F be a form, not of class zero, with the quadruplet p, g, r, s (p>0). 
A form H is said to be reduced with respect to the form F if for every k=q either 

(a) H does not involve ypx, or 

(b) the d-order of H in yy, is less than r, or 

(c) the d-order of H in y,, equals r but the degree of H in ypi, is less than 
s.T 

In the following we shall sometimes say “H is of lower rank in y,, than 
r, s” if H has any one of the properties (a), (b), or (c) with respect to ypx. 

A set of forms 


A,, 


is called an ascending set if either 

(a) it consists of only one form A,, not identically zero, or 

(b) it contains more than one form, A; is of class greater than zero, and 
for 1 <i<j<m, A; is reduced with respect to and of higher rank than A,. 


Let 
(A) A,, A2,+++,Ak, 
(B) Bi, Ba, - , Bi 


be two ascending sets. (A) will be called of higher rank than (B) if either 

(a) there exists a 7, exceeding neither & nor /, such that A; and B; are 
of the same rank fori=1, 2,---,7—1, but A; is higher than B;,f 
or 

(b) greater than k and A; and B; have the same rank for7=1, 2, -- -, k. 
If =k and A; and B; have the same rank for i=1, 2, - - - , k, the ascending 
sets (A) and (B) are to be of the same rank. 

Evidently, if (A), (B), (C) are ascending sets, (A) higher than (B), and 
(B) higher than (C), then (A) is also higher than (C). 

We shall now prove the following 


* Cf. Ritt, loc. cit., p. 3, and Ritt-Doob, loc. cit., p. 506. 
¢ It may be that for different k’s we have different cases. 
t In the case j=1, that means simply that A; is higher than B,. 
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Lemma. If ® is a system of ascending sets there exists in ® at least one 
ascending set of lowest rank. 


Consider the first forms of all ascending sets of ®. According to the lemma 
of §2, there are among them forms of lowest rank. Let ©, consist of all such 
ascending sets of ® that begin with a form of that lowest rank. If all ascend- 
ing sets of ®, have only one form, then each ascending set of , constitutes 
an ascending set of lowest rank in ®.* If not, consider the ascending sets of 
®, which have at least two forms and choose those from among them whose 
second form is of lowest rank. Let the subsystem of , obtained in this way 
be called #,. If all ascending sets of &, have exactly two forms each of them 
constitutes an ascending set of lowest rank in ®. If not, we continue in this 
fashion. If we can show that, after a finite number of steps, we reach a 
system ®,, all ascending sets of which have exactly m forms, then each 
ascending set of ®,, constitutes an ascending set of lowest rank in ® and 
the lemma will be proved. 

In order to show that we must reach such a system ®,, we consider any 
system ®; which we meet in the above process. We notice that all ith forms 
of the ascending sets of ®; are of the same rank. Let A; be one of these 
forms and i, gi, ri, 5; be the quadruplet of A;.} Consider now any two con- 
secutive systems ®; and ®;,;. Since A ;4: is of higher rank than and reduced 
with respect to A; we have only the following possibilities: 


(a) Piri > Pi, 
(b) = Pi; Viti > Qi- 


In case (b), since A ;41 is of lower rank in yp,q,,, than 7;, s;, either 


(b’) <1; 
or 
(b’’) Vita = 153 Siz < 


The inequalities in (b’) and (b’’) now show that the case (b) can occur 
only for a finite number of consecutive systems ®;. Therefore, after a finite 
number of steps the case (a) must hold, i.e., the class p; must increase. But 
since p; can assume only the values 1, 2, - - - , m the process cannot be con- 
tinued ad infinitum. 


* This includes the case in which at least one set of consists of a non-zero form of class zero. 
Every such ascending set is, of course, of lowest rank. 
+ We omit the trivial case, mentioned above, in which A; is of class zero; then m=1. 
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4. BASIC SETS 


If = is a set of forms not all of which vanish identically, = contains 
ascending sets (e.g., every form F40 constitutes an ascending set). Among 
them, according to the lemma of §3, there are ascending sets of lowest rank. 
Each such ascending set will be called a basic set of 2. 

If a form F is reduced with respect to every form of an ascending set 


(1) Ai, 


whose first form A, is not of class zero, then F is said to be reduced with 
respect to the ascending set (1). 

We prove the following lemma: 

Lemma 1. If = is a system of forms, (1) one of its basic sets, with A, not of 
class zero, and if F is a non-zero form and reduced with respect to (1), then 
=+F has a basic set lower than (1). 

F cannot be of the same rank as any of the forms in (1). If F is lower than 
A, the ascending set F is lower than (1). If not, let 7 be the highest index such 
that A; is lower than F (1<j<m). Then Aj, - - - , Aj, F is lower than (1). 

In exactly the same way one can prove 


Lema 2. If = is a system of forms, (1) one of its basic sets, with A, not of 


class zero, then = contains no non-zero form which is reduced with respect to (1). 


5. REDUCTION OF FORMS 


If A is any form in 1, ye, - - - , Yn, we Shall mean by the kth transform of 
the form A the form which is obtained on replacing x by x+& in the coef- 
ficients of A and in the unknowns, their transforms and their derivatives. 
The latter means that y;;; has to be replaced by 4i,;+,:. The &th transform 
will be denoted by [A =A ]. 

Similarly, by the mth derivative of a form B we mean the mth total deriva- 
tive of B with respect to x, the y;;; being regarded as functions of x. The mth 
derivative of the transform of A will be denoted by A‘*™ [A (#0 = A 
A (0,0) = 4 (0) =A]. 

Evidently, A‘*-™ can be interpreted also as the &th transform of the mth 
derivative of A. In any case, the first superscript of a form indicates the 
number of transformations, the second one the number of differentiations. 

The properties (c) and (d) in the definition of a field (§1) imply that the 
transforms and their derivatives of a form A have coefficients in §. 

Let A be a form, not of class zero, with the quadruplet 9, g, 7, s. Let A 
be written as a polynomial in y,,, with coefficients which are forms in the 
lower than Then the derivative of this polynomial, i.e., 
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will be called the separant of A, and its highest coefficient, i.e., the coefficient 
of the term (yor) in A, will be called the initial of A. 

For the proof of the following reduction lemma we need a few facts about 
the quadruplet, the separant and the initial of the transforms and their 
derivatives of a form A, not of class zero. Let p, g, r, s be the quadruplet of 
A, S its separant, and J its initial. Then the following table gives the facts 
that we will need in the proof. They will be seen to follow easily from the 
above definitions. 


Form A‘®)(k = 0) A®™(k = 0,m > 0) 
Quadruplet 
Separant 

Initial Ste) 


(2) 


We finally notice that the separant and the initial of any form are of 
lower rank than the form itself. 
We are now ready to prove the 


REDUCTION Lemma. Let 


(3) A, »An 


be an ascending set, with A, of class greater than zero, and let the separant and 
initial of the form A; be S; and I; respectively (¢=1, --- , m). If G is an arbi- 
trary form there exists a power product T of the S;, the I;, and their transforms 
with non-negative integral exponents, such that by subtracting from T-Ga 
suitable linear combination of the A;, their transforms A§* and the derivatives 
A,*»™) of their transforms, with forms for coefficients, a form 


(4) R=T-G— 


is obtained, which is reduced with respect to the ascending set (3). 


It will suffice to consider the case in which G is not reduced with respect 
to (3). 

Let j be the highest index such that G is not reduced with respect to Aj. 
Let 9, g, r, s be the quadruplet of A ;. Since G is not reduced with respect to A; 
there must exist at least one transform y,, of y,, with h2q, such that the 
rank of G in y,, is not lower than r, s. We may assume that yy is the highest 
such transform. Let p be the d-order of G in y,, and let o be the degree of 
G in ypx,. Then either 
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(a) p>r 
or 
(b) p=r;o02s. 


We treat first the case (a). 

We take the form A ;,‘*~*"-") where, according to our assumptions, 
h—q20, p—r>0O. The quadruplet of A is h, p, 1, its initial 
(cf. table (2)). Dividing G by A ;{*- +" we get, with a suitable integer »=0, 
(5) =c-A; D. 

For the sake of uniqueness we take v as small as possible. 

D is either identically zero or of lower degree in y,,, than A *-%"-), ice., 
D does not contain y»y,,. Since higher derivatives of y,, than the pth do not 
appear in G and A,‘*~"~), D cannot contain such derivatives either, so 
that the d-order of D in yp, is less than p. 

Furthermore, if y,; is any transform higher than y,,, D is not of higher 
rank in y,,; than G. Suppose that were not true for some );. Notice that 
A and are free of From (5) we conclude that C would 
have to contain y,; in the same rank, say y,v, as D. Hence C-A ja) 
would contain a térm involving the product (yinu)’-¥pao, Which could be 
balanced neither by D nor by the first member of (5). This proves our state- 
ment. 

We conclude first that D is of lower rank than r, s in each higher trans- 
form of y, than the Ath one, and secondly, that (in case 7<m) D is reduced 
with respect to A j41, 

If now D involves y,, and the d-order of D in y,,, which was less than p, 
is still greater than 1, i.e., if the case (a) still holds, we treat D in the same 
way as we did G, and, after a finite number (at most p—r) of such divisions, 
we reach a form D,, which is either free of y,, (and its derivatives) or else 
of d-order less than or at most equal to r in y,, but is, as D was, of lower 
rank than 7, in and reduced with respect to A 

If D, involves y,, and is of d-order exactly r in y,, and of degree 2s in 
Yar (case (b)), then we take A ;‘"-” which has, according to table (2), the 
quadruplet #, /, r, s and the initial 7;"-. By a division we get, with some 
integer w =0 which we shall take as small as possible, 


(h—@) 


B-A; + De, 


(h—@) 
i 


(6) 


where D, is either free of ypa, or of degree less than s in pir. 
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Similarly, as we concluded for D from (5), we now conclude for D; from 
(6) that D, does not contain any higher derivative of y,, than the rth one, 
so that D, is of lower rank in y,, than 7, s and, furthermore, that D; is of 
lower rank than D, in each y;; which is higher than y,,. This latter fact im- 
plies, as before, that Dz is of lower rank than 7, s also in yp,n41, Vp,nse, °° 
and that it is reduced with respect to A j4:, A ji2,---, Am- 

Using all the divisions of the type (5) and (6) made so far, we have a 
relation between G and D; of the following type: 


’ 


t=0 


with non-negative integral u and w. 

If now D, is not yet reduced with respect to A; we must have, from what 
has been said about D2, that there exists at least one transform y,» of yp, 
with g<h' <h, such that D, is not of lower rank in y,, than r, s. We then 
apply the same method as above to the highest such transform y,, and re- 
duce D, with respect to that transform. If necessary, we continue in this 
fashion until, after a finite number (at most h—gq+1) of such steps, we have 
reached a form D;, which is of lower rank than s in Yp,¢41, , hence 
reduced with respect to A;, but also, as D, before, with respect to 
A in, A m. 

As relation between G and D3, we have 


u w +m)? 


A=0 k=0 m 


with non-negative integral exponents mu and wy. 

If D; is not yet reduced with respect to (3) let 7 be the highest index such 
that D; is not reduced with respect to A;. Then 7 must be less than 7. We 
then apply the above method in order to reduce D; with respect to A; and 
get a form D,, reduced with respect to A; and also to Aj4:,--- , Am. After 
a finite number (at most 7) of such steps we finally reach a form R which is 
reduced to the ascending set (3) and related to G by the equation (4). We 
have thus proved the reduction lemma. 

The form R will be called in the sequel the remainder of the form G with 
respect to the ascending set (3). 


6. SOLUTIONS 


We shall define what will be meant by a solution of a system of algebraic 
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mixed difference equations. Our definition will be broad enough so as to 
admit also multiple-valued functions as solutions.* 

Let & be an open region of the type mentioned in §1. Let = be a system 
of forms in the unknowns 41, ye, - - - , Yn, With coefficients meromorphic in % 
and belonging to the field ¢ (cf. §2). 

Let ¢(é) be a continuous complex function, defined for real ¢>0, such that 
all values ¢(é) lie in & and ¢(¢) satisfies the equation 


(7) o(t + 1) — o(¢) = 1. 


The function x =¢(é) defines a continuous path £, lying entirely in % and 
containing «+1 if x lies on it. By a function analytic on £, we shall under- 
stand a function f(x) which is analytic at the point x=¢(0) and which can 
be continued analytically along £, as one moves on it with increasing ¢. For 
the points x on £, f(x) =f(¢(t)) =¥(4) becomes thus a unique function of ¢. 
Using (7), we can and shall define f(x+1) by 


f(x + 1) = yt + 1). 


It is obvious that f(x+1) is also analytic on , and the same holds for all 
transforms and their derivatives of f(x). 

By a solution of the system 2, we mean the entity composed of a path £, 
as described above, and m functions y;(x), yo(x),--- , ya(x) analytic on £, 


such that the forms of = vanish identically on £ if the unknowns y; in them 
are replaced by the functions y,(x). 

The totality of solutions of a system = will be called the manifold of =. 

If 2; and =, are systems of forms such that every solution of =; is a solu- 
tion of 22, we shall say “2, holds 21.” + If two systems hold one another, i.e., 
if their manifolds are identical, they will be said to be equivalent. 

We notice the following easy consequence of our definitions: 

If f(x) is analytic on £, then f(x+1)=0 on £ if and only if f(x) =0 on £. 
Therefore, if F is any form, F has the same manifold as each of its transforms 
F)(k=1,2,---). 

7. COMPLETENESS 

In this section we shall prove the following 


THEOREM. Every infinite system of forms is equivalent to one of its finite 
subsystems. 

We call a system which is equivalent to one of its finite subsystems a 
complete system. Systems which are not complete will be called incomplete. 


* Cf. Ritt-Doob, loc. cit., p. 506, footnote. 
+ A system devoid of solutions is considered as being held by every system. 
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We have to show that the assumption of the existence of incomplete systems 
leads to a contradiction. 
We first prove the following 


Lemma. Let 2 be an incomplete system. Let 
F,, Fo,--- 


be forms such that, by multiplying each form in = by some power product* of 
the F; and their transforms F ;*, a system A ts obtained which is complete. Then 
at least one of the systems +-F; (i=1, 2, - + - , m) is incomplete. 

Suppose each system 2+F; is complete. Let ®; be a finite subsystem of 
which is held by (¢=1,2,--- , m). Since ®; can be replaced by 
any finite subsystem of +; containing ; in itself, we may assume that 
®; is of the type 
(8) Gi, G2, Gi, F; 


(for i=1, 2,---, m), with the set 
(9) Gi, G2, Gi 


independent of 7 and the forms of (9) in 2. We may, similarly, assume that 
the forms in A, obtained from the forms in (9) by the above described multi- 
plication, form a system which is equivalent to A. 

Since = is incomplete there is a form L in = which does not hold (9). But 
the product of Z and some power product of the F; and their transforms 
holds (9). Since F; has the same manifold as its transforms (§6) we conclude 
that F,- - - F,,L holds (9). Since L does not hold (9) there are solutions of 
(9) for which L does not vanish, so that at least one of the F; must vanish. 
Hence, for at least one i, Z does not hold (8). This contradiction proves our 
lemma. 

We shall now prove the completeness of all systems. 

Suppose there are incomplete systems. Consider their totality and choose 
for each of them a basic set (§4). According to the lemma of §3, there are in- 
complete systems whose basic sets are not higher than those of any incomplete 
system. Let = be one of these systems, let 


(10) A, Ag, 


be a basic set of 2, and let S; and J;, respectively, be the separant and the 
initial of A,(i=1,2,---,m). 

Then A, is of class greater than zero, for otherwise 2 would have no solu- 
tions and would be equivalent to A;. Hence, it would be complete. ' 


* The power product may be different for different forms in =. 
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We can then apply the reduction lemma (§5) to each form G of = not in 
(10), and form the remainder R of G with respect to the ascending set (10). 
Let T be the power product of the S;, the J; and their transforms, used in the 
reduction of G (cf. (4)). Let 2 be the system composed of the forms in (10) 
and the remainders R of all forms G of = not in (10). Let A be the system 
composed of the forms in (10) and the products 7 -G for all forms G of = not 
in (10). 

Now the system 2 is complete. If not, 2 would contain non-zero forms, 
different from the forms in (10). Since such forms would be reduced with 
respect to (10), (10) could not be a basic set of 2, according to Lemma 2 of 
§4. The basic sets of 2 then would have to be lower than (10), so that Q 
would be an incomplete system with a basic set lower than (10). Thus 2 is 
complete. 

Since every form in A which is not in (10) differs from the corresponding 
form in Q by a linear combination of the A ;, their transforms and their deriva- 
tives, A and Q are equivalent and A is also complete. 

Applying the lemma of this section, we see that at least one of the 2m 
systems >+S; and >+/; is incomplete. But every S; and J; is not identically 
zero and reduced with respect to (10). Consequently, according to Lemma 1 
of §4, each of the systems 2+5S; and 2+; has a lower basic set than (10). 
This contradiction proves that incomplete systems cannot exist. 


8. DECOMPOSITION THEOREM 


A system > of forms is said to be reducible if there exist two forms G and 
H, such that neither G nor H holds = but G-H does. Otherwise = is called 
irreducible. 

A system 2 will be said to be equivalent to the set of systems 21, 22, - - - , Zr 
if every solution of = is a solution of at least one of the systems 2; and if 
every 2; is held by =. In other words, = is equivalent to the set Di, 22, - - - , 2, 
if the manifold of = is the sum of the manifolds of the 2; (¢=1, 2,---, 7). 

We are now ready to prove the 


DECOMPOSITION THEOREM. Every system of forms in ye, Yn 
equivalent to a finite set of irreducible systems 


(11) 


When those among the systems in (11) which are held by some other are 
suppressed, the set of the remaining systems, say 


(12) 21, 22, 


will still be equivalent to = but such that no system in (12) is held by any 
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other. Such a decomposition of 2 will be called a decomposition into essential 
irreducible systems. 

The decomposition into essential irreducible systems is unique in the follow- 
ing sense: if (12) and 


(13) Qi, Qe, Q: 


are two decompositions of = into essential irreducible systems, then t=s and, 
after a suitable permutation of the indices in (13), 2; and 2; are equivalent for 
a=1,2,---,s. 

We prove first that every system can be decomposed into a finite set of 
irreducible systems. Suppose that were not the case for some system 2. Then 
> must be reducible. Let Gi, H; be such that G,-H; holds = but neither G; 
nor H,; does. Then = is equivalent to the set of systems 2+G;, >+H. 

At least one of these two systems cannot be equivalent to a finite set of 
irreducible systems. Suppose 2+G; is not. Then, similarly, we find a form G, 
such that 
(a) does not hold 2+Gi, 

(b) 2+G,+G; is not equivalent to a finite set of irreducible systems. 

Continuing, we find an infinite sequence of forms 


(14) 


such that, for i=1, 2,--- , G; does not hold the system 2+G,+G2+ - - - 
+Gi-1. 

Let A be the system composed of the forms in = and all the forms in (14). 
According to the theorem of §7, A is equivalent to some finite subsystem ® 
of A. Let 7 be such that no G; in (14) with a higher index than 7 belongs to ®. 
Then A is equivalent also to its subsystem, 


(15) 


But that is impossible, since G;,; does not hold (15). This contradiction 
shows the existence of a decomposition. 

We have now to show the uniqueness of the decomposition. 

Let us consider the two decompositions (12) and (13) of = into essential 
irreducible systems. We shall show first that 2; is held by some Q;. Suppose 
none of the systems in (13) holds 2;. Let B; be a form in Q; such that B; does 
not hold 2, (¢=1, 2,---, #). Then the form B, - - - B, would hold each Q,, 
hence 2 and also 2;. This is impossible since 2, is irreducible. 

Let 2 hold 2;. Similarly, 2; must be held by some 2;. Since 2; is held by 
no 2; with i>1, Q is held by 21. Consequently Q, and 2; are equivalent. 
Continuing in this way, we get the result that each 2; in (12) is equivalent to 
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some 2; in (13) and vice versa, so that ¢ and s must be equal. Thus the de- 
composition is unique in the sense described above. 


9. EXAMPLES 


1. Let us consider the system = consisting of the following two equations 
in one unknown y: 


(16) y(x + + = 0, 
(17) y(x + 2) — = 0. 


Let § consist of all rational functions in e*** with complex coefficients. 

Multiplying (17) by y(x+1), we see that y(x+1) -y(x) is of period unity; 
the same holds for the function et. Hence, if we multiply (16) by y(x+1) 
the second term of its left member becomes a function of period unity. 
Therefore also the first term does, i.e., y(x+1)?-y’(x)? is of period unity. 
Hence, according to (17), 


+ 1)? — y(% + 1)?-y(x)? = 0. 

Thus for every solution of 2, we have either 
(18) y(x)-y"(x + 1) — + 1)-y’(x) = 0, 
or 
(19) (x) + 1) + + = 0. 

The only solution of = satisfying both (18) and (19) is 
(20) y(x) = 0. 

Omitting this solution, we get from (18) and (17) 


y(x + 1) 


= const. = + 1. 
y(x) 


The sign + leads to no solution of (16); the sign — gives the solutions 
(21) y(x) = + i-er** 


of the system (16), (17), (18). 
From (19), on the other hand, we obtain y(x+1)-y(x) as constant and, 
(20) being omitted, we may write 


1 
(22) + 1)-9(2) = —- 
c 
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Then (16), multiplied by (x), gives the solution 
= (c, = const.) 


and from (22) we finally get c,2=1/c?, hence 

1 riz 


with constant c0, as the solutions of the system (16), (17), (19). 
(20), (21) and (23) are thus obtained as the manifold of 2. 
Determining y’(x+1)-y’(x) for each solution, we can decompose 2 into 
the set of the following three systems, none of which is held by any other. 


Yi: (16), (17) and y’(x + 1)-y'(x) = 0. 
(24) Z2: (16), (17) and + 1)-y’(x) + = 0. 
Zs: (16), (17) and y’(x + 1)-y'(x) — = 0. 


The manifolds of 2;, 22, 23 are (20), (21), (23) respectively. 

We shall show that these three systems are irreducible, so that (24) is a 
decomposition of 2 into essential irreducible systems. 

We notice that all functions in our field § are of period unity. Hence if a 
form F in y, with coefficients in §, has the solution y(x), then also y(x+1) is 
a solution of F. 

Now, the irreducibility of 2; is obvious. As for 22, if a form F vanishes for 
one solution in (21), say y(x) = +ie**, it vanishes also for y(x+1) = —ie**, 
which is the other solution in (21). This shows the irreducibility of 22. 

Similarly, let A and B be forms such that A -B holds 23. Then by putting 


y(x) = — 
c 


in A-B, this product vanishes identically in x and c so that either A or B 
does. If now A vanishes for all solutions 


1 
= — 
Cc 
then it must also vanish for 
1 riz 
+ 1) =— 
c 


which are the other solutions in (23). Thus A holds 2; and the irreducibility 
of 2; is proved. 
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2. The following example shows that a pure differential equation, irre- 
ducible within the domain of differential equations (see Introduction), can 
be reducible, considered as a mixed difference equation. 

Let § be a field of constants, to be determined later, but containing 7’. 
The form 


A=y 


is algebraically irreducible if ix does not belong to . It can be shown, how- 
ever, that in this case A is also irreducible as a differential equation. 
Now the solutions of A are 
(25) y(x) = 
and 
(26) y(x) = 


with and arbitrary constants. 
For the solutions (25) we have 


(27) y(x + 1) — i-y(x) = 0, 
and for the solutions (26), 
(28) y(x + 1) + i-y(x) = 0. 


The only solution which (27) and (28) have in common is y(x)=0. Hence if 
i belongs to § the system A is reducible, considered as a mixed difference 
equation. 

In order to reach our purpose, we have to choose the field of numbers 
in such a way that it contains i and x? but not wi. Such a field can be ob- 
tained, for instance, by adjoining 7 and z” to the field of rational numbers. 
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LINEAR TRANSFORMATIONS BETWEEN HILBERT 
SPACES AND THE APPLICATION OF THIS THEORY 
TO LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS* 


BY 
F. J. MURRAY 


INTRODUCTION 


Let us consider the equation 


L(u) = At 


(A) 
+ 


where the A’s and u are complex-valued functions, such that the above ex- 
pression has a meaning on a bounded connected region S in the real XY- 
plane. We assume that the A’s are bounded measurable functions on S. We 
shall restrict « in such a manner that (A) may be considered a linear trans- 
formation between two Hilbert spaces. 

In the first five sections of this paper, we study the linear transformations 
between two abstract Hilbert spaces §; and $2, which are regarded as coin- 
ciding only in special cases. While our investigations are naturally based on 
the modern workt{ on the subject, they are particularly closely allied to a 
paper of J. von Neumann.{ Roman numerals indicate essentially new results. 

In §1 and §2, we adapt the treatment of (N) to our problem to obtain the 
elementary theory of such transformations. In §2, we also discuss the sig- 
nificance in terms of groups of the adjoint. §3 deals with continuous linear 
transformations and while most of these results are well known,|| Theorem 
I is new and is used later. It also can be considered as indicating the “graphi- 
cal interpretation” of certain general results of J. von Neumann, which are 
cited in connection with the theorem. Theorem II deals with the solution of 


* Presented to the Society, March 31, 1934; received by the editors April 17 and May 3, 1934. 

t Cf. Stone, Linear Transformations in Hilbert Space, American Mathematical Society Collo- 
quium Publications, vol. XV, New York, 1932, also Banach, Théorie des Opérations Linéaires, War- 
saw, 1932. These monographs will be denoted by (S) and (B) respectively. 

¢ Annals of Mathematics, (2), vol. 33 (1932), pp. 294-310. We will refer to this Memoir by (N). 

|| Cf. (B), Chap. I, p. 23, Chap. III, p. 37, and Chap. VI, p. 100. 
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the equation 7f=g and the note on constructions indicates the computa- 
tional methods to be used. 

We define “breakage” in §5. The theory of the manifolds which break a 
closed linear transformation, with domain everywhere dense in ,, is shown 
to be completely analogous to the theory of the manifolds which reduce a self- 
adjoint transformation. Considerations of breakage lead to methods which, 
in a certain sense, compensate in the study of inverses of contractions of a 
closed linear transformation for the lack of compactness of Hilbert space. 

In the remaining sections, we return to the consideration of (A). In §6, 
we set up a Hilbert space ¥, in such a manner that (A) can be considered as 
a limited transformation from ¥& to & (§7). In §8, we apply Theorems 1.16 
and II, to obtain a generalization of the well known methods of Ritz.* In 
the remaining sections we show that it is possible to use the same notions, 
concerning transformations between Hilbert spaces, to solve a quite general 
type of boundary problem (cf. §10). Certain restrictions on the boundary of 
S are used and these are given in §9. 

Our methods apply to partial differential equations as such and we are not 
restricted to differential systems as previous writers have been, who use 
Hilbert space.f In this connection, it may be pointed out that while in the 
methods used here -it is not necessary to take into account the distinction 


between elliptic, hyperbolic, and parabolic equations, nevertheless when 
these methods are applied, the results are essentially different. For instance, 
examples indicate that if the expression L(m) is elliptic, the range of the 
transformation T of §7 is the whole space % and that this is not true in 
general if Z(u) is non-elliptic, although the range of T may be everywhere 
dense in &,. See examples in §8. 


1. GENERAL DEFINITIONS AND THEOREMS 


The present section is devoted to general definitions and theorems. A 
knowledge of the definitions and elementary theorems of Hilbert space is 
assumed. (Cf. e.g. (S), Chap. 1.) We shall employ Stone’s notation systemati- 
cally. We shall let( , ):,( , )2 stand for the inner products in §, and 
respectively. 


DEFINITION 1.1. By the (cartesian) product, $:X2, of the Hilbert spaces 
©: and $2 (distinct or not), is meant the space of all ordered pairs {fi, fe}, 
fieD:, foe D2, with the linear operations (+, a-) and the inner product( , )i2 
defined by the equations 

* Journal fiir Mathematik, vol. 135 (1908-09), pp. 1-61. 


Tt For an application of the methods of this space to differential equations, compare (S) (see 
index). 
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{fay fo} + = gr, fo + ga}; 
a-{fi, fo} = {afi, 


It is known that the space $:X 2 is a Hilbert space (cf. (S), Theorem 
1.26). To every pair {fi, fe}eS:XG2 we make correspond the pair 
{fe, fi}eO2XH. and if SSH: is given we denote by the set which is 
in $2; and whose elements correspond to elements in S. 

We now introduce the notion of a many-one correspondence between a 
set D SG, and a set R €H, in abstract form. 


DEFINITION 1.2. Let E be a non-empty subset of $1 X D2, no two of the ordered 
pairs of X having the same first element. Then & is called a transformation from 
G1 to G2; when regarded as carrying the first element f, of each pair {f,, fo}eX 
into the second fe, it is denoted by T:f2=Tf, (T being obviously “single-valued”). 
By the domain D of ET (or T) is meant the class of first elements, and by the 
range R of XZ, the class of second elements of the class of ordered pairs =. We also 
write R=TD. 


When several transformations (7;, 72, T’, T*, etc.) are studied, their 
respective domains, ranges, etc., are designated with corresponding marks 


(Di, De, D’, D*, etc., Ri, Me, R’, R*, etc., Ti, T2, T’, T*, etc.). 


DEFINITION 1.3. Let T; and T; be two transformations from §, to $2; (a) if 
T,=T., we write then Dy=D2 and Ri=NR2; (b) if 
shall be the transformation (cf. Definition 1.2) corresponding to the set 
TOHiXGHe2, defined as follows: T is the class of all pairs {f:, fo} such that 
fieDi- De and fo=TifitTofi; (c) if a is a scalar, aT; shall correspond to the 
class of all pairs {f,, af2}¢S1X He, such that fo} By Definition 1.2, 


aT, is a transformation. 


DEFINITION 1.4. Let $1, Se, Gs be three Hilbert spaces (distinct or not) and 
let T, and T, denote transformations from §, to $2 and from $2 to D3, respec- 
tively, corresponding with the respective sets T169:1XH2 and T:6H2X Hs. 
Suppose furthermore Ri-D2~0. Then the product T=T2T, shall denote the 
transformation from , to $3, determined by the set TSH: XHs, defined in the 
following manner. & shall be the class of all pairs {f,, fs}¢S1X Qs for which there 
exists an element feeR1-D2(S G2) such that {f,, fe}eTi and {fo, fs} eTe. 

It should be observed that the symbol 7:7; has no meaning in general, 
and even in the special case where $:1=$2=; and 7;T; can exist, it is, in 
general, distinct from 7:7}. 
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DEFINITION 1.5. The notation T;> T2 and T,;>T>2 is used to signify that 
Ti2T, and T,> TX, respectively. In the former case T, is said to be an extension 
of T2, Tz a contraction of T;, or the contraction of T, with domain D2; in the latter 
case T; is said to be a proper extension of T2, Tz a proper contraction of T,. 

DEFINITION 1.6. Let the transformation T from $y, to D2 be such that the set 
EX contains no two pairs with the same last elements. Then T is said to have an 
inverse T—', which is defined by the set H2 X H1, consisting of the pairs in 
with their order inverted. 


Note the obvious relations 


=D; TT' CI, T TEI. 


DEFINITION 1.7. A sequence of transformations {T,} from , to $2, with 
domains {D,}, is said to converge on the set S if 

(1) inf D,;* 

(2) for every feS, the sequence {f, Tf} converges. 

A sequence of transformations {T,}, from $1 to G2, is said to have the limit 
T on Sif 

(1) S¢(lim inf D,)-D; 

(2) for every feS, the sequence {f, Tf} converges to {f, Tf}. 

We shall write T,—-T, n—© on ©. 

Since Hilbert space is complete, it is easy to show 

THEOREM 1.1. If a sequence {T,} from © to Sz converges on ©, then there 
exists a transformation T from §, to D2, such that T,-—-T, n—© on ©. If 
T,—T on G, then the sequence {T,,} is convergent on ©. 

DEFINITION 1.8. A transformation T from , to $2 is said to be continuous 
at an element f in its domain, if to each positive number e¢, there corresponds a 
positive number 5=5(e, f) such that whenever g is an element of D, satisfying 
the inequality ||f—g||1<5, the element Tg satisfies the inequality || Tf—Tg||2<e. 
A transformation T is said to be continuous, if it is continuous at every element 
in its domain. 

DEFINITION 1.9. A transformation T from $, to $2 is said to be closed if E 
is closed. 

DEFINITION 1.10. A transformation T from $y to G2 is said to be linear if T 
is a linear manifold. 


* lim inf D, is the set of points, each of which is in all but a finite number of the (“almost 
every”)D,. 
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We state the following theorems the proofs of which are easy and may be 
omitted. 


THEOREM 1.2. The domain and range of a linear transformation are linear 
manifolds. 


THEOREM 1.3. If T; and T: are two linear transformations from $, to D2, 
then aT, and T,+T: are linear transformations. 


THEOREM 1.4. If T2 is a linear transformation from $, to D2 and T, is a 
linear transformation from 2 to Ds, then T =T,T? is linear. 


THEOREM 1.5. If T is a linear transformation possessing an inverse then 
T-' is linear. If T is a closed transformation possessing an inverse, then T- 
is closed. 


THEOREM 1.6. If T is a transformation, any subset of T is a transformation. 


THEOREM 1.7. If the transformation T has a linear extension then there 
exists a unique linear transformation T such that 

(1) T is an extension of T; ; 

(2) if T’ is linear and T’2 T, then T’2 T. 
If T has a closed linear extension then there exists a unique closed linear trans- 
formation T such that 

(1) T is an extension of T and T; 

(2) if T’ is a closed linear extension of T, T’ST. 


If T has a (closed) linear extension To, we take for T (or T) the (closed) 
linear manifold determined by &. The theorem follows immediately from 
Theorem 1.6, Definitions 1.8 and 1.9 above, and (S) Definition 1.4. 


2. THE PERPENDICULAR AND ADJOINT OF A TRANSFORMATION 


We return to the study of perfectly general transformations 7; from $1 
to G2 and 7: from $2 to $1, determined by the sets T, and TZ; in 1 X H2 and 
§2X GH: respectively While our treatment paraphrases the work of (N), we 
wish to call attention to the simplicity in conceptions and proofs obtained by 
studying directly not the adjoint but the perpendicular to a transformation, 
which notion we define as follows. 


DEFINITION 1.11. The transformations T, from , to D2, and T from $2 to 
G1, shall be said to be perpendicular (symbolically T, LT:2) if Tr! and TX, are 
orthogonal in $2X G1. They shall be said to be adjoint (T, A T2), provided that T; 
and are perpendicular. 


Obviously 7; LT, implies 7; 171; also 7; LT, implies that, for all pairs 
(f, Tif}eX and { Trg, g}eLs, 
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0 = ({f, Tif}, {T2g, = + (Tif, 


and conversely this equation, valid for all feD, and geD2, implies that 7; 17>. 
We are immediately led to the following theorem which connects our defi- 
nition with the usual one.f 


THEOREM 1.8. The relation T, 4 T2 will hold if and only if 
Tog): = (Tif, 


for all feD,, and geDo2, and further T, AT, implies 

We now suppose given a perfectly general transformation T from §, to 
2, XT and D being as usual, and consider the problem of finding transforma- 
tions perpendicular to it. We are led to the following theorem. 


THEOREM 1.9. Let T+ be the class of all elements of S21, orthogonal to 
Z-!. Then a necessary and sufficient condition that X* constitute a transforma- 
tion from $2 to G1, is that D span Hi.t When D spans G,, then T LT’ if and 
only if T’ ST. 

The proof is quite analogous to that of (S) Theorem 2.6. 


DEFINITION 1.12. When the transformation T from , to D2 is such that D 
spans $y, then T+ defined by the set Z+,0f Theorem 1.9, is called the perpendicular 


of T, and T* = —T-+ is called the adjoint of T.§ 
The following Theorems are capable of very simple proofs which we omit. 
THEOREM 1.10. If T+ exists, then T+ is the orthogonal complement in $2X $1 
of the closed linear manifold determined by T-'. 


THEOREM 1.11. If T+ exists, then it is a closed linear transformation. 


THEOREM 1.12. If T is a transformation from $, to $2, whose domain de- 
termines $,, and whose range determines $2, and if T possesses an inverse, then 
T+ and (T-')+ are inverses. 


T+ and (Z-')+ correspond to transformations by Theorem 1.9 and it is 
easy to verify that ({+)-'=(Z-*)+, since the correspondence &A~YA-' pre- 
serves orthogonality. 


t Cf. (S) Definition 2.7, (B) p. 99. 

t The closed linear manifold determined byD is 9. 

§ For limited transformations (cf. §4), in view of Theorem 1.8, this definition is equivalent to 
that given by (B) p. 99. Remembering that a Hilbert space is self-dual, we see that to every linear 
functional on $2, Y or on S;,X, we can make correspond respectively an fe2and an f*, such that 
Y(h) = (4, f)23 X (g) = (g, f*)2 for all # in D2 and all g in $;. Thus when T is limited and X=TY then 
= X(g) = T(V)(g) = ¥(Tg) = (14, fhe or f*=T*f. 
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THEOREM 1.13. A necessary and sufficient condition that a transformation 
T from $1 to D2, with domain everywhere dense in $1, should have a closed linear 
extension is that the domain of T+ (and hence of T*) be everywhere dense in $2. 
If T exists then T =(T+)+= —(—T*)* =(T*)*. 

The proofs of this theorem and the three following are quite similar to 
the proofs of the corresponding theorems in the memoir of von Neumann. 


THEOREM 1.14. Let T be a closed linear transformation from , lo D2, with 
domain everywhere dense in $1. Then T+ and T* are closed and linear and 
their common domain is everywhere dense in $2, and T*T is self-adjoint.t 


THEOREM 1.15. Let T be as in Theorem 1.14. Let D, be the domain of T*T 
and T, the contraction of T with domain D,. Then T,=T. 


THEOREM 1.16. Let T be as in Theorem 1.14. Let the linear manifold of all 
feD: such that Tf=0 be denoted by N and the linear manifold of all feH2 such 
that T*f=0 be denoted by N*; then N and N* are closed, and if M(R) and 
M(R*) denote the closed linear manifolds determined by RK and R*, respectively, 
then 

M(K*) = = ON*. 

A Hilbert space is of course an Abelian group with operators (i.e., multi- 
plication by scalars).f A linear manifold IM is an Abelian subgroup of § and 
hence we can form the quotient group $/M, i.e., the group of the remainder 
classes of §, mod M.§ Now if M is closed, SEM is simply isomorphic to 
©/M under the correspondence which links feS6EIM with the remainder 
class, which consists of all elements congruent to f, mod MQ. 

Let & correspond to a closed linear transformation from §; to $2. 
T+ €H2 XH, is simply isomorphic to the quotient group of T-!. These notions 
persist even when considered in linear vector space € more general than 
Hilbert space where, however, T+ is isomorphic with the set of linear func- 
tionals on X 


3. CONTINUOUS LINEAR TRANSFORMATIONS 


We now consider continuous linear transformations. Where proofs are 
omitted the theorems are either special cases of theorems in (B) or their 
proofs are quite analogous to the proofs of corresponding theorems in (S). 


THEOREM 1.17. If a linear transformation T from §, to $2 is continuous at 
one element in its domain it is uniformly continuous at each point in its domain. 
T Cf. (S) 2.11. A transformation (in ) is said to be self-adjoint if it is equal to its adjoint. 


t Cf. van der Waerden, Héhere Algebra, vol. 1, chap. 6, Springer, 1932. 
§ Cf. van der Waerden, loc. cit., vol. 1, pp. 31-36, 132-135. 
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THEOREM 1.18. If T is a linear transformation from to D2, then T is 
continuous if and only if there is a positive number C such that for all feD, 


DEFINITION 1.13. A linear transformation T from $, to $2 is said to be 
limited if there exists a C such that for all feD 


7fllz = 

The least such C is called the bound of C. 

THEOREM 1.19. If T is a continuous linear transformation from , to Hz, 
with bound C, then T exists and has the bound C and the domain of T is the 
closed linear manifold determined by D. 

THEOREM 1.20. If T is a limited transformation with bound C from $, to $2, 
with domain spanning 1, then T* exists and is closed and limited with bound C 
and domain 

THEOREM I. Let T be a closed limited transformation from , to D2 with 
bound C. Let {f,} be a sequence everywhere dense in D. The sequences { fn, Tfn} 
and {Tf,} are everywhere dense in Z and R respectively. Let {bn} be a sequence 
which determines D> Then the sequences Ton} and {Tn} determine 
and respectively. 


Let {f, Tf}. Then given an e>0, we can find an f such that 
— fll < 


1+C 


Then 


TL} — Tha} = — fas TU — fa) 
= — fall: + — — falls + — 
= — + — Alle A+ Ollf — fill <e. 


We have also shown that ||7f—T7f,|| <e. 

The proof of the last statement of the theorem is simplified by the follow- 
ing lemma whose proof is almost immediate. It is convenient to introduce the 
following notation. We denote by 2t(G) the linear manifold determined by 
S, and by M(S) the closed linear manifold determined by S 


Lema. A necessary and sufficient condition that a sequence {k,} determine 
a closed linear manifold D, is that the denumerable set R({kn}) consisting of 
all elements in the form >-irik;, n being any integer, the r; being rational com- 
plex, be everywhere dense in D. 
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We apply the lemma to show that R({¢;}) is everywhere dense in D. 
Then we apply the part of the theorem already proved to show that 
R({ {¢:, Toi} }) and R({T¢;}) are everywhere dense in T and respec- 
tively. These facts and the lemma imply that {¢:, Toi} } and de- 
termine and respectively. 


THEOREM II. Let T be a limited transformation from §, to D2, with domain 
©: and range determining 2. Then T* exists and is limited with domain $2 
and has an inverse. Let {yp} be a complete orthonormal set in $1, {¢:} a com- 
plete orthonormal set in $s. 

Let {xi} be a sequence in $1, which is obtained by orthonormalizing the 
sequence {T*,}. Then the sequence {x;} determines $:0N; or Tf=0 if and 
only if (f, xi)1=0 for every i. A necessary and sufficient condition that an element 
geD2 be in the range of T is that 


1 


If geR and if 


j= > (g, xi, 


then Tf =g. 

That 7* exists and is limited with domain §; is implied by Theorem 1.20. 
Since the manifold of zeros of 7*, N*, is by Theorem 1.16 equal to 
H:ON(R), N* contains only the element 0, since N(R) = G2, by hypothesis. 
Hence 7T*-' exists. 

Since the sequence {¢;} determines §, and 7* is limited, it follows from 
Theorem I that the set {7*¢,;} determines I2(R*) which is $:ON, by Theo- 
rem 16. Hence when we orthonormalize the set { 7*¢,}, the resulting sequence 
determines $:0%. 

Now one can readily verify that {x;}¢@D*-' and that {7*-'x,} de- 
termines $2 since when we orthonormalize {7*-'x;} we obtain {¢;}. 

Now if ge®t, there exists an f’eG, such that g=7f’. If E is the projection 
with range 92(R*), then J—E is the projection with range N, the manifold 
of zeros of T, by Theorem 1.16. Hence g=T7f’ = TEf'+T(I—E)f' =TEf =Trf, 
letting Ef’ =f. Since as shown above the sequence {x;} determines I(R*), 
we have 


= > ©, 
1 


1 


a; = (f, xs. = Uf, T*T* = (TS, T* x2 = (g, 


| 
1 
where = 
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Thus the condition stated in the theorem is necessary. 
It is also sufficient. For suppose 


>| a; |? < (g, 
1 


Let f=)>>fa.x;; we will show that Tf=g. For we have 
(T*"'x:, Txi)2 = (T*T*x:, xii = xii = 853, 


and hence, since T is continuous, for every 7 


— Tf, = (« = a;Tx;; Tx) 
1 2 


= (g, T*"xi)2 — aT xi, = T*'xd) — 


1 
(g, T*-,) (g, = 0. 


But we have already shown that the sequence {7*-'x;} determines $2. 
Hence g—Tf=0 and ge. 

If T is not limited and if {f,} is a sequence which determines 92(D) and 
each f,<D, then the sequence {f,, Tf, } does not necessarily determine For 
instance let D be the transformation in %, for the interval 0<*<27 ((S) 
Theorem 1.24) with domain consisting of all elements in the form 
f=c+Sog(é)dé, ge&, and such that Df=g. The sequence {e™=}, n=0, +1, 
+2,---+, determines %, but the element {e*—e?*-*, e*+e?*-*} is orthogonal 
to the sequence { { inein=} }, n=0, +1, +2, ---.T 

Note on constructability. It is desirable for the applications which we 
will make later to have a method of procedure by which one can use Theorem 
1.16 and Theorem II without recourse to Zermelo’s Axiom. Zermelo’s Axiom 
is used in showing that a sub-set of a separable space is separable. For the 
applications mentioned it is sufficient to give a method using the operations 
of the postulates ((S) p. 3) by which having a set which determines I we 
obtain a set which determines SOM. Let M be the range of the projection 
E. Let {f;} determine M. Let {x;} be the result of applying the Gram- 
Schmidt process to {f;}. Let {¢;} be a complete orthonormal set in §. Then 
we notice that 


= QiXi; a; = xi), 
1 


+ Compare this example with the results in the paper by J. von Neumann, on non-limited infinite 
matrices, Journal fiir Mathematik, vol. 161 (1929), pp. 208-236. It offers a “graphical interpretation” 
of the general results. 
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and if feO>@M then since E is limited 


f=(1-Df=(1- E)Dd = — bs = (f, 


Hence the sequence {(1—£)¢,} determines HOM. 


ISOMETRIC TRANSFORMATIONS 


DEFINITION 1.14. U will be called a unitary transformation from , to $2 
if its domain is 9, and its range is 2 and if for every f and g in its domain we 
have 


DEFINITION 1.15. A linear transformation V from §, to 2 will be said to be 
isometric if, for every f and h in its domain, we have 


It is hardly necessary to point out that there is at least one unitary trans- 
formation between any two Hilbert spaces, since if {¢;} is a complete 
orthonormal set in §; and if {y,;} is a complete orthonormal set in $. and 
if T={ {¢., }, then U=T is obviously unitary. 

The proofs of the following two theorems are quite similar to the proofs 
of (S) Theorems 2.42 and 2.43. 


THEOREM 1.21. A unitary transformation U from §, to $2 is linear con- 
tinuous and isometric. U* exists and is unitary. U-' exists and U-'=U*. 


THEOREM 1.22. An isometric transformation V from §, to D2 is limited and 
possesses an isometric inverse. The transformation V exists and is isometric. 
The domain and range of V are the closed linear manifolds determined by the 
domain and range of V respectively. 


4. VON NEUMANN’S THEOREM 


By means of the previous discussion, we are now able to obtain results 
corresponding to the remaining Theorems in (N) in a manner analogous to 
the proofs given in that memoir. These results follow. 

We introduce the transformation B=(7*T7)”*, which is of course in §). 


THEOREM 1.23. If T is a closed linear transformation from §, to G2, with 
domain everywhere dense in $,, and if B=(T*T)"”*, B is self-adjoint in §,, 
with domain D and (Tf, Tg)2=(Bf, Bg); for all f and g of D. 
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THEOREM 1.24. Let T be a closed linear transformation from 9, to $2, with 
domain everywhere dense in $;. Let B=(T*T)"?, C=(TT*)"?; B and C are 
self-adjoint. The domain of B is D, the domain of C is D*. Let Ry denote the 
range of B, R. that of C. Let N and N* be as in Theorem 1.16. Bf=0 if and 
only if fem, Cf=0 if and only if feN*. Also 


M(Rs) = MMR*) = GiSN; MM) = MM.) = H2 N*. 


Let E be the projection in $, on H:10N =MN(R*), E’ be the projection in Hz 
on IN(R). 

There is a transformation W from 9, to D2, with domain , and continuous, 
which takes N(R») in a single-valued isometric manner onto M(N); W* takes 
M(R.) in a single-valued isometric manner onto M(R*). W is zero on N, W* 
is zero on N*. 

Furthermore W*W =E, WW*=E', 


T=WB=CW; T* = BW* 
B= W*T = T*W; C = TW* = 
C = WBW*; B= W*CW. 
The following theorem is now a simple consequence of (S) Theorem 2.25. 


THEOREM 1.25. If T is a closed transformation from §$, to D2 with domain 
Gu, then T is bounded. 


5. BREAKAGE 


A closed linear transformation is a correspondence which is isomorphic 
with respect to Postulate A, (S) p. 3. We will study in this section to what 
extent the relationship of orthogonality, introduced in Postulate B, is pre- 
served. 


DEFINITION I. Let T be a closed linear transformation from $, to $2, with 
domain everywhere dense in $. A projection F in §, is said to break T if 

(1) FfeD for all feD, and 

(2) there exists a projection F’ (independent of f) such that TFf=F’Tf for 
all feD. 

If F breaks T and M is the range of F, then M will be said to break T. 

We note that conditions (1) and (2) are equivalent to TF 2F'T. 


THEOREM III. If F breaks T, a closed linear transformation from $, to Dz 
with domain everywhere dense in $1, then F’ breaks T* and T*F'f=FT*f for 
all feD*. 


t (B) chap. III, Theorem 7, p. 41. 
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For all feD and geD*, we have 
(Tf, F’g): = g)2 = (TFS, g)2 = (Ff, T*g): = Uf, FT*s). 
But this equation implies 7*F’g = FT*g for all geD*, or T*F’DFT*. 
Henceforth all quantities will have their significance as in Theorem 1.24. 
THEOREM IV. F breaks T, if and only if it reduces B. If F breaks T, then 


F’=WFW*+F, where Fj is a projection whose range is included in 
N* = H-OM(R) and for any such F’, TF2F'T. 


We first show that if F reduces B, then WFW* is a projection. WFW* is 
obviously alimited symmetric transformation. We must show that (WFW*)? 
=WFW*. To do this we prove that EFW*=FW*. Let W*’ be the contrac- 
tion of W* with domain R-+-R*.f Since the domain of W*’and also W* 
are linear, W*’ is linear and also limited since W* is limited. 

Since, by hypothesis, F reduces B, and by Theorem 1.24, W*T=B=T*W, 


FW*'T = FW*T = FB C BF = T*WF. 
Thus, since E is the projection on I(R), we have 
EFW*'T = FW*’T, 
or EFW*'f=FW*'f, feR. But for geM*, W*’g=W*g=0 and EFW*’g 


= FW*’g=0. Now an element of -+-2* is the sum of an element of ® 
and an element of 9*, and we can conclude 


EFW*’ = 


But R-+-N*, the domain of this transformation, is everywhere dense in 
G2. Hence by Theorem 1.19, it has a unique closed extension and thus 
EFW* =FW*, since both are closed and EFW* D>EFW* and FW*2 FW’. 

Now 

(WFW*)? = (WFW*)(WFW*) = (WF)(W*W)(FW*) = (WF)(£)(FW*) 

= (WF)(EFW*) = (WF)(FW*) = (W)(FF)(W*) = WFW*. 


Hence by (S) Theorem 2.36, WFW* is a projection. Now since the domain 
of B is the same as that of 7, FfeD if feD. We also have, since B=W*T and 
E’ = WW* is the projection on the closed linear manifold determined by &, 


TF = E'TF = (W)(W*TF) = WBF 2 WFB = WFW*T. 


Now conversely let us suppose that F breaks T and let F’ be as in Defi- 
nition I. Then by Theorem ITI, we have 


t R-+-M* contains every element which is the sum of an element of J and an element of Jt* 
and only such elements. 
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FT*T T*F’T CT*TF. 


One infers from this that F reduces 7*T7 =BB and hence, by a simple appli- 
cation of (S) Theorem 8.1, that F reduces B. 

Let F break T. Now suppose F’ is such that TF2 F’T. Then F’ is in the 
form stated in the theorem. For we have for all feD, 


TFf = WFW*Tf = F’Tf. 
Hence WFW*f=F'f, fem. 
Now let H be the contraction of WFW*, with domain ®. Since R and 
WFW* are linear, H is linear. Let K be the contraction of F’, with domain 


®. It is also linear, and from the above we have that H = K. Applying Theo- 
rem 1.19, we have 


and this transformation has domain M(R). It is also a contraction of WFW* 
and F’. Hence since the range of E’ is M(M), 
WFW*E’ = F’E’. 
But it follows from Theorem 1.24 that W*E’ =W*. Hence 
WFW* = F’E’. 


But (S) Theorem 2.37 now yields, since WFW* is a projection as shown above, 
F’E' =E’F’ and hence WFW*=E’F’ and 


(I — E)F’ =F’ — =F’ — F’E' = F'(I — E’). 


Hence by (S) Theorem 2.37, ([—E’)F’ is a projection and its range is in- 
cluded in $2.6IN(R) =N*. Let Fi =(1—E’)F’; then 


F’ = EF’ + (I — E’)F’ = WFW* + Fy’. 


Conversely, since the range of WFW* is included in the range of W, 
M(R), if Fé is a projection, whose range is included in $.6IN(R) =N*, then 


F’ = WFW* + Fy’ 
is a projection by (S) Theorem 2.37 and 
TF > WFW*T = (WFW* + F,’)T = F'T. 
We have thus shown that if F breaks 7, F’ must be in the form stated 
and any such F’ will satisfy the definition of breakage. 


Tueorem V. If T is a closed linear transformation in $, with domain every- 
where dense in , then F reduces T if and only if it reduces B and W. 
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Now if F reduces T, it breaks T, since we may take F’ =F, and hence 
it reduces B and we obtain by the previous theorem 


F = F’ = WFW* + Fy’, 
where F¢ is a projection, whose range is included in 2*, and hence W*F’ =0. 
Also in the proof of the previous theorem we have shown that EFW* =FW* 
and so we obtain 


W*F = W*(WFW* + Fo’) = W*WFW* + W*F,)’ = EFW* + 0 = FW*. 


Since the domain of W* is §, this yields that F reduces W*. 

But if F reduces W*, it reduces W, since the equation FW* = W*F implies 
by taking adjoints W**F = FW** or WF =FW. 

On the other hand if F reduces both B and W, it reduces T. For since 
the domain of B is D, the domain of T, and since F reduces B, FfeD for all 


feD and 
TFf = WBFf = WFBf = FWBf = FT}. 


THEOREM VI. Let T be as in Theorem 1.24. Then there exists a set of linear 
transformations {T;}, i=0, +1, +2,--- , each closed and limited with a 
limited inverse, with domain D; and range R;, such that D; LD; and R; LR; for 
for and such that for all 


f=Fft+ Tf = Tifi,t 


where F is the projection on the manifold of zeros of T.t 


We take any set of numbers {a;} such that i=0, +1, +2,--- , a>a; 
if i>j, lim;._.0;=0, lim;..@;= 0. We let F;=E(a;) —E(ai-1), where E(A) 
is the resolution of the identity corresponding to B. Now it is shown in (S) 
Theorem 5.9 that the range of F; is in the domain of B which is D, the do- 
main of JT. Hence we may take 7; as the contraction T, with domain the 
range of F;. 

It is also shown in the proof of (S) Theorem 5.7 that F; is a projection 
and that the ranges of F; and F; for 17 are mutually orthogonal or that 
D; LD;. In the proof of (S) Theorem 5.9 we learn that 


ag 

T This equation is also to imply that Tf has a meaning if and only if the expression on the right 
has a meaning. 

t Theorem VI compensates in the study of the inverses of contractions of T for the lack of com- 
pactness of Hilbert space. In treating certain types of partial differential equations, it has been pos- 
sible to use spaces of the Banach type having a species of compactness. Cf. J. Schauder, Mathe- 
matische Annalen, vol. 106, pp. 661-721. 


| 
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Hence we have that 
a? 1(|| — || || BF < a? (|| — || 


Now if f is in the range of F;, it is by (S) Theorem 2.37 perpendicular to the 
range of E(a;_,) and furthermore E(a;)f=f. Hence for all feD,, 


(2) a2 < || 
Since for feD,;, 
Tall = = = Bil, 


(2) yields that 7; is limited with a limited inverse, and since its domain is a 
closed linear manifold, it is closed. 

Now (S) Theorem 5.8 tells us that D; reduces B and hence by Theorem 
IV we have that F; breaks T. 

We will show that R; LM;, i¥7. For let TfeR; and TjgeR;. Hence Ff =f, 
F,g=g. Now since T and B are isometrically equivalent, and F; and F; re- 
duce B, 


(Tif, Tighe = (Bf, Bighs = (BF if, BF igh = FjBig) = 0, 


since the ranges of F; and F; are mutually orthogonal. 
By Definition 5.1 (S), 


lim — =F +1—£(0) =1—E0-), 
0 


© 


remembering that F is the manifold of zeros of B. Since B is not negative 
definite ((S) Definition 2.14), (S) Theorem 5.12 yields that E(0 —) =0. Hence 


F+ =I. 


Hence for any fe, 
LFS Uh, 


letting Ff =fi, fieD. 
Since BFf=0, B is linear and lim;.,, a;=0, 


= B(E(ai) — E(ai-1))f = BE(an)f — lim BE(a:)f 


= BE(a,)f — lim BE(a:)f = BE(a,)f — lim B(E(a;) — F)f. 

Since B is not negative definite, (S) Theorem 5.12 yields F= E(0), and by 
Theorem 5.9 (S), 


N N 
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|| B(E(a:) — E(0))f|? = J A2d|| E(A)f||? S 
Hence 
lim B(E(a;) — F)f = lim B(E(a;) — E(0))f = 0, 
as—0 as—0 


and from (3) we get 


> Bifi = B(E(an)f). 


Since B is not negative definite, (S) Theorem 5.12 yields E(—N) =0 for 
N>0. Let Ay =(—N, ay); then 


By; = lim ¥ Be; = lim ( > Bis) — lim BE(— N)f 
_ N-@ N-@ 


= lim B(E(a,) — E(— N))f = lim BE(Aw)f. 
N-o 

Now lim,...@, = ©, and in the proof of (S) Theorem 5.9, it is shown that the 

limit on the right exists if and only if Bf exists, and if Bf exists, then this limit 

equals Bf. Hence 


Bf = 
Now since W is isometric on I2t(Rs), 


converges if and only if >) °...B,f; converges, and hence since the domain of T 
is the same as the domain of B if and only if feD, and when feD, we have 


Tf=WBS=W> Bf = WBS: = D 
since W is continuous. . 

THEOREM VII. Let T be a closed and linear transformation from §$, to $:, 
with domain everywhere dense in $,. T* exists and is a closed linear transforma- 
tion from $2 to G1, with domain everywhere dense in $2 (Theorem 1.13). If 
MieH: and MreH2 are the ranges of two projections F, and F, and are such that 

(1) if feD, then FifeD; 

(2) if feD*, then FofeD*; 

(3) if then TfeMs; 

(4) if feM.-D*, then T*feMs; 
then F, breaks T and TF,f =F:Tf for all feD. 


1935] 317 


318 F. J. MURRAY [March 


Due to condition (1), if we can prove that 7F,f=F,7f for every feD, the 
theorem follows. From condition (3) we notice that for all feD, 


= TFif. 
Now if feD, and geD*, we have by condition (2) 
(TF yf — FoTf, g)2 = (2TFif — FoTf, g)2 = (TF if — Tf, Fog)e 
= — f, T*F 2g)1. 
But Fif—feG:OM,, while by (4) T*FgeM. Hence for all feD, geD*, 
((7Fy — FiT)f, g)2 = 0. 
But D* is everywhere dense in $2, hence for every feD, 


TFif = F2Tf. 


6. FUNCTIONS OF CLASS H 


Let S be a bounded connected open region. Let S, denote the projection 
of S on the x-axis, S, denote the projection of S on the y-axis. We shall use 
the symbol m,(£) to denote the linear measure of a linear set. 


DeriniTIon II. A function f=f(x, y) shall be said to be of class H on S 
(symbolically feH.), if it satisfies the following conditions: 

1. It has a summable square and has almost everywhere first and second par- 
tial derivatives of summable square on the region S. 

2.a. There exists a set T', on the y-axis, such that T,¢S,, m(S,—T,) =0 and 
if ye’ ,, then f(x, y), fe(x, y) and f,(x, y) are absolutely continuous functions of 
x, defined for all x such that (x, y)éS. 

2.b. There exists a set T, on the x-axis, such that T,¢S., m(S:—T.) =0, 
and if xeV',, then f(x, y), f2(x, y) and f,(x, y) are absolutely continuous functions 
of y defined for all y such that (x, y)«S. 


For f and geH,, let 
+| fev — Sey |? +| fos — + | Sow + Sov 


Lemma. Given a sequence of functions {f\}, f™eH,, such that 


lim — = 0. 
n+m— 


Then there exists an feH,, such that 
lim ||f — || = 0. 
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The sequence {f.")} is convergent in the mean, hence there exists, by the 
Riesz-Fischer Theorem, a function f;,: of summable square such that 


tim ff falas =o, 


But by Fubini’s Theorem, we have that 


— fial dS = J, yf 


where Si(y) denotes the set of points in S whose ordinate is y. Now if we set 


( 


dip f | 9) — frala, 9) 
S(y) 


we see from the above that 


lim J | — = 0. 
Hence by the Riesz-Fischer Theorem, there exists a subsequence {y,} of 
{.} (and a corresponding subsequence {g‘")} of the sequence {f‘}), and 
a linear set for which =0, such that if yeC:.., 
then 
(1) O= 2(y) = lim | — fiale, y) 

noo S(y) 

Now the sequence {g")} converges in the mean also, to some function of 
summable square fi,2, and in a similar manner, we can find a subsequence 
of the sequence {g‘”} and a set S52, m(S.—C’ =0, such that 
for 


(n) 


(2) lim | heg(x, ¥) — fia(x, y) = 0. 


S;(2) 
The sequence {k.‘")} converges in the mean. Hence by the Riesz- 
Fischer Theorem, there exists a subsequence {k.‘}, a function f,, and a 
set S’SS, mS’ = mS, such that on S’ 
(3) lim = fy. 
Now let I, correspond to f™ as I’, did to f in the definition of a func- 
tion of class H on S. Let C,,, denote C,,.IIT,™. One can readily verify that 
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m(S,—Cz,2)=0. Similarly, we define C,,.=C?,,II, and obtain 
m(S,—Cz,y) =(). 


Now since m(S’(C.,yXCz,z)) =mS#0, there is a point P: (a, b)eS’(Cz.y 
XC,,2). Let S; consist of all points (x, y)eS such that either yeC,,, or xeCz,y. 
Let Q:(xo, yo)eSi. Then we can connect P and Q by a polygonal line I, 
PR,R; - - R,Q, such that each segment PR, ¢ Si, Si, S; and 
each segment is parallel to an axis. 

Now if a segment of I is parallel to the x-axis, it follows from (1) that fi 
is measurable (linearly) along the segment and has a summable square, by 
the Riesz-Fischer Theorem. Hence fi; is also summable since for a finite 
interval the summability of the square implies the summability of the func- 
tion. Similarly along a segment of I parallel to the y-axis, fi,2 is summable by 
(2). Thus we may define 


(4) fQ) = filP) + frad® + fasdy. 


We now show that the definition of f,(Q) is independent of the choice of 
l or of P, in fact that f.(Q) =fi(Q), whenever the former is defined. 

For, suppose R;Rj4: is a segment of I’, parallel to the x-axis, i.e., R; is 
(x1, y), Riss is (x2, y), yeCz, 2. Since C,,,.2T.,™, f,4(x, y) is absolutely con- 
tinuous, and 


and by Schwarz’s Inequality (remembering that {&™} is a subset of { f” )» 
| (aa, y) — y) — (x2, y) — |? 


f (ko™(E, vy) — y))dé 


< | x2 | f ' y) — finlé, y) 


Since {k™} S{g™}, it follows from (1) that 
(6) lim | (a1, y) — y)) — (x2, y) — fala, y)) |? = 0. 
If, on the other hand, R;R,4: is parallel to the y-axis and if R;=(x, 9), 
= (%, y2), x€Cz,y, we Obtain similarly 
(7) lim | (x, 1) — feix, y1)) — (x, — f2(x, y2)) |? = 0. 


E 
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Now either (6) or (7) applies to PR;. We also have by the choice of P: (a, b) 
lim (a, b) = b). 


Hence 
lim (Ri) = f.(Ri). 


Similarly, we may continue to apply either (6) or (7), obtaining 


lim (R;) = f-(Ri), lim k™ (Q) = f-(Q). 


But the limit of the sequence is independent of both P and the choice of I. 
We have also shown that 


fe(Q) = fr(Q) 


wherever the former is defined. 
Recalling (3), that mS,=mS, and the Riesz-Fischer Theorem, we obtain 
that 


tim f | ki — = Tim f — fz|*dS, 
no 8; 


as well as the fact that f, has a summable square. These two facts readily 
yield, by Schwarz’s Inequality, that 


0 < lim int ( f 


1/2 
< lim sup tim ( f | — kim + ) 


no m— 


sim (ff jas)" 40 = 


In a similar fashion we may establish the existence of two sets S:, So, 
SES, SoSS, mS:=mS,=mS, and of two functions f, and f, such that 


= + f + faady, tim f — fy = 0, 


and 


no 
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f = f(Ps) + fas + fedy, Jim — = 0. 


Now if a sequence of functions, defined on a finite linear interval, con- 
verges in the mean, and if a second sequence of functions, each of which is 
an indefinite integral of the corresponding function in the first set, is such 
that it converges at a single point, the second sequence converges in the 


mean. 
This proves that C? can be taken in such a manner that C/ 2C.,. when 


one considers the defining equations above and their analogue in the proof 
of the existence of f. Hence C.¢ C.,,. In a similar manner, we take C/ in 
such a way that C/3C,,, and obtain that C,2C,,,. 

We also have, since for y=c, ceCz,., fi=fz is continuous, that 


=f; = fa. 


Similarly, for a point whose abscissa is in Cy, v, 


Of 


Finally we see that, on each line of S,, almost everywhere 


These results yield, upon inspection, that f is of class H on S and that 
lim — = 0 


irrespective of any further extension of the definition of f. 


7. THE SPACE @ 
Let us define the inner product of two functions of class H on S as follows: 


(u,v) = ff (ui + + + Uz, Uzydz,y + Uy, + Uy yDy,y) 
8 


We wish to set up a Hilbert space by means of functions of class H on S 
and the above inner product just as this is done in the classical theory, with 
%, and [fuidS. As is the case of %, we are forced to take as our points classes 
of equivalent functions. 

We set up the classes by means of the following statement: Two functions 
u and v belong to the same class if and only if 
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We define the sum of two classes as the class to which the sum of an element 
of the first class and an element of the second class belongs. The product of a 
class and a number c is the class to which c times a function of the class be- 
longs and the inner product of two classes f and g is defined as 


g) = (, ») 


where u and v belong to f and g respectively. One can readily show by familiar 
methods that these definitions yield a unique result in each case. 


THEOREM VIII.* The space %, whose elements are the classes defined above 
with the above definition of addition, scalar multiplication, and inner product, is 
a Hilbert space.t 


The completeness of % is the lemma of the preceding section. The re- 
mainder of the proof is immediate and will be omitted. 

Turning now to the consideration of equation (A) for functions x of class 
H, we have, by Schwarz’s Inequality and the boundedness of the coefficients, 


-(| Usz|? | | u|?)dS < 


where C is a constant. 

Thus we see that the functions L(u), weH,, have a summable square on S. 
We can set up the usual space & (cf. (S) Theorem 1.24) and corresponding 
to the set of L(u)’s we have a subset of 2. Let & be the closed linear manifold 
determined by this subset. We suppose that § is of infinite dimensionality and 
thus is a Hilbert space (cf. (S) Theorem 1.18). 

The equation (A) determines a transformation T from % to & defined as 
follows: If fe% and wu is one of its functional representatives, i.e., wef, then 


* For other examples of spaces proposed for the study of partial differential equations, there is 
that of O. Nikodym (Journal de Mathématiques, vol. 9 (1933), pp. 95-109) who uses as his scalar 
product 


= [gate + fobs + fads 


and obtains a simple proof of a theorem of M. Zaremba. 

Spaces of the Banach type have been effectively used by J. Schauder (Mathematische Annalen, 
vol. 106 (1932), pp. 661-721) in the study of elliptic partial differential equations. Hyperbolic dif- 
ferential equations of a special form with initial conditions have been treated by D. C. Lewis (these 
Transactions, vol. 35, pp. 792-823) by methods which involve &,. 

The work of Ritz can be regarded as having to do with spaces in which the length of a function 
u is the integral J which he minimizes. 

t (S) Definition 1.1. 
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from the above we see that L(u) is a member of a class g, which is a point in 
RK, and we define 7f=g. Thus it follows from (a) that T is a limited trans- 
formation with domain % and hence T is closed. The range of T is every- 
where dense in &, by virtue of the definition of &. 


8. APPLICATION TO DIFFERENTIAL OPERATORS 


We are now in a position to apply our results on transformations between 
Hilbert spaces to the transformation represented by equation (A). Specifically 
we give the significance in terms of functions of Theorems 1.16 and II, which 
we may apply since we have restricted our range space to the closed linear 
manifold &, in %, determined by the range of T. 

The following notation is useful. 

DEFINITION III. w=» u is to mean that w=u almost everywhere on S. If 
fH, and if the sequence {f;} is such that 


lim | - XK | =o, 
m+n—- 1 1 
then >-\f; is to denote the function whose existence is proved by the lemma of 
§6. 

=m, is to-mean ||u’ —u'’|| =0. 

We then obtain 

THEOREM 1.16’. Given the equation (A) of the introduction, and a bounded 
connected region S. There exist two orthonormal sets of functions {u;} and 
{o:}, u; and veH,, such that the corresponding elements in %& are mutually 


orthogonal and are such that 
(1) @ necessary and sufficient condition that ueH, be such that L(u) =»,0, is 


that 
(u, ui)ui, (u, ui) |? < 
1 1 


(2) ifv=my >.1 (2, 0; and L(v) =m 0, then v= 0; 
(3) if weH,, then 


+ D> | (w, us) |? +0 | (w, |? < 


This is of course Theorem 1.16 applied to this special case and then using 
the fact that in any closed linear manifold there exists an orthonormal set 
complete in the closed linear manifold, for N and SON ((S) Theorems 1.19 
and 1.14). If we have given a complete orthonormal set {f;} in @ and a 


1 1 1 1 
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complete orthonormal set {g;} in & we can actually exhibit the sets u, and %. 
For 
= DT * gi, = 
j=1 1 

and {7*g,;} determine SON by Theorems II and 1.16, and by the method in 
the note on construction, we can obtain a set which determines J. 

We define L*(v) for any 2 of a class g, which is an element of &, as a func- 
tion of class H which is a member of 7%. 


THEOREM II’. Let {y;} denote the set obtained by orthonormalizing the set 
{ L*(L(v;)) } where the v; are as in Theorem 1.16’. Then {y;} determines the 
the same closed linear manifold as the set {v;} of Theorem 1.16’. For each yi 
there is ax; such that L*(x;:) =m, i. A necessary and sufficient condition that a 
function w, a member of an element g of &, be such that there is a ueH, for which 
L(u) =m w, is that 


> | xs) |? < 
1 


when w satisfies this condition and 


v =mt+ xii, 
1 


then L(v) =m w. 


This is just the application of Theorem II to the special case treated here. 

Theorem II’ offers a generalization of the methods of Ritzt in the sense 
that it generalizes the formulas upon which actual calculations would be 
based. 

We have restricted the coefficients to be bounded and upon this assump- 
tion the limitedness of this transformation was shown. In the unbounded 
cases, some knowledge of the resolution of the identity corresponding to T*T 
must be had before results analogous to those of Theorems 1.16’ and II’ can 
be obtained. 

The following examples indicate what results are to be expected in apply- 
ing the above methods. Let us suppose S is a square of side 27 with sides 
parallel to an axis. We will show that the range of the transformation as- 
sociated with 


is the whole space %. Let v be a function of summable square; then 
ft Loc. cit. 


L(w) 
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einztimy 1 
Now when we orthonormalize the sequence {e‘**+i™} in %& we obtain 
1 —1/2 
+ m2 +4 n2 + (m? ob einztimy 
Now since @n,m|?< 
1 + n? + m? + (m? + n?)? 
| (m? + n?)? 


> > e (1 + n? + m?* + (m? n?)2)1/2 i einztimy 
n,m m? + n2 (1 + n? + + (n? + m?)?)1/2 


n*+m'>0 


einztimy 


pap > 


n?+m1>0 m? + n? 


From (1), we see that weH, and doox?/ (4) +ueH, and hence 


2 
+ =m. 
4 


32 
Thus when 7, is restricted to WON so that it has an inverse, Theorem 
1.25 yields that this inverse is bounded. 
However, for the same square in the case of 


Lalu) 
“u) = 
axdy 


while the range of T is everywhere dense in %, it is not %. For we have no dif- 
ficulty in finding a “,m such that 


= 
Oxdy 
thus showing that the range determines %, and since it is a linear manifold 
that it is everywhere dense in &. 
However there is no we¥8 such that 


2 = log x, 
(2) g 


although log xe%:. For if u satisfies (2) it is in the form 
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u = xy(log x — 1) + X(x) + Y(y), 


and one can easily show that 0?u/dx? does not have a summable square. 


9. BOUNDARY VALUES OF f, AND f, 


In the remaining sections, we give a method for the solution of boundary 
value problems, specifically the problem formulated in §10. We must first 
restrict S so as to have a boundary which fulfils the following conditions. 

Let the boundary B of S be a rectifiable curve such that a polygon P,P; -- - Pa, 
P;=(xi, yi), with P:Pi41 parallel to an axis and the side of a rectangle whose 
interior is in S and with the interior of P,P: -- -P, in S, can be constructed with 
certain vertices on B in such a manner that the arc of B between two vertices which 
are successive along the curve is such that either 

(1) it is intercepted by two alternate vertices of the polygon P; and P12 and 
if (x, y) is a point of the arc P;Pi+2, there is a relationship y = Y'(x), which is 
such that Y' is monotonic and single-valued except possibly at a denumerable 
set of points, where the continuum of values between the limits on the right and 
left are assumed, or 

(2) it is intercepted by two successive vertices P; and Pj, and (a) x;=Xj41 
and the arc P;P is given by an equation x = X(y), where X(y) is 
single-valued and has bounded Dini derivatives or (b) yj41=¥y; and the arc 
P;Pj4, is given by the equation y=Y(x) where Y is single-valued and has 
bounded Dini derivatives. (See the figure.) 
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As to the relationship between conditions (1) and (2) it may be pointed 
out that a monotonic curve may be rotated into one with bounded Dini 
derivatives. It should also be pointed out that these restrictions rule out 
comparatively smooth curves with outward pointing cusps.* 

We shall suppose from now on that S satisfies the above conditions and 
that f(x, y)eH,. 


Lema I. Let P;P;+: be a segment of the polygon described above. Let us sup- 
pose that y;=Yix1 and %;<%;i4:; then limy.y,f2(x, y) exists for almost every x 
such that x;SxSxiz1. If and (x, yi)eS, then limy.v, f2(x, y) =f2(x, 
lim, .y,f2(x,y) is measurable and has summable square on the interval x; Sx S%X;41. 
There exists a constant K; such that 


zi 


Now by the specifications on the polygon PP; - - -P, it is possible to find 
a rectangle A= P;P;,,AB, A =(x;4:, a), B=(x;, a), whose interior is in S. Let 
us suppose a<y;. Now 


(1) | Jf 


exists. By Fubini’s Theorem, 


() » hae) ay 


exists. Therefore there is a y’, a<y’<y, such that 
1 


vi 


Now let A’ be the rectangle with vertices P;, Pis:, (*i+1, y’), (xi, y’). Now 
A’cA and we have by Fubini’s Theorem 


(4) Jf sabes = 


and since the summability of the square on a bounded set implies sum- 
mability, we have 


(3) f™ s 


* However, for our purposes, some outward pointing cusps must be excluded as the following 
example shows. Let S be the region of points (x, y) such that 0<x<1, x?>y>0. One can easily 
verify that u/*eH,, and also that the values of u, on the boundary do not have a summable square 
with respect to integration along the arc-length. 


TRANSFORMATIONS BETWEEN HILBERT SPACES 


(5) f _ foul 


exists. On applying Fubini’s Theorem, we have that for almost every x, 


(6) nay 


exists and is a measurable function of x for x; 5% S2%;4:. Now 


(7) f "Fel, addy] (96 91) f "| 9) 


The existence of the integral on the right of (4) now implies that the func- 
tion of x on the left of (7) is summable and hence the function (6) has a 
summable square and 


Zi+1 2 
v’ 


Zi+l 
y’ 


Now for xeI’, and for which (6) is defined and hence for almost every x 
such that x; we have 


tim 9) = tim + f (xs 8048) 


= foley) + 


Hence limy.y, f(x, y) exists for almost every x such that x;<*<4%;4; and is 
a measurable function with a summable square on the interval x; 
since it is the sum of two functions which are measurable and have summable 
squares. Then from (4) and (8), by using the triangle theorem, we obtain 


Zit+l 
f | lim y) < 


i 
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Lemma II. Let arc P;Pi+2 be an arc of the curve B such that case (1) of the 
specifications of B applies. Let us suppose that %;<%is1:=Xi42 and ¥i=Yi4r 
<yi+e. Let Y(x) be defined as the least of the numbers Y'(x) for x fixed.* Then 
obviously Y(x) is a monotonically increasing single-valued function of x, and if 
Y(x)) is defined as the limy.y y), when the latter exists, then 
f(x, Y(x)) is defined almost everywhere on the interval x;SxSxi42 and is a 
measurable function of x with a summable square on this interval, and there is 
a K such that 


Ti+2 
f | ¥(x)) |*dx < 

Let us denote the rectangle having P;P;,, and P;,:Pi,2 among its sides 
as A. Then 


(1) Jf, les 


exists. Hence by Fubini’s Theorem 


Y(z) 
(2) | y) 


exists for almost every x such that x; <x <;,2 and is a summable function of 
x such that 


(3) f 9) = f J 


Now since the summability of the square implies summability, the exist- 
ence of (1) implies the existence of 


(4) 


and by Fubini’s Theorem 


Y (z) 
(5) S y)dx 


exists for almost every x such that x; <x <4x;4. and is a measurable function 
on this interval. 

Furthermore by Schwarz’s Inequality when (2) and (5) exist, which is 
for almost every x in the interval x; S% S%i+0, 


* It is to be remembered that Y’(x) is not necessarily single-valued. 
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Y (z) 2 Y(z) 

% 


Y(z) 
s | — | | few (x, y) \*dy. 


Since the function on the right is summable, the function on the left is also, 
and furthermore integrating and using (3) we obtain 


S| vine — | 
Remembering that for Y(x) = y:, by Lemma I, f.(x, Y(x)) exists for almost 


every such x, we obtain for all x such that xeI’, and for which (5) has been 
shown to hold and hence for almost every x such that x; Sx Sxi42, 


(6) 


f(x, V(x)) = lim f2(x, y) 


(z)~ 


lim yi) +f feals, nan ) 


Y(2) 
= f2(x, +f S n)dn. 


Thus for such an x, f.(x, Y(x)) has been defined. It is known from Lemma I 
that f.(x, y;) is measurable and has a summable square and there is a K,; 
such that 


Now from (7) f(x, Y(x)) is a measurable function of x with a summable 
square, since it is the sum of two functions having this property, and from 
(6), (7) and (8) using the triangle theorem, we obtain 


Since Y’(x) is monotonically increasing, it follows that if (x, y)e arc P:Pi4s, 
then there is a relationship x = X’(y) between the coordinates, which is also 
monotonically increasing and single-valued except possibly for a denumerable 
set of points, where all values between the limits on the right and left are 
assumed. 


if 
) 
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Lemma III. Let arc P;Pi+2 be as in Lemma II. Let X(y) be defined as the 
greatest number x, such that Y (x) =y. X(y) is a single-valued and monotonically 
increasing function of y. Let f.(X(y), y) be defined as lim,.x(w*fz(x, y) when 
the latter exists. Then f.(X(y), y) is defined almost everywhere for the interval 
¥iSYZYix2 and on this interval is measurable and has a summable square and 
there is a K such that 


The proof is, by the remark which precedes the lemma, quite analogous 
to the proof of Lemma II. 


Lemma IV. If (xo, is such that f.(%0, and f.(X(y0), 
yo) both exist, then f (x0, Y (xo)) =f2(X (yo), Yo). 


First suppose that yox#;. Now since 
f(%o, Y(xo)) = lim f2(%o, y), 


given an e>0O, we can find a 6’ such that for —y= Y (x0) 
(1) | fe(xo, — fe(xo, y)| Se. 

Similarly we can find a 6” such that for X(yo) <x<X(yo) +6”, 
(2) | f2(X(y0), yo) — fe(#, y0)| Se. 


Now for almost every x such that x; <x <;4, and all y such that yo >y2¥i, 


2 


| fol, 9) — fala, =| 


<| f | few(x, €) 


(4) s(x, 9) = f "| & |. 


Now g(x, y) 20. Let Ay be the rectangle x» S% Sxi42, ySE<yo. Let 


F(y) = = 


-f | faa lds |%da |. 


| 
Let 
(5) | | | 
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Then (5) shows that F(y)--0 as y—>yo. We also have, for y fixed, 
(6) m {| — yo| g(x, y) = F(y)"?} S| yo — 


Now since F(y)-0 as y—>yo, we can choose a 5’”’>0 in such a way that 
F(y)!? <e for | y—yo| 

Now similarly for almost every y such that yo >y2/y; and all x such that 
Xo <% S%Xi42, we have by the Schwarz inequality, 


2 


| 9) — fale, =| 


(7) 
<|x- f | fz,2(n, |2dn. 


b= | 9) 


G(x) = y)= J 4 ay y) 


where A, is the rectangle {x»<n<-x, ysSySyo}. Now as above G(x)0 as 
and we can choose a such that for x» <x G(x)'/*<e. Let 
us suppose that e<}. Let 6=min (6’, 5”, 5’”, 5‘) and A be the rectangle 
{xo<xSx0+6, Then from (6) by Fubini’s Theorem 


Ve Vo 
|» — yo| F(y)#dy < f dedy S 5% < 


Similarly 
(10) msy{A-{ | — xo| h(x, y) = ef} < 

Hence the intersection J’ of the three sets A, the set for which 
(11) | x — xo| h(x, y) <e 
holds, and the set for which 
(12) |» — yo| y) <e 
holds, is by (9) and (10) such that mI’ > 487. 
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The intersection J of J’ and the sets for which (3) and (7) hold is not 
empty. Let (x, y) be a point of 7. From (3) and (12) we obtain 
(13) | f2(x, y) — yo)| S 
from (7) and (11), 
(14) | y) — yo) | 

Since 6 < min (6’, 5’”), we can apply (1) and (2) which with (13) and (14) 
yield 

| — fe(X(yo), yo)| S 2e + 
Since ¢ may be taken arbitrarily small we must have 
f (x0, = f2(X (yo), yo). 


When y;= yo, we take for the interval for y, when (3) is to be considered, 
the interval y»>y2yo—7n, where 7 is chosen so small that the set (xo, y) 
(y in the interval) is in the rectangle associated with P;P;,;. The proof is then 
quite similar to the above. When x) =~ a similar consideration holds. 


Derinition IV. f.(P), P arc is defined as Y(x)) when 
P=(x, Y(x)) and f.(P) =f.(X(y), y) when P=(X(y), ¥). 
From the above lemma we see that this definition is consistent. 


Lemna V. f.(P) regarded as a function of the arc-length is defined for almost 
every s which corresponds to a point of arc P;Pi42, and is measurable for this 
s interval, and there is a K such that 


It is well known that for an arc such as P;Pj42, x=x(s) and y=y(s) are 
monotonic absolutely continuous functions of s* and that there exist two 
functions, D,x and D,y, defined for every s and such that 


+= wt f D.xds, y = yt D,yds; 


also such that D,x=0 and D,y=0, D,x being one of the Dini derivatives, and 
it will be convenient to suppose in the case treated here that it is D+x. 
Now 


N 
$1 — So = lim sup (Ax? + Ay?)*/?, 
1 


* Cf. Hobson, Functions of a Real Variable, pp. 338-341, especially p. 340, also pp. 596, 411. 
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and since x(s) and y(s) are monotonic, 


N 
51 — So S limsup (Ax; + Ay,) = limsup (x: — xo + yi — yo) = x1 — Xo + 1 — Yo 
1 


or 


1< 
As As 


Hence we have for every s 
(1) < + Dy. 


Now* 


(2) f | f-(P) = f | f-(P) |*D,xds, 


P iP i+2 


vit+2 
vi arcP;Pi+. 

and |f.(P)|?D.« and |f.(P)|*D.y are measurable summable functions of s 
defined for almost every s, corresponding to a point of arc P;P;42. (They are 
defined as zero, when D,x and D,y are zero respectively.) Since D,x+D,y is 
a measurable function of s on the s interval corresponding to arc P;Pi+:, 
1/(D.x+D,y) is bounded and measurable on this interval and hence 


z(P) |?D, = | f:(P) |? 

is defined almost everywhere and is measurable and summable. Furthermore 
by (2) and (3) and Lemmas II and III, 


f | f-(P)|*ds f | |*(D, x + D, y ds 
areP;P 


< (Ki + K;)|\f\|?. 


If the argument of the preceding paragraph is repeated with f,(P) substi- 
tuted for | f.(P)|?, since we have shown that f.(x, Y(x)) and f.(X(y), y) are 
measurable functions of x and y respectively, in the appropriate interval, we 
shall obtain that f,(P) is a measurable function of s. This completes the proof 
of the lemma. 

Let us suppose now that arc P;P;,; is an arc of B for which case (2) holds. 
The proof of the following lemma is quite similar to the proofs of Lemmas II 


* Cf. Hobson, loc. cit., p. 665. 
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and III above and the reader will find no difficulty in making the slight ad- 
justments necessary. We state it for case (2a). 


Lemma VI. Let arc P;Pj4: be such that (2a) holds. Then if limz.xqw f2(x, y) 
for y;S (x, y)eS, is denoted by f.(X(y), y) when it exists, f.(X(y), 9) 
is a measurable function of y and there is a K such that 


vj 
Lemma VII. Let f.(P), Pe arc P;Pj41, be defined as f.(X(y), y) when the 
latter exists. f.(P), Pe arc P;Pj41, is a measurable function of s defined for almost 
every s corresponding to a point of arc P;Pj4:, and there is a K such that 


j+1 


It is readily seen that y(s) is an absolutely continuous function of s with 
bounded Dini derivatives and that, conversely, s(y) is such a function of y. 
Then in view of Lemma VII, (S) Lemma 6.4 (1) will imply by a well known 
result of the theory of changing the variable in a definite integral* 


areP ;P 5+, 


areP ;P 34, 


We have shown that for certain possible situations for cases (1) and (2) 
of the arcs of B, we may define f,(P), PeB, for almost every value of s in the 
appropriate interval, that f.(P) is measurable with respect to s and | f,(P)|? 
is summable and that its integral along a piece of the arc is less than a con- 
stant times || f||?. Similar considerations hold for f, and f and it is quite obvi- 
ous that the other possibilities which may arise under cases (1) and (2) can 
be treated in a similar way, and since B is made up of a finite number of such 
arcs which satisfy (1) or (2) we may conclude 

Lemma VIII. When f.(P), f,(P) and f(P) are defined as the limits of fz, 
f, and f respectively along a line parallel to an axis in the manner described above, 
then f(P), f,(P), f(P) are measurable functions of s defined for almost every s 
corresponding to a point of B, with a summable square, and there exist constants 
K., K, and K» (independent of f) such that 


B B 


* (S) Lemma 6.3. 
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10. BOUNDARY VALUE PROBLEM 
DEFINITION V. Let the space @ be defined as the space of classes of functions 


defined on the boundary and having a summable square with respect to s, two 
functions f’ and g’ belonging to the same class if and only if 


flr eas =o. 
B 


Addition and multiplication by a constant are to have their usual significance, 
and for f'ef and g’eg, (f, 

That G is a Hilbert space is a special case of (S) Theorem 1.24, when we 
take for E the set, on the s axis, which corresponds to points of B. 


THEOREM IX. Let 
= Bifz (P) + Bofy (P) + Baf'(P), 
where the B’s are essentially bounded measurable functions of s defined along B. 
Let Q be the transformation from & to ©, which is such that {f, g}«Q, if and only 
if for all functions f’eH, and f'ef, QO'f'eg. Then Q is a limited transformation 
with domain B. 

Since the @’s are essentially bounded, measurable functions if fe® is 
given, it follows from Lemma VII that for every f’ef, Q’f’ exists and there is a 
ge®, such that Q’f’eg. Now if f’ef, then f’—f” = m4 0 and f’—f” is zero for 
almost every line parallel to an axis. Hence Q’f’—Q’f” = ,,0 and Q’f”eg. Thus 
the domain of Q is @. 

Now let M be a measurable upper bound of the absolute values of 8,, 
t=1,2,3. Then 


loll? = J f +| +| 
f2(P) |? + | (P) |? S + Ky + 


and (Q is limited. 

We now state our fundamental boundary value for which we can now 
give a method of solution. 

Prosiem. Let L(u) be as in the Introduction, Q'(u) as in the preceding 
Theorem, and let It(R,) =G’. Let v be a member of an element of KR, w a member 
of &’. Required to find all weH,, such that 


(1) L(u) Q'(u) =m w. 


Let Ey be the projection on the manifold of zeros of the transformation T 
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associated with Z and E/ that on the manifold of zeros of Q. We can by apply- 
ing Theorem II construct J— Ej = £,and = E, by means of the method 
given in the note on construction, since T and Q are limited. On applying 
Theorem II again, we can state that either no u satisfying (1) exists or 
belongs to an element of %, f, whose projections E,f and E2f we can calculate. 
Furthermore, we know that any « which is in a class f having the calculated 
projections satisfies (1). 

Thus our problem becomes to find all elements f whose projections on 
two manifolds £,f and E2f are given, when we know a complete orthonormal 
set in each manifold. Or given Fi, E2, f; and fo, find all f such that 


(a) Eif = fi, 
(b) fr. 
From (a) we obtain 


Substituting in (b) yields 
(2) E,(I E,)f = he 


Now consider the closed linear manifold It, determined by the range of 
E,(I—E,). Since E,(J — £)) is limited, we can, by using Theorem II, obtain 


an orthonormal set which determines Jt. Hence we can determine whether 
fe—Exf; is in M or not. If f.—Epf; is not in M then (2) has no solutions. If 
fo—E2fi is in M, since E.(J —E£,) is limited, taking Mt as our range space, we 
can apply Theorems 1.16 and II and obtain all f which satisfy (2). Since the 
manifold of zeros of E.(J—,) includes the range of E,, we can find all f 
which satisfy (a) and (2) or the equivalent set of equations (a) and (b). 

If, in the above problem, w is zero, we may shorten the above discussion 
by taking as our domain space for T the closed linear manifold of all f such 
that Qf=0. A similar remark applies, when 2 is zero. 
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THE ASYMPTOTIC FORMS OF THE HERMITE AND 
WEBER FUNCTIONS* 


BY 
NATHAN SCHWID 


1. Introduction. The classical Hermite equation, 
(1) U"(z) — 22U’(z) + 2xU(z) = 0, 
which is satisfied by the Hermite polynomials 
d*(e-*’) 
dz* 


(2) U, = (- 1)*e** 


when the parameter x is a positive integer, has been widely discussed. The 
forms of its solutions, with respect to their asymptotic dependence upon x, 
are of importance, and have been determined under certain restrictions upon 
the variables z and x. These restrictions, when heaviest, have confined z to 
real and x to positive integral values; when lightest, they have permitted z 
to vary in a strip of the complex plane of finite length and width, and x over 
the real axis. In the present paper it is purposed to remove these restrictions: 
to derive asymptotic forms of the solutions of the equation (1) valid in,the 
entire z plane for large values of x, real or complex. 

It may be recalled that the polynomials (2) were introduced into analysis 
by Hermitef in 1864. Five years later, Weberf{ noted that the harmonic 
functions applicable to the parabolic cylinder satisfy an ordinary differential 
equation of the form 


(3) + (2« + 1 — 2?) w(z) = 0, 


which has since been generally known as the Weber equation. Whittaker§ 
showed in 1903 that this equation is obtainable from the Hermite equation 
(1) by a simple change of variable, and he determined the asymptotic expan- 
sion with respect to the real variable z, of a particular solution, the classic 
D(z). 


* Presented to the Society, April 6, 1934; received by the editors May 17, 1934. 

t Hermite, Sur un nouveau développement en série des fonctions, Comptes Rendus, vol. 58, pp. 
93-100. 

t Weber, Ueber die Integration der partiellen Differentialgleichung: 9°u/Ax?+-0%u/dy*+k*u=0, 
Mathematische Annalen, vol. 1 (1869), pp. 1-36. 

§ Whittaker, On the functions associated with the parabolic cylinder in harmonic analysis, Proceed- 
ings of the London Mathematical Society, vol. 35, pp. 417-427. 
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Soon thereafter, Adamoff* obtained the asymptotic forms of the Her- 
mite polynomials relative to the integral parameter x, with the variable z 
limited to real, finite values. 

Watsonf generalized these results. He developed the asymptotic expansion 
of D,(z) with respect to z for all values of arg z, and also determined, in a strip 
of the z plane of finite width and length, the asymptotic forms of D, relative 
to the real parameter x. His method, in the latter case, was a generalization 
of Adamoff’s, whose procedure was based upon an elaborate transformation 
of a definite integral. More recently, Plancherel and Rotachf derived asymp- 
totic forms for the Hermite polynomials with respect to the integral parameter 
x, for all real values of z. They used the saddle-point method§ applied to a 


contour integral 
1)! 
H,-i(x) = f dz. 
(- c 


This procedure, though a familiar one, is not so intimately connected with the 
differential equation.|| 

In the present paper, the asymptotic forms of the solutions of the Hermite 
and Weber equations with respect to the complex parameter x are obtained 
for all complex values of z. This is done by utilizing formulas developed by 
Langer for the asymptotic solutions of an ordinary differential equation of 
the general structure 


+ p(z)w'(z) + + g(z)} w(z) = 0, 


where the parameter p? is large and the variable z ranges over some region 
(finite or infinite) of the z plane, in which the coefficient ¢? vanishes to some 
real non-negative power at one and only one point. 


* Adamoff, Sur les expansions des polynomes U,, =” !*d"e~*™!?/dx™ pour les grandes valeurs de n, 
Annales de |’Institut Polytechnique de St. Petersburg, 1906, pp. 127-143. 

t Watson, G. N., The harmonic functions associated with the parabolic cylinder, Proceedings of 
the London Mathematical Society, (2), vol. 8, pp. 393-421. 

t Plancherel et Rotach, Sur les valeurs asymptotiques des polynomes d’Hermite, Commentarii 
Mathematici Helvetici, vol. 1 (1929), pp. 227-254. 

§ For a discussion of this method, see Courant-Hilbert, Methoden der Mathematischen Physik, vol. 
I, p. 435. 

|| Some additional related material of interest can be found in the following articles: 

E. Hille, On the zeros of the functions of the parabolic cylinder, Arkiv f6r Matematik, Astronomi 
och Fysik, vol. 18 (1924), No. 26. 

R. Nevanlinna, Uber Riemannsche Flichen mit endlich vielen Windungspunkten, Acta Mathe- 
matica, vol. 58 (1932), pp. 295-373, especially pp. 344-355 and 361-372. 

§ Langer, R. E., On the asymptotic solutions of differential equations, etc., these Transactions, 
vo'. 34, No. 3, pp. 447-480. 
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The asymptotic formulas here derived, which include as special cases the 
above mentioned forms of Watson (relative to large x) and of Plancherel and 
Rotach, are shown to be in accord with the work of these men. 

2. Preliminary considerations. The change of variable 
(4) U = wee! 
relates the equations (1) and (3), and in the latter, the substitutions 
(5) a= (2« + 1)/2(¢+ 1), p = i(2k +1), w(z) = u(t) 
further reduce the equation to the form 
(6) u’’(t) + + 2t)u(t) = 0. 

This equation is of the type 
u”’ + = 0, 
for the solutions of which asymptotic formulas have been found by Langer.* 

The equation (3) is unchanged when z is replaced by (—z), so that its 

principal solutions at the origin, which will be designated w;(z) and w(z), are, 


respectively, even and odd functions. The variable z may, accordingly, be 
restricted to some half plane, a convenient choice being 


1 1 
+ 1) +> (2x + 1), that is, 


(7) 
R(t) = -1. 


This part of the ¢ plane, cut along the negative real axis, so that 
(8) 


will be referred to as R,, and the corresponding region (7) in the z plane, cut 
from the origin to the point z = (2«+1)"?, will be referred to as R.. 

The function ¢ = (?+2#)'/? is evidently single-valued in R,, and is com- 
pletely specified if ¢ is chosen so that arg ¢=0 when arg ¢=0. 

The complex parameter « is to be thought of as unbounded in magnitude 
but bounded from zero; its argument is restricted to the range of values 


(9) thatis, Sr. 


The asymptotic forms given in [L]f were obtained under certain hy- 


* Langer considered the more general equation, “”’+-(p2¢?— x)u=0, in which x is analytic. In 
equation (6), x=0. 

t This abbreviation will be used hereafter in referring to the previously mentioned paper of 
Langer. 
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potheses on the coefficients of the differential equation, and a brief examina- 
tion of these will suffice to show that they are satisfied by the equation (6). 
(i) It is required that ¢? be of the structure #’@;, where v=0, and ¢; is 
single-valued, analytic, and non-vanishing in R,;; here this is obviously ful- 
filled, with ¢?=é(¢+2). 
(ii) The function 6=/ “b(t)dt, which, in this case, is of the specific form 


(10) = (+ 1) + — log + 1+ + 


is to be non-vanishing in R, except at the origin. 

That # as given in (10) fulfills this requirement is readily shown. In terms 
of the complex variable @ defined by the relation ¢ + 1 = cos 6, the formula 
(10) can be written 


(11) oa + (sin 20 26). 


From this relation it is easily verified that ® vanishes only when @=0, i.e., 
when 

Before examining the remaining hypotheses, it is desirable to discuss the 
map of the region R; upon the @ plane. From the definition of 9, it is readily 
seen that the map is conformal, except at the origin, where the ratio of 
angles in ® and ¢ planes is as 3:2. The manner in which the formula (10) 
determines the map is made apparent from the following table I; R; and its 
map Rg are shown in Figures 1 and 2 respectively. 


TABLE I 


Line t ci) 
OA 0 to 0 to 
OB Oto —1 0to — 
4 
wt rt 
BC —-lto—1+io —-—to-—- —— 
4 4 
wt 
OD 0to—-1 0 to— 
4 
rt 
DE —to— +— 
4 4 
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The consideration of the hypotheses may now be continued. 

(iii) This, the hypothesis (iv) of [L], isa condition upon R;, the map of R; 
upon the é plane, where =p ®. Without a consideration of details, it may be 
stated that, roughly, this hypothesis requires that the surface R; be one that 
contains in its interior only one segment of any horizontal line $() =a 
constant. Since R; is obtained from Rg» by a rotation about the origin and a 
magnification of the unit in the ratio | 2«+1| :1, it is evident from Figure 2 
that the surface R; is such that the hypothesis is satisfied. 

(iv) The region R, is to be such that for some positive number M, the 
relation 


(12) <a 

vo 
where VY = $'/°/¢'/?, is uniformly valid with respect to integrations over all 
arcs upon which 3(£) varies monotonically with | £| , and upon which | ¢| = N, 
for some positive number JV. 

From the definition of @ and the formula (10), it follows that © is of the 
structure 
21)3/2 
= + o(t)], | t| < 2, 


3 
(13) 


t? 
+ O(¢)], | > 2, 


and by using the second of these relations, it may be readily verified that the 
integrand of (12) is O(¢-*) when |¢| >2. Hence, if N is sufficiently large, 
the hypothesis is satisfied for all arcs of the required type. 

The equation (6) is thus one to which the theorems proved in [L] are 
applicable. 

3. The regions of validity. Let the regions =‘” be defined by the rela- 
tion 


(14) (A—1)r+eS (A=0,+1,+2,---), 


where ¢ is an arbitrary positive fixed constant sufficiently small. Asymptotic 
formulas, dependent upon h, are given in [L] for a certain set of independent 
solutions of the equation (6), and for any given h, the associated set of for- 
mulas is, by [Theorem 7, L], valid in 2“; i.e., valid for all values of ¢ for 
which £(#) satisfies the relations (14). The particular values of the indices 
which will fix the regions for the present problem may be determined by 
noting that in Ry, ® is restricted to the values 
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3x 
—-—<amges—) 
2 2 


so that in 


3a 3 


When «x and its counterpart p vary respectively in the half planes 


< arg + 1) — 
ar K 
2 


0 < argp S7, 
£ is restricted to the values 


——c<argts—; 
2 


this range comprises, wholly or in part, the regions =‘, h= —1, 0, 1,2, 
with boundaries which may be conveniently specified in terms of ® as follows: 


O0<argp Sr: 
; 
md) —argp+eS arg S 2m — argp 
: w—argp—e, 
3x 


arg ® — argp —e. 


Similarly, when « and p are restricted to the respective half planes 


(% +1) < T 
——<ar 
2 2 


$0, 
€ is confined by the bounds 


5x 


2 2 


for which the corresponding regions are those with the indices —2, —1, 0, 1; 
these have the boundaries 
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3a 


— 27 —argp+eS arg? S — argp—e, 


—mw—argpt+te Sm — argp—e, 


3a 
Sarg@s 


R,: 0< arge<§ 


FicureE 3(a) 


346 [March 
0: 
(16) 
; 
Cc =” or =™ =" or 
ths 
/ 
/ 
/ 
/ 
t=-] 
D ~}arge 
7 = 
/ ~) 
/ 
/ / 
4 / 
/ / 
ZO or =” 
/ 
/ 
/ 
/ 
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3 arg) 


\ 


A 
or =” \ 


(E 


\ 
R,: 
FicurE 3(b) 


The manner in which the boundary lines of (15) and (16) map as curves 
in R, becomes evident on examining the formulas (13); for from these it is 
seen that arg ‘3 arg ® when t—~, and arg /—3 arg ® when /-0. Hence a 
radial line arg =a maps as a curve in R, tangent at ¢=0 to the line 
arg t=2a/3, and asymptotic to the radial line arg ¢=a/2. 

The regions =‘ when arg p>O are shown in Figure 3 for the typical 
cases O<arg p<m/2, 7/2<arg and the important special case, 
arg p=7/2, arg x=0. To obtain the corresponding configurations when 
arg p<0, it is only necessary to reflect Figure 3 in the axis of reals and to 
change the signs of the indices of the regions; these latter configurations, 
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/ 
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although not specifically given here, will, for convenience, be referred to as 
Figure 4. The boundary curves in R, are readily obtained from Figures 3 
and 4 by the appropriate change of unit, rotation and translation. 

It will be noted that the regions overlap for consecutive values of h. A 
set of asymptotic formulas will be given for each region, and in the part 
common to two, either of the associated sets of formulas may be used, since 
they are asymptotically equivalent. Hence the exact location of the boun- 
dary curves of the regions (the dotted lines of Figure 3) is not important, for 
if at any point the validity of one form is in doubt, it will be certain that the 
other of the two formulas is then valid. 


=a 
= 


ors 


R,: arge = 5, arg« = 0. 


FicureE 3(c) 


4 
4 = 
4 
Wy 
=" or =” 
/ 
Uf 
/ 
3 4 A 
\ 
\ 
\ \ =" or =” 
XN 
“XN 
E 
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The forms derived in §4 are subject to the restriction that |p| and |£| 
be large; subsequently, forms are derived for bounded values of |¢|, |p| 
large. From the structure of ® as shown in equations (13), it is evident that 
|é| is bounded when ¢=O(|p|-*’), or, in terms of z, when z=O(|p|/2). 
Hence the asymptotic forms for large ~ are valid in the regions Z‘” as shown 
in Figures 3 and 4 with the exception of a region of dimension O(|p|~-*/) 
about the point ¢=0;i.e., about z=(2x+1)'/?; in this latter region, the forms 
obtained for bounded values of & apply. 

Figure 4(a): Ri, —7/2<arg pO; this is Figure 3(a) reflected in real 
axis, and signs of indices changed. 

Figure 4(b): Ri, —r<arg p< —7/2; Figure 3(b) reflected in real axis, 
signs of indices changed. 

Figure 4(c): R:, arg p= —7/2, arg x= —7; Figure 3(c) reflected in real 
axis, signs of indices changed. 

4. The asymptotic forms of the Weber functions. The solutions w,(z) of 
the equation (3) are expressible linearly in terms of any independent set of 
solutions, u,(#), of the equation (6), and these expressions, identities in #, 
may be written 


(17) w;(2) = Ay; + As; (j = 1, 2), 


in which the superscript & has a significance which will presently be explained. 
The quantities A? are constants with respect to ¢, but may depend upon p, 
so that any value of ¢ in R, may be used for their determination. The identi- 
ties (17) reduce, when = —1, to linear systems in A #: 


k) 
Aj 1) + 1) = 1, 


18a 
1) + of 1) 0; 


Aja 1) + Aga 1) = 0, 
18b 
(= 1) + (= 1) = (Qe + 

To solve these systems, the quantities u;(—1) and u;’(—1) must be com- 
puted. Asymptotic forms are given in [L] for an independent set of solutions 
of equation (6), which, together with their derivatives, assume at ¢=0 
certain values.* These values are not, in themselves, germane to the present 
problem and are not here reproduced, but the functions u; of (17) are to be 
thought of as those solutions of (6) which take on at ¢=0 values as prescribed 


* Cf. [L], p. 460, equations (23). 


i 
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in [L] and for which asymptotic formulas are there given.* Because of the 
presence of the Stokes’ phenomenon, the asymptotic representation of a 
solution u; is different in distinct regions 2. Hence, in order to compute 
u;(—1) and w;’(—1) it is necessary to know in what region the variable £ is 
found when ¢= —1. Since 


™p 
{) = 
1) = Zexp(—) 


it follows that 
&(— 1) isin 2,0 < argp So, 


&(— 1) isin < argp <0, 
and the superscript & of (17) will be assigned the values 2 or 1 according as p 
is in its upper or lower half plane. 


|The quantities «;(—1) and u;/(—1) are now computed without difficulty 
from the formulas of [L], their values beingf{f 


O<argp 


2 1/2 T 


2\1/2 
uj (— 1) = eernnn(—) (2« + 1)5/6 


(19a) 


us 
—-<argp 0: \ us 
1) = (=) (2x + si 


19 
(19b) 


2 1/2 
uf(—1) = —) + (« — j= 1,2. 
2 3 
From these formulas, the determinant of the systems (18) is computed to be 
(2«-+1)?/%e*#/331/2[1 ]/a, and the systems are found to have the solutions 


3 2 3 
(2) 2r\ 1/2 2 
Ayn = (2k sin + 


* Ibid., p. 462, formulas (29). 

t Double signs used in connection with two indices indicate that the upper sign is to be used 
with the first, the lower sign with the second index. 

t The symbol [Q] will always denote a series 


(20) 


Q + En/p™ 


in which the £,, are bounded functions of p and /, or if ¢ is not present, of p alone. 


1 
1 
sin + = 1,2; 
2 3 
2 3 
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1/2 

(Qe + sin = (4 =)} 
3 2 3 
1/2 T 2 

= (2x + cos=(« =)} 


The asymptotic forms of u;(#) when |¢|> WN are given in [L] as 


Ai 


(h) (h) -# 


1/6 —1/2 at 
{aj é + ajo 


ut)~p ¢ Ser}, 
in which the quantities S;, are functions having the general structure 
1+0O(p-') +O(E-), the quantities a;; are constants which can be computed 
from formulas in [L, pp. 460-61], and the superscript 4 denotes the region 
= in which the formula is valid. The substitution of this and the formulas 
(20) in the identity (17) leads to the asymptotic forms of w,(z), and the re- 
sults obtained are summarized in the following theorems: 


THEOREM I. The asymptotic forms of the principal solutions w;(z) of the 
equation (3), valid, when —w/2<arg (2x+1)<7/2, in the regions as 
shown in Figure 3, are given by the formula 


j= 1,2, 


2h 2h 


(21) w;(z) ~ { Bye + Bre 


} G= 1,2;h = 2,1,0, — 1), 
in which the functions exp (+1) are of the specific form 


1/2) +(2e+1)/2 
—1 
(2x-+1)1/? ) } 


and the quantities Bz are functions of x whose values in the regions Z\” are 
shown in the appended table II. 


(22) etit=exp ( 1)5/2)4 


TABLE II 


2h 2h 
Bis Bay Boe 


2h 
Bu 


(— 1)-*2[1] 


(- 1) | 


(- 
(2x + 1)!/2 


1)«/2 
(2e + 1)1/2 


[1] 


(— 1)-*?[1] 


TK 
— 2 [sin =| 
2 


(—1) (1—«) /2 
(2x + 1)!/2 


2 
(2x + 1)'/2 


= 
2 


(— 


TK 
— 2 sin = 
2 


(—1)«-0/2 


2 
(2K + 1)¥2 


TK 
cos— 


(~ 


(- | 


(—1)@-)/2 
(2x + 1)1/2 


(- 1)«/2 
(2x + 1)1/2 


[1] 
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THEOREM II. The asymptotic forms of the principal solutions w;(z) of the 


equation (3) valid, when —3n/2<arg (2x+1) S —7/2, in the regions Z) as 
explained in Figure 4, are given by the formula 


1 
1/4 
2( 1) 
1 


in which the functions exp (+i) are described by the formula (22), and the 
quantities By! have values in =™ as shown in the table III. 


+ Bre} 


(23) w,(z)~ 


(j = 1,2; 4 = 1,0, — 1, — 2), 


TABLE III 


h h h 
Bu Bis Bu 
(— 1)G-0/2 (— 1)«/2 
(2x + 1)1/2 (2x + 1)!/2 


(1] 


(— 1)-*2[1] | (- 1)@+0/2[4 | 


TK 
sin — 
(- 1)«/2 


(2x + 1) (Qe + 1)¥/2 


[1] 


(- 1) «+0 /2[1] 


TK | 


2 


(2 + 1)!/2 (2x + 1)1/2 

(— 1)@-)/2[1] (— 1)-*/2[1] 
(2x + 1)1/2 (2x + 1)1/2 


1 


(— 1)«/2[1] (—1)-@+)2[1] 


5. Special forms when « is real. When the parameter « is real, fairly 
simple forms of w;(z) are valid inside the semi-circle |z| = |2x+1|¥? con- 
tained in the half plane (7). When x is positive, (7) is the half plane 

R(z) 2 0, 


and the semi-circle is entirely within the regions =”, h=2, —1. Then, by 


Theorem I, the forms that apply are 


1 1K 


= 
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. 


in which 
2? 


2? 
arg (1 - ) Owhen y 2 0, arg (1— > 0, <0. 


2x + 1 


Attention has already been called (equation (11)) to the fact that with 
the substitution 


cos = ——————__ 
(2« + 1)!/2 


£ takes the form 
2x + 1 
(25) (@ — sin @ cos 8), 


and if the sign of arg (1 —2?/(2x+1)) be determined as in (24), then here the 
upper sign applies when y2=0 inside the semi-circle, the lower when y <0. 
The variable 6, inside the semi-circle, is of the structure 


so that by (25), may be written 


(26) {(2« + — + + 


The use of this formula in (24) gives to the latter the forms 


wi(z) ~ feos + + 


g? 


2x + 1 
1 


{ sin 2(2x + 1)!/2 + O(x-1/2) } 


W2(z) ~ 
22 


2 


e being an arbitrary fixed positive quantity sufficiently small. 
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When y>e, the first of forms (24) may be written, with the aid of (26), in 
the form 


w,(z) 


cos 2(2« + 1)*/? {1 E, + exp (2iz(2« + 1)*/?) 
(1 22 1 + exp (2iz(2« + 1)*/?) 
1 


in which £; are bounded functions of z and x. It follows that the numerator 
of the fraction inside the brace is also bounded in z and x. The denominator 
of this fraction vanishes only on the real axis, at the points 
2n+1 
(2x + 1)¥/2 


(= = 0, 1, 2,---) 
=U, 1,2,°°° 
2 


so that the denominator is non-vanishing if y>e; but more than this, it is 
then bounded from zero, uniformly in z and x; for if 2x+1>M?, then 
| 1 + exp (2iz(2« + 1)*/*)| = | 1—exp(— 2y(2« + 1)"/2)(exp (— 2y(2« + 1)*/2) 
+ 2 cos + 1)*/?) | 
11+ exp (2i2(2« + 1)1/2) | = 1 — exp (— 2y(2« + 1)'/?) > 1 — e-*™”> 0; 
hence w;(z) may be written, when y>e, 
cos 2(2« + 1)!/2 


1/4 


The same conclusion is reached when |y|>e, and similar results hold for 
W2(z). 
When « is real and negative, the half plane (7) is described by the relation 
S(z) 0, 


and in the regions =, h=1, —2, the forms that apply are those given in 
(24). Inside the semi-circle under consideration, the results that obtain are 
similar to those obtained when x >0. The facts developed in this section are 
summed up in the following theorems: 

THEOREM III. When the parameter x is positive, the asymptotic forms of 
w;(z) inside the semi-circle |z|=(2x-+1)"? contained in the half plane R(z) =0 
are given by the formulas 

1 + 1)? + O(«-/?), O<| y| Se, 
2 cos 2(2x + 1)/2(1 + O(«-/2)), | y| >, 
2x + 1 


{1 + O(«-/2)}. 


w,(z) ~ 


wi(z) ~ 
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1 
w2(2) ~ 0<|y| 
sin + 1)!/2(1 + O(x-1/2)), 


2 


(27) 2(2« + 1)!/? + 


2 
( 2x +1 
in which 

arg (1 — 2?/(2x + 1)) < 0 when y= 0, 


and ¢ is an arbitrary fixed positive quantity, sufficiently small. 


THEOREM IV. When the parameter x is negative, the asymptotic forms of 
w;(2) inside the semi-circle |z| = |2x+1|"? contained in the half plane 3(z) <0 
are given by formulas (27), in which all restrictions on y are replaced by cor- 
responding ones upon x. 


6. The forms for bounded values of &. The variable ~ is bounded in a 
region of O(|x|-?/*) about the origin of R,, and here, as has been previously 
pointed out, the asymptotic forms of Theorems I to IV are not valid. For 
this range of values, the solutions u;(#) are described by special asymptotic 
formulas which are given in [L] as 


(28) = + E(t, j= 1,2, 


in which E isa bounded function, and J, is the familiar symbol for the Bessel 
function of the first kind of order a. The function VW = @'/6/g'/?, it may be 
noted, is analytic, single-valued, and non-vanishing in the neighborhood of 
t=0. The substitution of (28) into the identity (17) leads to asymptotic forms 
for w;(z) in which, by virtue of the fact that ¢=O(|x|-*/) in the region under 
discussion, approximations for the functions ¢, ® and é readily obtainable 
from (13) may be used. The facts are embodied in the following theorem: 


THEOREM V. The asymptotic forms of w;(z) when || is bounded are given 
by the formula 


(k) (k) 
G = 1,2; k = 2,1), 
in which arg p>0O when k=2, arg pX0, k=1, the approximations 


~G) 


Ett, 


kK 


(30) 


3 (2x + 


may be used, and the coefficients a have the values shown in the table IV. 
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TABLE IV 


Cn 

cos—-(x—3) —i} cos—(«-+4) 
[ sin | i [sin | Lowa 


When £ is small, formula (29) may be used to compute series which repre- 
sent asymptotically the solutions w; in the neighborhood of z=(2«+1)!/*. 
It is convenient here to introduce the variable 7, defined by the relation 


22 — 2x —1 


(31) 

and since z?—2«—1=0(|«x|!/*), when é is small, 7=0(1). Leading terms of 
the power series in 7 for the functions ¢, — and y are readily computed, and 
are found to be the following: 


1 


Since ~ is small, the quantities £'/*J z1,3(€) are essentially given by the 
leading terms of their power series expansions, 
1/3 
dens 
g2/3 


21/38 (4) + 


and these, with the use of (32) and the familiar formula 


= 


= 


are expressible in terms of 7 as follows: 
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4(8) ( +24 ), 


(2) 


n+ 


(33) 


The quantities (@/¢)'/*Jz,,() found in (29) may also be written 
W(E/p)*/*J =13(€); hence the leading terms of the expansions of these quan- 
tities in powers of n are readily determined from (32) and (33), and the asymp- 
totic forms of w;(z) for small values of — are then at hand from the formula 
(29). The following theorem embodies the results: 


THEOREM VI. The asymptotic forms of w;(z) when || is small are given by 
the series 


(2k +1)? cry 
w,(z) = + Diz 
E(s, x) 

K 


(j = 1,2; k = 2,1), 


K 


in which k=2 when <arg (2x+1) Sa/2,k=1, when —3m/2 <arg (2x+1) 
< —1/2, n is defined by (31), E is a bounded function, and the coefficients D 
are given in the table V: 

TABLE V 


(k) (k) (k) 
Du Diz Da Dn 


sin + 3) sin — 4) 


cos + 2) — cos -% + ~ (Qe + 


e**/6 cos — 3) 7 cos + 4) 


sin — 3) i sin + 9) (2x + ~ (2x 


7. The asymptotic forms of the Hermite functions. From the relation 
(4) between the equations (1) and (3), it is evident that the former equation 
has an even and an odd solution, and it is desirable to choose these in such a 
fashion that they reduce to the Hermite polynomials (2) when «x is a positive 
integer. This result is achieved if these solutions, here denoted as U,,(z), be 
chosen so that 


r 1 


+1 
(5+!) (>) 
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the first of which reduces to the polynomials of even powers when x is an 
even integer, the second to the polynomials of odd powers when x is odd. The 
following theorem is then evident :}} 


THEOREM VII. The asymptotic forms of the solutions, U,;(2), of the equation 
(1), which at z=0 have the values 


= (- = 0, 


Ua(0) = 0, Ua(0) = 2(- Tet). 


+ *) 
2 
are described by equations (35) in terms of the asymptotic forms of w;(z), the 
latter, with their regions of validity, being given in Theorems I to V1. 


By restricting x to positive integral values, the asymptotic forms of the 
Hermite polynomials (2) are obtained from (35). The simplification is obvi- 
ous, except in the case of the coefficients of formula (21), [sin (a«/2) ], x even, 
and [cos (zx/2) ], x odd, the question being whether these reduce to quantities 
[0], or vanish entirely. That the latter is the case becomes evident by noting, 
from (35), that w;—0 as x, but e#—0 and e~*->0 as x-~; hence, if 
the formula (21) for w; is valid, the coefficients [sin (1«/2) ] and [cos (ax/2) | 
must vanish when x is respectively an even and an odd integer. With this 
fact, and the familiar asymptotic formula for the gamma function, 


+ 1) ~ 
the following theorem is deduced from Theorem VII: 


THEOREM VIII. The asymptotic forms of the Hermite polynomials (2) are 
given by the formulas 


2? 1/4 
) 
2x + 1 


x} cos (= — + + 


(2724-1) 


1/4 
1) 
2x + 1 


(a) U,(z) ~ 


(b) U.(z) ~ 
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(36) ( 1/2) «+1/2 [1] 
+1 ) } 


(3) 


valid in the half plane R(z) =0 as follows: 

(a) inside the semi-circle |z| =(2x+1)!/?; 

(b) in the regions Z and Z as shown in figure 3(c); 

(c) in a region of dimension O(x-'®) about the point z=(2x+1)!/?; 

(d) for values of z in the neighborhood of the point 2 =(2x+1)'/*. 
The approximations (30) may be used in (c), and the variable n of (d) is defined 
by (31). 

8. Comparison with known formulas. In the article to which reference 
has been made,* Watson determined the asymptotic forms of two independent 
solutions of the equation (3), D_,.1(+iz), these formulas being 


«/2 
we? (=) 
é 


(37) (+ iz) { e-#/2 4 O(«-1/2)} 


in which z is subject to the restriction, 


1 
ly|< 6 ’ 


(d) U,(z) = 


and x is finite. The solutions are ordinarily represented by the power series 
m +1 


(38) D_.-1(+ iz) = (F 


which are uniformly convergent in the finite part of the plane. Although 
Watson gave no bound for x in terms of x, it is evident, because of the finite- 
ness of x and the unboundedness of x, that the values z may assume in (37) 
are included in the set of values z may take on in the formulas (27). 


* Cf. Introduction, p. 340. 
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The solutions w; are expressible by usual means in terms of D_,-1( +72), 
since the values of the latter and their derivatives at the origin are known 
from the series expansions (38). The computations show that 


1 
w,(z) + D_.-1(— iz)}, 


+ *) 
T 
2 
/2 K 
w2(z) = lis) — D_.1(- iz)}, 


K 

+1) 
and the substitution of the forms (37) into the equations (39), with the use 
of the asymptotic formula for the gamma function, leads to the forms 
cos 2(2x)"/? + O(«/2), O< | y| Se, 
cos 2(2x)/2(1 + O(«-2)), | y| 
sin 2(2x)/? + O<|y| Se, 
sin 2(2x)/2(1 + O(«-/?)), | y| >«, 


wi(z) ~ { 


~ 


which are asymptotically equivalent to the formulas (27) when x is large. 

Adamofi’s results for the Hermite polynomials on the finite part of the 
real axis are, of course, included in Watson’s work and need not be considered 
separately. Plancherel and Rotach’s results, however, take in the entire real 
axis and need separate consideration. Since they do not give a formula com- 
parable to (36c), only the remaining formulas of (36) for z= need to be 
considered. 

For the range of values 0 <x <(2x+2)!/*, they give the formula 


U(x) ~ co — «(2k + 22) + O(«-") 


= 
) 
2x +2 


which is asymptotically equivalent to (36a) since 
(x + 1)@+H/2 = cet) 
For x >(2x+2)'/*, the formula given by them may be reduced, by obvious 
simplifications, to the form 
x? — x(x? — 2x — ~~) 
2 


2*/2-Ix! exp ( 


x? 1/4 
1) 
2x + 2 
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x x? 1/2\ «+1/3 
—21/2 
+ +2 i} ) [1 + O(«-™*)], 


the ratio of which to (36b) is asymptotic to the quantity 


2k 1 (2e+1)/4 
2x + 


exp ( — 2x — — (4? — 2x — ) ( 


the exponential in this expression is asymptotic to exp (}), and the second 
factor is asymptotic to exp (—}), so that the expression itself is asymptotic 
to unity. Hence the two forms under comparison are asymptotically equiva- 
lent. 

In the neighborhood of the point x=(2«+2)'/*, Plancherel and Rotach 
determined the asymptotic form of the Hermite polynomials as a power 
series 


(40) 


in which 
P 2x +2 — x? 


(2x) 2/8 


and, with a little manipulation, this series can be shown asymptotically 
equivalent to (37d). Now near x =(2x+1)!/?, x—(2x+1)!/2 =O(x-"/®), so that 


= + =) 
K2/3 


in which £, is a bounded function of x. Hence 


# 
= exp + + O(x-’8) |, 


= “(1 + =; 


«2/3 


but, since 


+ =) = e*(1], 


when x is large, it follows that 


E, 
= exp { + O(x-*/8))}, 


1935] 
Ey 1 
(+5)-( ii 
or 
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Ei\* 
i+ =) = exp (Exx!/8) [1 + O(«-"/3)]. 


From these facts it is evident that 


exl2 /4Qu/2 


= [1 + 
x 
and since 


n = — 22/8¢ + O(«-1/), 


it is seen that the series (40) is equivalent asymptotically to the series (36d). 
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CYCLOTOMY AND TRINOMIAL CONGRUENCES* 


BY 
L. E. DICKSON 


1. Introduction. In the algebraic theory of cyclotomy we regard as known 
(or computed by tables of indices) onef or more of the functions R(1, 7), 
which Jacobi denoted by y,. By rational operations and root extractions we 
obtain Jacobi’s function F, then the periods, and finally the e? cyclotomic 
constants (k, h); see §6. 

We here develop an arithmetical theory valid for every prime p=ef+1. 
The R(1, m) are not computed by tables of indices, but are found in the 
simpler cases by representations of multiples of p by binary quadratic forms, 
and in general by a system of Diophantine equations (§§$13-17). The cyclo- 
tomic constants (k, k) are found from linear equations, some of which are 
derived from linear relations between pairs of the functions R(m, m). In an 
earlier memoir{ we treated in full the cases e=3, 4, 5, 6, 8, 10, 12. Here we 
treat the cases in which e¢ is a prime or a double of a prime. In particular, we 
find the number of solutions of 2*+y*=+1 (mod ). 

2. Notations, results assumed. For proofs, see D. 

Let g be a primitive root of a prime p>2. Let e be a divisor of p—1 =ef. 
Let R be any root +1 of x”=1. The periods are 


f~4 
(1) me = >, -++,e—1). 


t=0 


Let (k, #) denote the number of sets of values of ¢ and z, each chosen from 
0,1,---,f-—1, for which 
(2) 1 + gets = (mod p). 


(3) m+k = (k, h)nm+r + m = 1 (f even), Nej2 = 1 (f odd), 


h=0 
while the remaining m; are zero. 
(e— k,h — k) = (k, h), 
(k, h) = (h, k) (feven), (k, kh) = (h + ge, k + 4e) (f odd); 


* Presented to the Society, December 28, 1934; received by the editors December 31, 1934. 

+ One function suffices when e is a prime <83, but not for e=83 or 107. See Kronecker, Journal 
fiir Mathematik, vol. 93 (1882), pp. 338-64; K. Schwering, ibid., vol. 102 (1888), p. 56, and Acta 
Mathematica, vol. 11 (1887-88), p. 119. 

t American Journal of Mathematics, vol. 57 (1935), in press, cited as D. 
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e—1 


(S) (k, h) = f — m 


h=0 


Let a be any (p—1)th root #1 of unity. With Jacobi, write 


(6) F(a) = F atRet, 


k=0 


In particular, let a=6”, where 8 is a primitive eth root of unity. Then 


e—1 


(7) F(6") = B™n;, F(8")F(6-") = (— 1)"9, 


j=0 


if m is not divisible by e. Since R’-*+ - - - +R+1=0 is irreducible* in the 
field of the rational functions with integral coefficients of a primitive kth root 
of unity when £ is not divisible by , it follows that F(a) ~0. 

If no one of m, n, m+n is divisible by e, 


(8) R(m, n, B) = - 
(9) R(n, m) = R(m, n) = (— 1)”R(— m — n,n), 
(10) R(m, n)R(— m, — n) = p. 
(11) R(m, m, Bi) = R(jm, jn, B). 
(12) R(2r, 2s, B)e = Rr, s, B?)z, if e = 2E; 
(13) = (k,h) + (R+ + (kh, E+ h) + (E—k,h— k). 
(14) F(— 1)F(a*) = a?"F(a)F(— a), g” = 2 (mod p). 
When g is replaced by a new primitive root g’ of p, 
(15) R(m, n) becomes R(mr’, nr’), r'’r=1 (mod e). 


3. Relations between the coefficients of R(1, m). We employ (9) for m=1 
and then (8) for m= —1—n. The product of the two powers of 8 now,has the 
exponent xk+A. Eliminate h by use of nk+h=i (mod e). We get 


(16) (—1)”R(1,”) = n)B', B(i, nm) = > (k, i — nk). 


i=0 k=0 


When and £ are fixed, i—nk ranges with 7 over a complete set of residues 
modulo e. Hence by (5), 


(ky i — mk) = = Df — m) = ef 1, 


* Kronecker, Journal de Mathématiques, vol. 19 (1854), pp. 177-92. 
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since a single m; is 1 and the others are 0. Hence 


e—1 
(17) Dd Bi, m) = p — 2. 
t=0 
THEOREM™ 1. If is prime? to 6, 


e—1 e—1 
(18) > iB(i, n) = 0, > #B(i, n) = 0 
i=0 i=0 
Since p=ef+1>2, fis even. Write B(z) for B(i, n). By (4), 
(19) (0, r), (r, 0), (~ %,— 89), r # 0 (mod e), 
are equal. They are respectively terms of B(r) with k=0, B(n, r) with k=r, 
B(-—r, —nr) with k= —r. Since the sum of the three arguments of B is zero, 


the sum of the corresponding terms of (18;) is zero. 
Next let r#0, s40, r#s (mod e). Then each of 


(20) (r,s) = (—7r,s—1r) = (—5,r—s) = (s,r) = = (r—s5, 


has incongruent arguments each 40 (mod e); while no two have congruent 
first arguments and congruent second arguments. Hence these (r, s) coincide 
insets of six. They are terms of 


Bis + mr), Bis —r—mr), Bir—s—ns), Bir+ns), 
B(—r+ns — nr), B(—s+nr— ns), 
the sum of whose arguments is zero. This proves (18;). 


In (182), the sum of the coefficients of the three numbers (19) and the 
sum of the coefficients of the six numbers (20) are respectively 


(1 ++ n*)r?, 2011 n*)(r? — rs + 5?). 
Multiply (5) by &? and sum for k. Thus 


e—1 
k(k, kh) = N= > kh? = — 1)(2e — 1). 
k,h=0 k=1 
Since e= +1 (mod 6), N is a multiple of e. In the double sum the sum of 
the coefficients of the three numbers (19) or six numbers (20) is respectively 


O+ + + + 5? + 5? + 2(s — 7)? = 4(r? — rs + 5°). 


* The case in which n=1 and ¢ isa prime >3 is due to K. Schwering, Journal fiir Mathematik, 
vol. 93 (1882), pp. 334-37. His formulas have —2rs in error for —rs. By (17) and Theorem 1, 
1+R(1, n) is divisible by (1—8)*. Our new application of Theorem 1 is given in §13. 

+ When ¢ is composite (16) is not to be reduced to degree <e—1 by the equation satisfied by 8. 
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THEOREM 2. If e is prime to 2, 3 and 5, 
e—1 
>> i*B(i, n) =0 (mod e). 
i=0 
The sum of the coefficients of the three numbers (19) and the sum of the 
coefficients of the six numbers (20) are respectively 


2r4J , J =1+ 2n + 3n? + + 


But 2r4 and 2{r4+s'+(r—s)*} are evidently the corresponding sums in 


e—1 
> k(k, h) = {M, M = >> kt = (e — 1)e(2e — 1)(3e? — 3e — 1)/30. 
k,h=0 k=1 
The final factor is a multiple of 5 if e=—1 or 2(mod 5). Also, 2e—1=0 if 
e=—2 (mod 5). Hence M is a multiple of e if e is prime to 5 and 6. 

Since 1+6+ --- +6*'=0, we may eliminate the constant term from 
(16) and obtain (for e prime to 6) 


e—1 


(21) R(1,,8) = a; = n) — BO, n), 


i=1 


(22) p—-2-e (k, nk) —1 (mod e), 


e—1 
(23) > ia; = 0, > ia; = 0, > ita; = 0 (mod e), 
t=1 i=1 


t=1 


where e¢ is prime to 30 for the third. Every linear homogeneous function of 
the a; which is a multiple of e for all consistent values of the (k, /) is a linear 
combination of the three in (23), at least when e¢ is a prime. 
Write e=2E+1. In the terms i= E+1, - - - , 2E write J=e—7. Then the 
last two of (23) give 
E E 
(24) = 0, >> = 0 (mod e), b; = a; + 
i=1 i=1 
when ¢ is prime to 3 or 15, respectively. 
4. To express p as a sum of multiples of squares. By (10), (11), and (21), 


e—1—i 


e—2 
p = R(1, n, B)R(1, = Dea? + 


In the terms with i= E+1, write i=e—J. Hence if e=2E+1, 


e—1 E 
(25) Cr= t Dd 


i=1 j=1 j=1 


[May 
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where the final sum is absent if 7=1. 
Let e be an odd prime. Then 6*'+ - - - +8+1 is irreducible in the field 
of rational numbers. Thus Ci, - - - , Cz are equal, and 


e—1 E 
(26) p=Da?-C/E, C= LCi = aia, 
i=1 t=1 
where the final sum is a symmetric function. Next 


t=1 i=1 


e—1 E 
(28) M = (e—2) > —2> 0am, D= (a a4)’, 


i=1 i=1 
E 

(29) M — ED =A = b? — dibs, 
i=1 


where the final sum is symmetric in },, - - - , bg defined in (24). The proof 
of (29) follows from 


THEOREM 3. (e—1)2p=()_a;)?+e(ED+A). 


Case e=5. Then A=(b;—b,)?. By (24), b1—b2 =5W, where W is an integer. 
Hence 


(30) 16p = (>. a;)? + 125W? + 10(a, — a4)? + 10(a2 — as)?. 
Denote (29) by Az and consider the like function A; of b,, - - - , b;. Define 


i=1 


The recursion formula 


(32) Gj 1A; = t+ Lia, a1 = 0, 
yields A; as a linear combination of L?4,---, L?: 
As =L?, 2As=L2+3L?, 3A, =L? + 2L2 + OL?, 
12A, = + 5L? + + 30L,, = 2L;? + 12A;. 
Case e=7. Then (24) give b}=b.=b; (mod 7). Thus 
L, = be — 6; = 70, Le = 263 — 6, — bg = TW, 
(33) 72p = 2( D0 ai)? + 42D + 73(W? + 30%), 
D = (a; — ag)? + (a2 — as)? + (a3 — ay4)?. 
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Case e=11. Then 
(34) 1200p = a;)? + 660D + 11(3L2 + + 10L + 30L;?). 
By (24), 
(35) by = — 2b, + 4b. — 3s, bs = 3b; + 3b2 — 5d; (mod 11), 
(36) + 222+ 22, =0, =0 (mod 11). 


But it is not possible to segregate from A; a square divisible by 11, unlike 
the cases e=5, e=7. 

5. Sets of conjugate R(1, 7). If 7 is prime to e and if 8 is replaced by 8’, 
the coefficients a; in (21) are permuted cyclically, whence >°a; is unaltered. 
For example, if e=5 and j7=3, the substitution is (a; dz a4 a3). By (11), 
R(m, n) becomes R(jm, jn), which will be called a conjugate to R(m, n). Hence 
each R(m, nm) is conjugate to some R(1, —). 

Let e=2E+1 bea prime >3. By (9), R(1, 1) equals R(1, e—2), which is 
conjugate to 1) =R(1, E) since E(e—2) =1 (mod e). 

Consider a new R(1, 2), where 2<n<e—3,n+E. It equals R(1,e—1—n), 
which is conjugate to R(m, 1)=R(1, e—1—m) if m(1i+n)=—1 (mod e). 
Again, R(1, m) equals R(n, e—1—n), which is conjugate to R(1, e—1—2) 
= R(1, ¢) if ¢n=1 (mod e). We now have six R(1, —) whose second arguments 
are congruent modulo e to 


n,1/n, —-1—n, —1—1/n, — 1/(n + 1), — n/(n + 1). 


These form a group (of cross ratios). Hence they are distinct unless 


(37) n+n+1=0, (2n+1)?=—3 (mode), e = 1 (mod 3). 


THEOREM 4. If e is a prime >3, R(1, 1), ---, R(1, e—2) fall into com- 
plete sets of conjugates as follows: when e=6r+5, one set of three, and r sets 
of six; when e=6r-+1, one set of three, r—1 sets of six, and the set 


(38) R(i,n), Ri,e-—1—n), (mod e). 


6. Determination of the e? cyclotomic constants (k, #) when e is a prime 
>3. For n<e—2, let R(1, m) be unaltered when 8 is replaced by 8’, 1<j<e. 
By (11), R(1, m) =R, jn). By (9), one of 7, jn must be congruent modulo e 
to 1 or nw. If jn=1, either j=n, or —1—j=mn and n?+n+1=0. Next, let 
j=n. If n*?=1, then n=1, 7=1, contrary to hypothesis. Hence —n—n?=1 
(mod e). Hence R(1, ) is unaltered if, and only if, j=, n?+n+1=0 (mod 
e). Then e=1 (mod 6) by (37). Since m*=1 (mod e), the substitution 
which replaces 8 by 6” is of period 3. Hence for (38) there are only 3(e—1) 
distinct a; in R, while any R except those two has e—1 distinct a;. 
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The linear relations (5) with k=3(e+1) reduce by (4) to those with 
k<4}(e—1), whence there are only 3(e+1) independent relations. Then Theo- 
rem 4 shows that the sum of all the a’s in the R(1, 2), one from each set of 
conjugates, increased by the preceding }(e+1), is §(e+1)(e+2) whether e=5 
or 1 (mod 6). But this is the number of reduced (i, 7) which remain after 
deleting duplicates by (4). In proof, we retain (0, 0) and (0, r) forr=1,---, 
e—1. Each of the latter is one of a set of three equal (i, 7) by (19). The re- 
maining e?—3(e—1)—1 fall into sets of six by (20). Hence the number of 
reduced (i, 7) is 


1+e—1+ — 3¢ + 2) = + I)(e + 2). 


These 3(e+1)(e+2) linear equations in the same number of unknowns 
are linearly independent and hence determine the unknowns uniquely, and 
therefore determine all the cyclotomic constants. First, we note that (8) and 
(72) imply 


(39) [F(8) = pR(1, 1)R(1, 2) --- R(1, e — 2). 


Hence the R(1, m) and their conjugates determine the F(8”), m=0,-- - , 
e—1. By (7,), the latter determine the periods 7;. Then (3) determine (&, 0), 
(k, 1),---, (k, e—1) for k=0, - - -, e—1, since the determinant of their 
coefficients is the cyclic determinant having mo, - - - , 7-1 in the first row and 
hence is the product of the linear functions (7;) whose values are the F(8”). 
But the latter were proved in §2 to be not zero. 


THEOREM 5. Let e be a prime >3. The e? numbers (i, j) reduce to M =}(e+1) 
-(e¢+2) after deleting duplicates by (4). These M reduced (i, j) are uniquely de- 
termined by M linear equations composed of (5) for k=0,--- , 3(e—1), and 
M —}(e+1) equations expressing the ain in terms of the (k, h), where there are 
3(¢@—1) distinct ain in case (38), and e—1 din for the further R(1, n) in Theorem 
4, one from each set of conjugates. 


For example, if e=5, M=7, M—3}(e+1) =4, and we employ only the 
four di. 
We shall give details only for (0, 0). By D, §10, either of 


(40) xe+yt=t1 (mod p = ef + 1), f even, 


has exactly 2e+e? (0, 0) solutions. 
7. To find (0,0). Employ a second subscript m in (22). Then 


e—2 e—1 e—1 e—2 


DX DX ain = (e — 2)(p — 2) — e(e — 2)(0,0) — eS, S= DD (k, — nk). 


n=1 k=1 n=] 


j 
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Let e be an odd prime. Each & is not divisible by e. For a fixed k, and 
n=1,---,e—2, the residues modulo e of —mk are 1, - - - , e—1, except k. 
Hence 


S= 


k=1 h=1 


We may extend the summation from /=0 by subtracting the new term (fk, 0). 
But (k, k) =(—k, 0) and —k ranges with k over 1, - - - ,e—1 modulo e. Thus 


e—1 e—1 


k=1 h=0 


by (5). From eS eliminate ef = ~—1. Hence 


e—-2 e—1 


(41) © Dd ain = p — 3e +1 — €2(0, 0). 


n=l i=l 


This determines (0, 0). The left member may be simplified by Theorem 4. 
If e=5 we obtain, in accord with (66) of D, 


i=1 


4 
(42) 25(0, 0) = p— 14 — 3) ays; 


6 6 
(43) 3 aun + 25 aie = p — 20 — 49(0, 0) if e = 7. 
1 1 
In Theorem 3, D20, A20, and # is not a square. Hence 


e—1 
(44) (e > ain. 
i=1 
This with (41) gives* 
(45) e2(0, 0) > p — 3e +1 — (e — 1)(e — 2)p"/2. 


CyYCLOTOMY FOR ¢e=2E, E AN ODD PRIME, §§8-12 
8. Sets of conjugate R(i, 7). If mand m are both even, 
R(2m, 2n) = R(e — 2m — 2n, 2n), 


and the latter first argument is double an odd integer. Hence we may as- 
sume that m is odd and prime to E. Thus mx=1 (mod £) determines x, and 
R(2m, 2n) is conjugate to R(2, 2nx). The latter is found by (12). The dis- 


* The writer gave a different proof in Journal fiir Mathematik, vol. 135 (1909), pp. 181-88. At 
bottom of p. 188, insert p41. 
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tribution of the R(2, even) into conjugate sets is therefore obtained from 
Theorem 4 applied to E in place of e, with subsequent multiplication of argu- 
ments by 2. 

Consider therefore R(m, n), where m is odd. If m#E, mx=1 (mod e) is 
solvable for x. Next, R(E, k) is excluded if & is a multiple of £. If k is even, 
pass to the equal R(—E—k, k), whose first argument is odd and prime to e. 
Hence any R is conjugate to an R(1, —). We extend the definition of con- 
jugate so that (—1)/R is conjugate to R. 


THEOREM 6. If }e=E is an odd prime, R(1, 1), - - - , R(1, e—2) fall into 
3(E+1) sets of conjugates as follows: 

R(1, 1) = (— 1)/R(1, e — 2); 

R(1, Z) = (— 1)/R(1, 1); 

R(1, 7) = (— —1— 7), x) = (— — 1 x), 

1<j< jodd, x7 =1(mode). 
9. To find (0, 0) and (0, E). We have 
=—1, 


E-1 E-1 
R(1, = Do ripi= RB, Re = 17; — (— 1)'r0, 
i=0 t=1 
E-1 E-1 


=o — En, o = = for 8B = — 1, 


t=1 i=0 


e—1 
R(1, m) = B™*¥(k, B), Y(k, B) = *(k, h), 
h=0 


k=0 


by (8). Henceforth, let 2 be odd.* Then by (5) 


e—1 e—1 e—1 
V(k,— 1) = i(k, =f—m, o = (—1)*"f—m) = — (-1)'m, 
h=0 k=0 k=0 
whence ¢ = —(—1)/. We get ro from (16) by using the terms with i=0 and 
t= 
THEOREM 7. If $e = E and n are odd, 


E-1 


E-1 
R(1, n) = >> p(1, n) = (— 1)'R; = — (— 1) {1 + Er(i, 


r(1, ) = — nk) — (k, E—nk)}. 
k=0 


* If m were even, pass to R(1, —1—n) by (9). 
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If 3e=E is an odd prime, we find that 
(46) p(1, 1) o(1, m) = — (— 1) {E+ EX, 0) — E00, 


where p(1, 1) and the p(1, m) together correspond to the R(1, k) with odd 
k’s such that a single one is chosen from each set of conjugates in Theorem 6. 
For example, the k>1 are 


3 if e = 6; 5,7 if e = 10; 3,7, 9 if e = 14; 3, 5, 7, 11, 13 if e = 22. 
Special cases of (13) are 
(47) (0, 0)z = (0, 0) + 3(0, Z), f even; (0, 0)z = 3(0, 0) + (0, EZ), f odd. 


By this and (46) we get (0, 0) and (0, £) in terms of the p(1, &). To find the 
latter we shall next evaluate the R(1, ). 
10. Determination of the R(1, &). By (14) for a=, 


F(B*)F (67) = 
R(E, 27) = RG, j + £). 
Multiply the former by F(6*)/(F(6‘+*)F(6%4)). Thus 
(49) RG, = 7), RU, £) = 6" 1). 
By (48) for 7 =}(£.—1) and (9), 
(50) R(1, E — 1) = (— RI, — 1)). 
By (492) and (9), 
(S51) R(1, 1) = (— 1)/6?"R(1, 1), F(6*)F(6®-!) = (— 1)/6°"F(6)F(6*), 
(52) R(2, — 1) = (— 1)/6?"R(1, = (— 1)/6**R(1, 1), 
by (49). By (50) and (51;,), 
(53) R(t, HB — 1)) = (— 1). 


By (12), R(2, 2)=R(1, 1)z is known. Replacing 8 by B'*-»/?, we get 
R(E-1, E—1) =R(2, E—1). Then by (52), (53), (51), (492), we get R(1, 1), 
If e=6, we have the desired R(1, 1), R(1, 3). If e=10, we have the desired 
R(1, 1), R(1, 5), R(1, 7). By (8), 
(54) R(m, t)R(n, m + t) = R(m, n)R(m + 1, t). 
For E>3, take m=n=1, t=(E—3)/2. Thus 
(55) R(1, 3(Z — 3))R(1, — 1)) = R(1, 1)R(2, 3(E — 3)). 


(48) 


By (53) this gives 
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(56) R(1, 2) = B*"R(2, 2) if e = 14; R(1, 4) = B8"R(2, 4) if e = 22. 


For e=14, replace 6 by in R(1, 11) =(—1)/R(1, 2); we get R(1, 9). 
Hence we have the desired R(1, 1), R(1, 3), R(1, 7), R(1, 9). 

For e=22, replace B by 8" in R(1, 17) =(—1)/R(1, 4); we get R(1, 13). 
We have also R(1, 1), R(1, 5), R(1, 11). We desire also R(1, 3) and R(1, 7). 
By (54) for m=1, t=2,n=5, 


(57) R(1, 2)R(S, 3) = 5)R(6, 2), R(3, 5) = R(1, 5, 


which give R(1, 2). Replacing 6 by 87 in R(1, 19) =(—1)/R(1, 2), we get 
R(1, 7). By (54) for m=n=1, t=2, 


(58) R(1, 2)R(1, 3) = RCA, 1)R(2, 2), 


which gives R(1, 3). But R(1, 7) and R(1, 3) were not found linearly. Neither 
is a product of a unit by any R not conjugate to itself. 
11. Theory* for e=14. We have 


Thus B=? is a primitive seventh root of unity. We may regard as known 
(§14) the a; in 


(60) R(1, + 


Replacing B by B* (and reducing by B7=1), we get R(3, 3) for E=7. We 
now write 6? for B, reduce by (59), and by (12) get 


R(4, 4) = — + — a68* + — + 
R(2, 6) = R(6, 6) = — a6B + — a48* + — 0285 + 
By (52), (53), (49:) and the remark below (56), 
R(1, 1) = (— 1)/8-*"R(2, 6), R(1, 3) = (— 1)/6-8"R(2, 6), 
R(1, 7) = (— 1)/8-?"R(2, 6), R(1, 9) = (— 1)/B8"R(4, 4). 
By (46) 
(62) 


(61) 


p(1, 1) + 2p(1, 3) + 2p(1, 7) + 2p(1, 9) 
= — (— 1)/{7 + 490, 0) — 49(0, 7)}. 
By Theorem 7, p(1, 2) is derived at once from R(1, 2). 


I. Let m=0 (mod 7), i.e., 2 is a residue of a seventh power modulo p. 
For p<1000 this case occurs only when p=631, 673, 953. Then 


6 
e(1,j) = (— > a; if = 1, 3,7 or 9. 
1 


* Details for e=6 and e= 10 were given in D. 
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Cancelling 7(—1)/ from (62), we get 
(63) —1-—7(0,0) + 7(0, 7) = a. 


This with (47) yields at once (0, 0) and (0, 7). 
II. m=4 (mod 7); true for p<1000 only when p=29, 43, 127, 421, 701, 
967. We get 


e(1, 7) = (— 1) { a; — Zax}, 
k=Sifj=1,k=3ifj =3, k=6ifj =7 or9; 
(64) 7(0, 0) 7(0, 7) a, — ae + a3 — 


III. m=2 (mod 7). Thus p=71, 281, 449, 547, 659, 743, 911, etc. Now 
k=6ifj=1, k=5ifj=3, k=3 if =7 or 9, 


(65) 7(0, 0) = 7(0, 7) =-i1- a, — ade + 3a3 — & a a5. 


This and the further cases are similar to II. For, if we use a new primi- 
tive root G, where g=G‘ (mod /), m is replaced by M=mt (mod p—1). We 
can choose / so that M=0 or 4 (mod 7). 

12. Determination of all (k, 4). Let e=2E, E a prime >3. There re- 
main m=(e+1)(e+2)/6 reduced (i, 7) after deleting duplicates by (4). There 
are M =(E+1)(E+2)/6 reduced (k, h)z, which we regard as known by the 
theory for E. To these correspond M linear equations (13); the first terms 
(k, h) of their second members may be eliminated from the E+1 independent 
relations (5) for k=0, 1, - - - , E. We must evidently get the }(E+1) inde- 
pendent relations (5) with 0<k <}(Z—1) involving the (, h)z. We discard 
these relations between knowns, and retain only the }(Z+1) new relations. 

By Theorem 6 the R(1, 2) form 3(Z+1) sets of conjugates. Each R(1, 2) 
is a linear combination of 8, - - - , 82-. Retaining only one R from each set, 
we have }(E+1)(E—1) coefficients. We now have 


M+ (E+ 1) + (E+ 1((E-1) =m 


linear equations for the m reduced (i, 7). These equations are independent 
by the discussion following (39). 


DIOPHANTINE EQUATIONS IN THE §§13-17 


13. General theory.Let e be an odd prime. With the abbreviation (25) 
for the quadratic functions C; of the a;, we have the system of E= }(e—1) 
quadratic Diophantine equations 


e—1 


(66) =--- p= >a? 


[May 
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in the e—1 unknowns a;. This system was seen to be equivalent to 

e—1 
(67) = R(1, n, B)R(1, n, R(1, B) = 

t=1 

But* p is a product of e—1 prime ideals (each of norm p). When e<23, 

each ideal is a principal ideal, since there is a single class of ideals for the 
field F of rational functions of the primitive eth root 8 of unity. Hence 
p=upi--- peur, where u is a unit of F and #; is a polynomial in 8’ with 
integral coefficients independent of j. Let f(8) be a product of 4(e—1) of the 
p; such that f(8-') is the product of the remaining ’s. Since pi - - - p,1isa 
symmetric function with integral coefficients of the roots of B+ ---+8+1 
=0, it is an integer J. By p=ul, u= +1. Thus +p=/f(8)f(6-’). The lower 
sign is excluded by §4. Thus u=1 and 


= of(8)-v v = = o(6"). 


The unit v is the product{ of an integral power of 8 by a polynomial 
P(8+8"). Hence P?=1 and v= +8*. Thus 


e—1 


(68) p=+F(6)-+F(), = 6*f(8) = > 


j=1 


Write BF = >>A,6‘, summed for i=1, - - - , e—1. Then 


(702) = La; (mod e), 
where j takes the values 1, - - - , e—1. Hence if N,6', 

(1) DN = LING = nd a; (mod e). 


But > a;#0 (mod e) by Theorem 3 or (17). Hence in (68) there is a single 
value of 6* for which >) ja;=0 (mod e), and hence, by (23), such that (68) 
is a decomposition (67) available for cyclotomy. 

When 8 is replaced by its powers in turn, the a; undergo the substitutions 
of a cyclic group of order e—1. These substitutions leave unaltered (233), 
and the system (23). 


THeorEM 8. If e=5, the eight solutions of (66) for which > ja;=0 (mod 5) 
are all derived from one by the powers of (a,a2a4a3) and changing all signs. 


* Kummer. See Hilbert’s report, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 4 
(1894), p. 328. 

When e= 5,f(8) is Pips, Pps, Pips OF pops. 

t Kummer. See Hilbert’s report, p. 336. 
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14. Case e=7. The only factorizations p= f(8)f(6-) are 
(72) Diprps: popsps, Pipsps: pipsps: Pepspr, 
(73) Pipops: popsps- 
Since (73) is unaltered when £ is replaced by 8?, it corresponds to (67) with 
n=2. This is true by §15 or directly by 
(74) R(1, 2) =r + s(B + + B*) + + B+ 
r = (0, 0) + 3(1, 3) + 3(1, 5), 
s = (0, 1) + (0, 2) + (0, 4) + (1, 2) + (1, 4) + (1, 5) + (2, 4), 
t = (0, 3) + (0, 5) + (0, 6) + (1, 2) + (1, 3) + (1, 4) + (2, 4), 
(75) 4p = (s+ — 2r)? + 7(s — 
The replacement of 8 by 6* induces S= (a,dsa,a¢a2d3). The same replace- 
ment carries (72;) to (723) and the latter to (722). 


THeEorEM 9. If e=7, all solutions of (66) having >. ja;=0 (mod 7) are of 
two types. For one type, the six a; are equal in sets of three and correspond to 
R(1, 2). The twelve solutions of the other type correspond to R(1, 1) and are all 
derived from one by the powers of S and changing all signs. 


By (5) and (74), we find that (43) is equivalent to 


6 6 
(76) 3> —14r = — p— 16 — 49(0,0), R(1, 1) = 
1 1 


since 3(s+t)=p—2-—r. Hence the first square in the decomposition (75) de- 
termines r apart from sign. The sign is fixed by the fact that (76) must yield 
an integer for (0, 0). This is simpler than using 


(77) R(1, 2) = R(1, 1)R(1, 1, 6*)/R(A, 1, 6%). 

15. Kummer* proved that, if e is a prime, 
(78) R(1, m, 8) = + BT] 
where the product extends over the 3(e—1) positive integers 4 <e such that 
h+|nh|>e. Here [x] denotes the least positive residue of x, and hm,=1 
(mod e). Also p(a@) is a prime ideal factor of », and may be replaced by a 
polynomial in a if e<23. 

For brevity write m for (8). Replacing 6 by B-', we get e—m. 

16. Case e=11. By (78), R(1, 1) and R(1, 2) are the products of units 
+? by the products of 


* Journal fiir Mathematik, vol. 35 (1847), pp. 361-63; Journal de Mathématiques, vol. 12 (1847), 
pp. 185-212, where he gave a p(a) for e=5, 7, 11, 13, 17, 19, for all primes p< 1000, p=1 (mod e). 
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(79) 257810, 357910, 


respectively. Replacing 8 by 8- (i.e., subtracting each symbol from 11) in 
(79;), we get the complementary set 9 6 4 3 1; the symbols in the two sets 
are together 1, - - - , 10 rearranged. In all there are 16 pairs of complemen- 
tary sets. We list the sets containing 1. 
I. XI. 
II. XII. 
ITI. XIII. 
IV. XIV. 
V. XV. 
XVI. 
Let I denote also the pair of complementary sets containing I. Likewise 
for II, etc. The replacement of 8 by 8? permutes the pairs as follows: 


(80) (I, XI, XIII, X, VII) (II, VI, V, XII, IV) (II, XV, XIV, VI, XVI), 


while the sets of the pair IX are interchanged. This replacement of 8 by 6? 
induces the substitution 


(81) 1905030402) 


on the coefficients of ai8+ - - - +4108. Hence all solutions of (66) are ob- 
tained by applying powers of s to the solutions obtained from I, II, III, IX. 
We seek properties of solutions a; which will discard the last two cases and 
hence retain only solutions from I and II, or if we prefer, X and VI, which 
occur in the cycles of (80) having I and II. Note that X and VI are comple- 
mentary to (79) and hence correspond to R(1, 1) and R(1, 2). 

The set IX is unaltered by (86*8°658*), whence the resulting ten a; are 
equal in sets of five. Such immediately detected solutions of (66) yield neither 
R(1, 1) nor R(1, 2). 

By (54) with m=n=1, t= 14, and (9), (11), we get 


(82) R(1, 1, 8) = R(1, 2, 6°) R(1, 2, 67)/R(1, 2, 6°), 


which is quickly verified by (8). The denominator is equal to p/R(1, 2, 88). 
Theoretically we could use (82) to show that the solution a; obtained from 
III yields neither R(1, 2) nor R(1, 1). Practically it is simpler to verify that 
we do not then obtain an integral value for (0, 0) by 


(83) ai + aig = p — 32 — 121(0, 0), 


to which (41) reduces when e=11 by Theorem 4. 
We employ the p(a) in Kummer’s table cited in the last foot-note. We 
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choose ” to make the final sum in (71) a multiple of e=11. Then the new 
>> ja;=0(mod 11). Finally we change all signs (if necessary) to make )a;= —1 
as in (22). 


p = 683, p(8) =2+8 


a, de a3 a4 ds as az as da; 


—p® I 12 12 16 16 22 —6 10 14 6 
—p? II 2 —-24 -6 -6 —10 -1-12 -—4 —67 
III |-11 —6 2 —2 —24 -14 -8 —14 0 —12 | —89 
Then (83) holds modulo 121 if and only if 
(> ain, >> aie) = (109, — 67) or (— 89, — 89). 


The second case is excluded since the two products (79) are distinct. Hence 
the first and second rows of our tablette give the coefficients of R(1, 1) and 
K(1, 2) respectively.* Also, (0, 0) =6. 


p=991, p(B) 


-—’ I| 8 8 4 2 10 18 6 18 26 4/S°= 131 
II | -6 -14 18 -10 —13 -16 -12 -8 
10 4-10-12 4 -4-19 2 —18 


Here (83) holds only when the first row gives R(1, 1) and the second R(1, 2). 
Thus (0, 0) =8. 


p = 199, p(8) =1+8— 


I 2 2-4 4 6 8 4 21 
—p* II 2-2 -8 -10 4-6 O 
—6' Ill 6 6 7 8 16 2 2 6 4 8|S= 65 


The first row gives R(1, 1), the second R(1, 2), the third is excluded by (83). 

p=23, p(8) =1+8+ 6°. Then —6* I, 6° II, III have —12, 
—1. Here (83) holds only when the sums are 21 and —12 or both —1, the 
last contrary to (79). 

We have treated the four p’s <1000 for which (8) has fewer than four 
terms. 

17. Case e=13. By (78), R(1, 1), R(1, 2) and R(1, 3) are the products of 
units +{* by the products of 


* Apart from a power of (81), depending on the root 8 chosen. Likewise for the similar later 
statements. 
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(84) 2, 3, 4, 5, 6, 12; 3, 4, 6, 8, 11, 12; 2, 4, 5, 6, 10, 12, 


respectively. Since R(1, 3) is unaltered when 8 is replaced by 8°, its 12 coeffi- 
cients a; are equal in sets of three. No other factorization of p has this prop- 
erty. 

The replacement of 6 by f? gives rise to a cyclic substitution S on the 
twelve powers of 8. Applying S, S*, S to the sets complementary (§16) to (84), 
we get 


(85)  A=1,2,3,5,7,9; B=1, 2, 3, 4,7, 8; C = 1,2, 3,5,6,9. 
There are exactly 32 decompositions of p into two complementary prod- 
ucts of six factors. Of them, (84;) and C are permuted by S. The others form 


five cycles of six, those of a cycle being permuted by S. It suffices to know 
one entry from each cycle. We may take them to be A, B and 


(86) D=1,2,3,4,5,6; E =1,2,3,4,5,7;F =1, 3,4,5, 6, 11. 


The choice A, - - - , F facilitates forming and checking the products. Each 
product of six is multiplied by a unit +8* uniquely determined (§13) by 


> a; = -1, > ja; =0 (mod 13). 
Theoretically it would be possible to prove by means of 


R(1, 2, B*)R(1, 2, R(1, 2, B7)R(1, 2, 

(87) R(1, 1) = ( B*) R( R(1, 3) = ( 87) R( 
R(1, 2, 6?) R(1, 2, 6?) 

that R(1, 1), R(1, 2), R(1, 3) correspond to A, B, C, respectively, while (86) 

are excluded. Practically we make use of 

(88) ain + 6 >> aig + aig = p — 38 — 169(0, 0), 

to which (41) reduces when e=13 by Theorem 4. 


p= 79, 6" 


a3 a5 ag a7 ag ag 


| 

| 

| 

| 

| 
| 

| 

4 | 

| 

4 | 

| 

2 0 0-2 -4 -2 -2 0 -4 -6 —3| —27 
0-3 -5 -1-6 -3 -1 -3 3 -1 —5| —27 | 
|-1 -5 -1-4-5 1 -1 1 -@-277 
-6D|2 4 4 2-3 0 3 0-2 3 -3 4 12 | 
-B"E| 4 3 8 3 4 4 4 8 8 4 7 7 64 | 
|-2-4-5 1-2 4 -1 -2 1 O -4 Oj -14 | 
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Since }>aj3= —27, (88) holds modulo 169 only when the three sums are 
all —27 or are 64, 12, —27, respectively. But the latter case gives (0,0) = —1 
and is excluded. Hence the first three rows of the table give the coefficients 
of R(1, 1), R(1, 2), R(1, 3), while (0, 0) =2. 


p = 521, p(8) = 1+ — 


—-B'A| —-2 4-4 0 12 4 4 -6 16 8 7 «68 51 
—B*B 18 11 18 4 4 0 6 10 6 2 16 8] 103 
—15 -—13 -—15 —13 —13 —17 -—15 -—3-17 —3|—144 
4 -4-16 0 -4 -8 -—8-10 -4-19 -6| —79 
12-12 -4 -6 -4 6 2-5 6 4 2| -1 
|-18-10-10 0 2 —6—18 —12 —8 —12|-—105 


Since >-ais = — 144, (88) holds modulo 169 only when the first two sums 
are 51 and 103, or —79 and —1. The latter case gives (0, 0) = +6 and is to 
be excluded by other means such as (87). 


— BA 2 4 4 0 6 1 2 —6 2 q 6] 25 
5-5 4 2 1 0 4 a 0 12 
-C —-3 -5 -3 3-5 —4 -—3 3 3 |—27 
-3 1-5 -3 -6 0 2-1 -5 |-—27 
—BE 2 3 1-2-1 -2 2 2 2 9 -—4] 12 
—-BYVF;| 3 0 2 6 6 —-6 —2 0 2-1 1 12 


Then (88) holds modulo 169 if the third sum is —27 only when the first 
sum is 25 and the second is 12. 
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ON THE EXPANSION OF THE REMAINDER IN THE 
NEWTON-COTES FORMULA* 


BY 
J. V. USPENSKY 


1. In Newton’s method for approximate evaluation of definite integrals 
the interval of integration, say (0, 1), is divided into a certain number u of 
equal parts and the integral of a given function f(x) is assumed to be ap- 
proximately equal to the integral of the interpolation polynomial of degree n 
which at the points of subdivision has the same values as f(x). The resulting 
approximate formula 


is known as the Newton-Cotes quadrature formula. The coefficients Ao, 
A, ---,A, depend on the number of divisions m and their values have been 
computed by Cotes for »<10. In the following we shall call them “Cotes 
coefficients.” 

Formula (1) is exact for an arbitrary polynomial f(x) of degree not ex- 
ceeding n. However, since for an even n 


formula (1) will be exact even for polynomials of degree n+1 if m is even. 
Strange as it may seem, the expression for the remainder in the Newton- 
Cotes formula was unknown till quite recently. It was only in 1922 and 
1924 that J. F. Steffenson succeeded in giving a genuine expression of that 
remainder first for an even and then for an odd n.f In this paper we shall 
show that the remainder in the Newton-Cotes formula possesses an expansion 
in all respects quite similar to the classical Euler-Maclaurin expansion, which 
fact is interesting in itself and may be very useful in practice. The method 
by which this result is obtained is similar to that employed in our paper On 
an expansion of the remainder in the Gaussian quadrature formula, but besides 


* Presented to the Society, September 7, 1934; received by the editors August 9, 1934. 

+ The detailed derivation of the remainder in the Newton-Cotes formula can be found in an 
excellent book by J. F. Steffenson, Interpolation, Baltimore, Williams and Wilkins, 1927. 

t Bulletin of the American Mathematical Society, vol. 40 (1934). 
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simple means used in that paper it requires an elaborate study of certain 
properties of Cotes coefficients. * 

2. Ina paper Sur les valeurs asymptotiques des coefficients de Cotes} I have 
shown that for large m and uniformly in k (1<k<n—1) 


k n—k | 


Ax, 


Ao = 
n log n 


These formulas show that for sufficiently large n 
(2) (— 1)*14, > 0, Ao > 0, 
if 1<k<}n; as to the signs of the remaining coefficients, they result from 


the elementary relation 

= Ax. 
Now it is very important to determine the least value of m for and after which 
inequalities (2) hold. It will be shown that A ,>0O always and that 
(—1)**A,>0 (15k <}n) for even n=8 and odd m211. 


3. From our article quoted abovef we take the following expression of 
A,(isksn-1): 


1 n+1 log((1—8)/€) 
n n 0 


+ x* 


pl log((1—£)/£) g(n—k)z 
— 1)” n—k(1 — kd f —— d |. 


Introducing here instead of x a new variable ¢ defined by 


we can present A; in the form 


* I must express my thanks to Professor G. Pélya for some very helpful suggestions in connection 
with this investigation. 

Tt Bulletin of the American Mathematical Society, vol. 31 (1925), pp. 145-156. See also G. Pélya, 
Ueber die Konvergenz von Quadraiurverfahren, Mathematische Zeitschrift, vol. 37(1933). 

t Attention should be called to the fact that many formulas on p. 147 of that article are marred 
by typographical errors. 
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= t, 
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o(t)(1 — &) 


= te + (- 


whence 


(— = (— + + f f o(t)(1 — 
0 


i-é\ 
and 


1/2 
(— > (— + (n + f (1 — 
0 


1 1 ngn—k—-1 
F® = J == 


- di 


From this inequality it follows immediately that for an odd k <n/2 the coef- 
ficient A; is positive. 
Integrating by parts we find 


(~ 
dt > 


t 

Az +S i-¢ 

1 + (- 1)"¢n-*-1 

1 — 2 

(log 


(1 — &)"dé 
> (n+ nes(— +—)f 
+ (tog 


and hence 


1/2 
n+ f (1 — 
0 


because 
fi + 1c? 
. 


| 
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Consequently for an even kSn/2 


1 (— (1 — &)dé 
(4) nA; > (n + 1)C} (- oa ~)f 


4. In order to draw the desired conclusions from this inequality we must 
find a sufficiently precise and tractable lower limit of the integral 


1/2 1 — 


0 i— 
+ (10g ) 
Consider a more general integral 


1/2 ami £)nta 


dg, 
1— £\? 
(log ) 


which for a=0 reduces to K,,. Since 
da® - 


K,(a) = 


1/2 


+ = (1 — = 


0 


we obtain, by integrating this equation, 


(— 2) a 


1 
K,(a) = K,(— 2) cos ra + ———— sin ra + — (x) sin r(a — x)dx. 


Taking here a=0 we get 


1 2 
K, = K,(-— 2)+ —f o(— x) sin rxdx. 
Jo 


x) 
T'(n + 2) 2"n’ 
0<8<1lifn2 5, 


1/2 
= f — = 
0 


and K,(—2) >0; consequently 
1 : 1 
> w(x) sin rxdx — 
2° nn? 
_Td + — x) 
+ 2) 


w(x) 


[May 
1 
-1-—. 

0 
But 
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n—1—2x 
w(x) — w(x + 1) = —————o(x), 
n— 
we shall have a fortiori 


n — 3 
f w(x) sin rxdx — 
0 


K,> 
(n — 


On the other hand I'(1+) >e-©?, where C is Euler’s constant, 


T(n+1— x) 


-> e~zlog(nt+1) | 
T'(nm + 1) 
and 


1 1 1 ( ec 
sin rxdx = 1 + ——). 
Jo + {C + log (n + 1)}? n+1 


Hence, finally, 


1 (14 n+ 1 
n n 
n—1 {C+ log (m+ 1)}? n+1 


and, taking into account inequality (4), 


nA > + (1+) 
n—k/Ln—1 22+ {C+ log (n + 1)}? n+1 


To prove that, for certain m and even k <n/2, coefficients A; are negative, it 
suffices to verify the inequality 


n—k n—1 n+1 


n+1 1 
2° nn? kr? 


(S) 


5. If m is even the inequality (5) will be verified for all even values of k 
if it is verified for k =2; also, being verified for some even 1, it will be verified 
for greater values of m. Now, taking m = 12 and k =2, inequality (5) is verified; 
hence for an even »=12, A, with even subscripts <”/2 are all negative. The 
same being true for »=8 and »=10 we may be assured that 
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(- 1)*-1A4, > 0, 


for all even n=8. If m is odd =13 it suffices again to verify inequality (5) 
for n=13, k=2; by direct computation we find that it is satisfied. Hence 
n—1 
(- 1)*-14, 0, 


for all odd n= 13. It remains to be seen whether this is true for m=11. But by 
direct computation I have found the following values of Cotes coefficients 
for n=11: 

2171465 13486539 _ 3237113 
24 X 10!’ 24 X 10!’ 24 X 10! 
25226685 9595542 15493566 

~ 24x10! ~*~" 24x10" 24x 10! 


Ay =An = 


= Ag 


Hence the above property of Cotes coefficients holds for all odd m= 11, but it 
no longer holds for n=9. It remains to show that A» is always positive. The 
sign of Ao is the same as the sign of the integral 


which, by setting 
(x) -{ — #)(2—#)--- (n — 4)dt, 
0 


can be presented thus: 


P(; n 
f 
n 0 x? 
But it is known that @(x)>0 in the interval 0<x<n, hence 7,>0 and 
Ay>0. 
6. For »=3 (mod 4) it is important to show that 


(n—1)/2 n 


kA, > — 
> 


k=0 


for 211. To present the left hand member in a convenient form we may 
use formula (3). Thus we get 


(n—1)/2 n?— 1 n + 1 1 1 "h(t 
f (1 — &)"9(¢) 
0 0 


kA, = 
x? + (tog 


dédt, 


k=0 nN n 


n 
isis-—> 
2 
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(n—1)/2 
¢(t) = (— — 
k=0 
By an elementary transformation this expression becomes 
o(t) = n(1 — HY), 


y(t) denoting a reciprocal polynomial 


1 (n—5)/2 
= 1 —Cy-ot +--- — Cre 
(n—3)/2 (n—5)/2 (n—1)/2 


+ Cy-2 —C a2 t 
Using the following known identity, 


m—3 (n—s)/2, yor 
2 6 = 
y(¢) can be presented thus: 


(n—8)/2 n—2 t 


v(t) = (+e) 


e — 
whence 


d (t) (n-3)/2 
n—2 


0? (1 + 2)? 


>0; 


It follows that ¥(#) >0 for all real values of ¢ and the same is true of ¢(#) if 
t<1. 
This analysis shows incidentally that the algebraic equation 


(n—5)/2 (n—3) /2 


has only imaginary roots if »=3 (mod 4); but if ~=1 (mod 4) it has exactly 
two real roots as can be shown by similar considerations. Since 


(n—3) /2 


o(t) = n(1 — 1)” + (1 — 4) 


3 (n—1) /2g 


| 
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remains positive in the interval 0 </<1 it follows that 


(n—1) /2 n2 — 1 


+ 1 1/2 
8 n 0 


k=0 n 
ce = f 
4 (tog 


(6) 


But integrating by parts we find 


1 o(t)dt > (1) 
2 1— 


(7) 


But since 
(n—3)/2 (n—1)/2 


t y(n—1)/2 4. y(n—3)/2 
n(n ) y aa 
2 0 (1 — y)*- 


dy, 


we find, after performing simple integrations, 


(n—3) /2 


4C,-2 
(n + 1)(m — 1) 


(8) #(1) >1+ 
On the other hand 


n-1 . — 1) (n—3)/2 
n(1—t + ——C,_ t (1 — 
+ ( ) 2(n 2) 2 
whence 
(n—3)/2 
nC n—2 


+ — 2) ' 


P(t) < 


n—2 


n—2 n—1 n+1 n+ 3 


and after simple calculations, 


[May 
dt. 
2 
g 
where 
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1/2 1 
(9) J — t)"dt < 


Inequalities (6), (7), (8), (9) combined give 


(n—3) /2 


n~—1)/2 n 1 4 (1 £)"dé 


: —) 
og 
g 


(10) kA, — — 


k=0 8 


n n(n — 1) 


— 2) 
Now using the lower limit of the integral 
1/2 (1 £)"dé 
) 
given in §5 we find that the right hand side of the inequality (10) is positive 
for n=15, and so 


(n—1)/2 


— 
>= 


for n215. But this statement is true already for m=11ascan be ascertained 
directly by using values of Cotes coefficients for m =11 given in §5. 

7. To derive the expansion of the remainder R, in the Newton-Cotes 
formula we take for starting point the well known identity valid for 0<6<1 


) — fo-Y(0) } 


1 Bie — 


in which B,(x) denotes the Bernoullian polynomial of order (defined as in 
Norlund’s Differenzenrechnung) and B,(x) is a periodic function: 


f(0) = f fade+ 


s=1 


B,(x) = B,(x) for0 S x < 1, 
B,(« + 1) = B,(x) for all x. 
Take /=2v=n-+1 or n+2 according as m is odd or even. Set 6=0, 1/n, 


2/n,---, 1, multiply the resulting equations by the corresponding Cotes 
coefficients and take the sum; the result will be 
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A 
n 


i 1 ian 
Aj; (x dx 
(=) 
1 n 1 


since for s=1, 2,---,2v—1 


{ (1) f-v(0)} 


= 0. 


0 


it follows from (11) that 
1 


(12) R, = @)! 


From the definition of G,(¢) we see that 
G,(0) = G,(1) = 0, 


and without any difficulty (owing to the fact that A,_;=A,) we can estab- 
lish the following relations: 


G,(1 — t) =(- A ;Bos-1 (-) = 0, 
n 


i=0 


so that G.,_:(#) can be written simply thus: 


= A;Bo-1 (— ‘), 
nN 


and from this expression, because 
(x) = nB,_1(x), 


the following relations can be derived: 
(13) G2.(t) = — 
(14) = 2s(2s + 


(15) = 2s(25 1) + 
nN 


i=0 
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- 
i=0 n 
Setting for brevity 
4,58, (— = G,(2) 
i=0 n nf} 
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8. For s2v functions G,,(¢) do not change sign in the interval 0<<1. 
To prove this fundamental property, let 6, and a, represent, respectively, 
the number of times G;,(#) and G2,-:(#) change their sign when ¢ increases 
from 0 to 1. Because G:2,(0) =G2,(1) =0 it follows from (13) and Rolle’s 
theorem that 

B; + 1 < Qs. 
Again, using (14) and applying Rolle’s theorem twice, we get 
a, Qs—1, 


so that for s2p, 


B+15a,. 


Since 
— 2) = — Gy-i(d), 


it follows that a, = 1 and it is important to prove that a, =1. 
To this end we notice first that for O<#<1 


>A iBoy_1 (= 


i=0 


n 2»—2 
i=0 iSnt n 


Furthermore, B:,_:(x) being a polynomial of degree 2 —1, 


n 1 1 
0 


i=0 n 


1 


Hence G:,_,(é) differs only by a constant factor from the function 
2y—1 nN 


and the number of times this function changes sign in the interval 0<i<1 
iS 
We shall now prove the following Fundamental Lemma: 
FUNDAMENTAL Lema. The function Ro(t) changes sign once and only once 
in the interval 0<t<1, so that a,=1. 


Let 


4 
| 
| 
| 
| 
| 
| 
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for k=0, 1, 2,--- , 2»—2. These functions differ only by constant factors 
from the successive derivatives of Ro(é). With the exception of R2,-2(t) they 
are continuous, but 


Ry—(t) = t — A; 


isnt 


has discontinuities at the points 1/n, 2/n, - - - ,(m—1)/n. By the fundamental 
property of the Newton-Cotes formula, 


R.(1) = = 0. 
Also 
— t) = (— 


whence it follows that for an even subscript & there is always a change of 
sign at 
Let NV; in general represent the number of changes of sign of R;,(¢) in the 
interval 0<¢<1. Then by Rolle’s theorem 
Ness 
for k=0, 1, 2,---,2v—3. Hence 
No + 2v =< No-2 
and also 
Now it is possible to assign a certain upper limit to N2,_2. To this end we dis- 
tinguish the following cases: 
Case 1: 2=2v—228 and divisible by 4. The interval 0<t<} may be di- 
vided into (v+1)/2 intervals: 


1 1 5 y—4 v—2 
O<t<—; —<t<—j3 —<t<—3:::; 
n n nN n n n n 


y—2 
<3 < 
nN nN 


In the interval 0<t<1/n, since Ay>0, Rs,-2(¢) might change sign, but not 
more than once. In the last interval (v—2)/n<t<(v—1)/mn no changes of 
sign occur, since R»,-2(t) changes its sign at t=} and A,_1 <0. In each of the 
intervals of the type (2k—1)/n<t<(2k+1)/m the sign may change at most 
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once, since Az, <0. Considering that R2,_2(¢) may change sign at end points 
of the intervals, the total number of changes of sign in the interval 0<t<} 
cannot exceed vy —1; in the interval } <¢<1 there is exactly the same number 
of changes of sign and the sign changes at t=}. Hence N2,2<2v—1 and 
No+2v—2< N2,_2 and this necessarily implies No=1, N2,-2=2v—1. 

Case 2:n=2v—2210 and n=2 (mod 4). By very similar considerations 
we find again N2,_»<2v—1, whence No =1, =2v—1. 

Case 3: n=2v—1213, v odd. Divide again the interval 0<#<} into 
(v-+3)/2 parts: 

3 y—4 y—2 


1 1 
<t< ; 
n n n n n 


y—1 1 

n 2 
In the first interval there might be at most one change of sign. There are no 
changes of sign in the last interval, since Rz,_2(#) passes at =} from negative 
to positive values. Neither does the sign change in the interval (v—2)/n<t 
<(v—1)/n, since at the right end of this interval R2,_2(#) is negative. Alto- 
gether R:,_.(#) in the interval 0<#<3 cannot have more than (v—1)/2 
+(v—1)/2=v—1 changes of sign. Hence N2,2.<2v—1 and again No=1, 
No-2=2v—1. 

Case 4: n=2v—1211, v even. In a similar manner we find 2v+1 as the 
upper limit of N2,_2. The inequality No+2v —2 <2v+1 shows only that either 
No=1 or No=3. To remove the last possibility we take into consideration 
R2,-3(t). First from the inequality N2,3+1< we conclude N2_3< 2v. 
Further, for small values of ¢ 


Roy—3(t) = + Aot > 0, 


(n—1)/2 
1 (n-1)/2 1 1 
Di —— <0 
nN ind 8 n 


because 
(n—1)/2 


> 
8 

in case n=3 (mod 4) and 211. Thus }N>2,_3 is an odd number, hence 
2v —2. From the inequality 


ed 

| 

and 

2v—3 8 

| 

| 
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we conclude again No=1, N2,-3=2v—2. This proof does not apply to n=2, 
4, 6, 3, 5, 7, 9. But the truth of the Lemma in these particular cases can be 
verified directly. This verification is not very laborious, since everything re- 
duces to testing whether certain algebraic equations have roots between 0 
and 1, and in all cases this is easily decided by application of the well known 
and simple Laguerre criterion. 

9. Now that the equality a,=1 is proved it follows immediately that 
8,=0 for s=v, that is, G2,(t) does not change sign in the interval 0<t<1. It 
suffices now to make use of formula (15) and apply repeatedly the integra- 
tion by parts in (12) to obtain the following expansion of R,: 


k-1 
(16) Rn = — + cg 
s=0 
where 
1 = 
n 


+ 2s)! (2v + 2s)! 


and £ is an unknown number between 0 and 1. To show that this expansion 
possesses all the properties of the Euler-Maclaurin expansion it remains to 
prove that the numbers 


alternate in sign. But this is almost evident if we notice that 


f = — 
0 


and that Go,+2,(¢) has the same sign as 


G2,420(0) = (2v + 2s)(2v + 25 — 
It is easy to see that co is negative, so that in general 
(— 1)*"c, > 0. 


The expansion (16) is especially useful when all the derivatives of an even 
order = 2» have the same sign in (0, 1). For then, retaining a certain number 
of terms in (16), the error in estimating R, will be less in absolute value than 
the first neglected term and of the same sign. 

10. Perhaps the simplest way of calculating coefficients c, is to use their 
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expression (17). Since values of B,,(x) can be expressed simply through 


Bernoullian numbers for x =}3, 3, 3, , we have for n =2, 3, 4, 6 very elegant 
expansions: 


= + + sa} 


f {i + + (=) + 
0 8 3 3 

(— — 3%) B, 
8 (2k)! 


+242) +048) + 0} 


+ 


— 


1—5-22-%* +4.42-% B, 
+. 1) 
45 (2k)! 


sev = + 216/(—) +27F (=) 4 2724(—) 


{ (1) f%-v0)}, 


+27/(=) + 216/(=) + 


7. 24-2 7 -34-2k = 64-2k 
— 1)F-! 
+2 J 840 (2k)! 
x — } . 


The following table gives values of 2, Y2r42, form =5, 7, 8: 


Y2» Y2v+4 


11 7 15351 64427 
2?-3-7-5¢ 2-3-5 2°. 13-5 3-7-13-57 
167 2665 1387331 103112581 


2-32-5-78  2-3-41-77 3-5-13-79 32.712 
37 235873 134671787 180237358327 
219. 3-11 2%. 3.5-7-13 231. 32.5 282. 32. 5-17 


0 3 
| 
i 

| 
7 

| 
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It might be of interest for practical computers to know that the remainder 
in the much used G. F. Hardy’s formula can be expanded in the same manner. 
We have in fact 


1 1 5 
= =| 0.1470 | 


1 
5 
+ (1) — f(0)} 


1—29-2*-* 
+ 
ba 300 


(2k)! 
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ON THE ASYMPTOTIC SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS, WITH REFERENCE 
TO THE STOKES’ PHENOMENON ABOUT A 
SINGULAR POINT* 


BY 
RUDOLPH E. LANGER 


1. Introduction. If in an ordinary differential equation of the second 
order, written in the form 


(1) {rAv(s) + s)}w = 0, 


d represents a large parameter, it is frequently of importance to know the 
character of the asymptotic dependence of the solutions upon this parameter 
and upon the variable s. The literature of differential equations records many 
investigations of this matter. If the variable s ranges over a real interval R,, 
or more generally over a region R, of the complex plane, on which the coef- 
ficients y(s) and 7(A, s) are bounded and the former is bounded from zero, 
there exist continuous forms composed of elementary functions of which each 
represents a solution over the entire region R,.f On the other hand, if the 
coefficient ¥(s) becomes zero at some point of R, the situation is more in- 
tricate. To represent one and the same solution an asymptotic form must then 
be constructed of other than elementary functions, or in the alternative, i.e., 
if it is to be of the simpler type, it is subject to the Stokes’ phenomenon. The 
latter requires that the form change abruptly in a specifiable but intricate 
way as certain frontiers both in the s and \ planes are traversed. The theory 
of these asymptotic solutions, it being still supposed that the coefficient 
7(A, s) is bounded as to s, has been given,{ and applies to a number of stand- 
ard differential equations. The list includes among others the equations for 
the Bessel functions,§ the Hermite or Weber functions,|| the Mathieu func- 

* Presented to the Society, September 6, 1934; received by the editors July 6, 1934. 

Tt With certain conditions when R, is infinite. 

t Langer, R. E., On the asymptotic solutions of ordinary differential equations, etc., these Transac- 
tions, vol. 33 (1931), pp. 23-64, vol. 34 (1932), pp. 447-480, vol. 36 (1934), pp. 90-106. For a de- 
scriptive account, literature and applications cf. also Langer, R. E., The asymptotic solutions of ordi- 
nary linear differential equations of the second order, with special reference to the Stokes’ phenomenon, 
Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 545-582. 

§ Langer, R. E., loc. cit. 

|| Schwid, N., On the Asymptotic Forms of the Hermite and Weber Functions, Thesis (1934) Uni- 
versity of Wisconsin; see these Transactions, vol. 37 (1935), pp. 339-362. 
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tions,* the Laguerre functions and certain of the confluent forms of the 
hypergeometric functions. 

The incidence of the Stokes’ phenomenon has been associated with the 
vanishing of the coefficient ¥(s), and its quantitative aspects with the order 
to which that coefficient becomes zero. It is shown in the present paper that 
this phenomenon is engendered also by an infinity in either of the coefficients, 
and is quantitatively dependent upon the structure of that infinity. More 
generally 7(A, s) and ¥(s) may, simultaneously or singly, become respectively 
infinite and either infinite or zero, and it is this inclusive situation which is 
discussed in the present investigation. Specifically the coefficient 7(A, s) is 
admitted to have a pole of the first or second order, while ¥(s) is taken to 
contain as a factor the quantity (s—so)’, with vy a (any) real constant exceed- 
ing —2. A number of standard differential equations may be brought under 
this general type, in particular the equations for the ordinary or the associated 
Legendre functions, for the Laguerre functions, and for the Mathieu functions 
of higher order.t The asymptotic representations of such functions with vari- 
able and parameter complex, may accordingly be obtained by suitable 
specializations of the formulas with which the present discussion culminates. 

2. The normal form of the given differential equation. Let the differen- 
tial equation, reduced by the usual removal of the term of the first order, be 
of the form (1), with \ a sufficiently large value which may be complex. This 


equation is to be considered in a domain R, which is simply connected; which 
may be finite or infinite; and which contains the point designated below by 
So. The equation, the domain, and the admitted range of parameter values 
are aggregately to fulfill a set of hypotheses which will be numbered from (i) 
to (vi) and which will be enunciated at appropriate points in the sequel. The 
initial pair are as follows: 


(i) Within R, the coefficient (s) is of the form 


¥(s) = (s — 
with v>—2, and with ¥:(s) a non-vanishing single-valued analytic function. 


(ii) Within R, the coefficient r(d, s) is of the form 


A, B, 
Ss) = + + Ci(A, 5), 
0 


(s — So)? s- 


with A, and B, any constants, and C\(d, s) an analytic function which on any 
finite portion of R, is bounded uniformly with respect to X. 
* Langer, R. E., The solutions of the Mathieu equation, etc., these Transactions, vol. 36 (1934), 


pp. 637-695. 
t Cf. Humbert, P., Proceedings of the Edinburgh Mathematical Society, 1921-22, p. 27. 
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In the product Ay(s) the constant factors may be, and will be, taken to be 
distributed between \ and ¥(s) so that the latter expands in the form 


¥(s) = (s — 50)"{1 + — 50) + — 50)? 


If in this formula and in that for r(A, s) above, the constants a; and B, are 
both zero the differential equation will be defined to be normal. In this case 
at most a change of origin and lettering may be made to give it the form 


£9 


+ x(p, bw = 0. 


(2) + 
dz? 


32 
In the contrary case the equation may always be normalized by the substitu- 
tions 


22 
(s — so) = =" w= 


the symbols of the form (1) leading then to those of (2) as is shown thus: 
p = A2?=1 — 4A), 


2? 
x(p, 2) = < C,(A, s), 


$°(2) = y,(s), w= 


The form (2) will be made basic for the discussion which follows. The 
facts to be especially noted at this point are the following. First, the constant 
u is always real and positive (not zero), but is not otherwise restricted as to 
magnitude. Second, A* is an unrestricted constant real or complex. For 
definiteness the designation A will be reserved for that root of A* for which 
(unless it is zero) 

—a/2<argA 

Third, if the constant v is not an even integer, the region R, must be considered 
as a Riemann surface with a branch point at so if unique values are to be as- 
signed to y'/2(s). The relation between s and z maps this region upon a do- 
main, to be denoted by R., which is in general also a Riemann surface (or a 
part of such). Upon this surface, whose branch point is at the origin, the 
functions ¢(z) and x(p, z) are single-valued and analytic, and on any finite 
portion of it x(p, z) is bounded uniformly with respect to the parameter p. 
Finally, the symbol ¢(z) will be understood to represent that root of ¢7(z) 
which is determined by the relation 


lim = 1, 
2-0 


3. The “related”’ differential equation. The formulas 


| 
| 
| 
| 
| 
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(3) J o(z)dz, = p® 

may be looked upon as defining the complex variables ® and £, whose domains 
of variation are to be designated respectively by Re and R;. Each of these 
domains in general lies upon a Riemann surface with branch point at the 
origin, and consists of sheets in number finite or infinite as the character of 
the constant ~ may determine. In a neighborhood of the origin the cor- 
respondence between points ® and z is of the “one to one” type. It is to be 
an hypothesis that this is so for the entire domains considered, i.e., 


(iii) The region R, is such that the correspondence of points of the Riemann 
surfaces Re and R, is unique. 


It will be observed that the domains R; and Rg» differ only in scale and 
orientation, the respective factors depending upon p. In particular, it is to be 
noted that since some neighborhood of z=0 lies in R,, therefore the region 
|¢|<N, with any fixed constant N, lies entirely within R; when |p| is suf- 
ficiently large. Also as arg p varies the domain R; rotates, so that any locus in 
£, fixed relatively to R;, has an image locus in R, which varies with p. 

It is a consequence of the hypotheses that both ¢ and @ are finite and 
different from zero except possibly at the origin. Hence the function 


(4) V(2) = 
which is indeterminate at the origin, may be taken as so defined there that 


it and its reciprocal are analytic over the entire region R,. 
Consider the function 


(S) y(z) = 


in which C, represents any cylinder function of the order 8, the latter being as 
yet unspecified. It is found that this function solves the differential equation 


wey. =0 


Since $?/? differs from 1/(4y?z”) only by an analytic function, the choice 
(6) B = 2A 
reduces the equation to the form 

4 


d*y 
(7) + + + = 0, 


with w(z) a coefficient which is analytic throughout R,. The differential equa- 
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tion (7), in so far as its more immediately essential features are concerned, is 

identical with the given equation (2). It will therefore be referred to as the 

related equation. It is explicitly and generally solved by the formula (5). The 

index B may evidently be zero or any complex constant subject to 
S 


4. The solutions of the related equation. If the cylinder function in 
formula (5) is chosen in turn as the Bessel function of the first and second 
kind, the solutions obtained are 


yi(z) = V(z)&Ja(E), 
yo(z) = 


These functions are linearly independent, their Wronskian having the value 


(8) 


—2 
ye) = p™, 
Tv 


and near £=0 they are of the forms 


yi(z) gt8O(1), 


92(z) = 


(9) if B#0, 


& log £O(1), if B= 0, 


with O(1) signifying in each case a bounded function. 

From the formulas (9) it may be seen, since §=O(z'/), that by an arbi- 
trary approach to the origin on which arg z remains bounded the solution 
yi(z) invariably approaches zero. Moreover, if R(A) >0, y:(z) is determined 
uniquely (except for a constant factor) as the solution which vanishes at 
z=0 to a higher order than any other. By a similar approach to the origin 
ye(z) either also approaches zero or else becomes infinite according as the 
real component of the constant A is less than or greater than 3. Clearly the 
same necessarily follows for any solution which is linearly independent of 4. 

In virtue of the relation 


(10) 


which is readily derived from (3) and (4), the differentiation of the formulas 
(9) with respect to z leads to 


yi (z) = O(1), 
log EO(1), if B = 0. 


(9’) 


" 

4q 

dé p™ 

| 
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The solutions (8) are especially adapted to such considerations as involve 
primarily values of é near the origin. On the other hand, when large values of 
£ are in question the solutions obtained by using the Bessel functions of the 
third kind in formula (5) are of advantage. The formulas 


Yom+1,1(2) = Yom,1(2) 


11 
Yam—1,2(2) = Yom,2(2), 


1/2 
Yom,2(2) = (=) e~ EHH] (Eg—2 


associate a pair of such solutions y,,;(z), 7=1, 2, with each integral index k. 
The members of any pair are linearly independent, their Wronskian being 


W (yet, = 2ip™, 


and each is invariably independent of y,(z). Near the origin, therefore (if 
arg z is bounded), 


&-8O(1), if B #0, 
(12) mats) = 4 
log fO(1), if B= 0, 
and 
if 
pt log £O(1), if = 0. 
Let € be chosen as any fixed sufficiently small but positive constant. Then 


the domain R; is sub-divided into a set of overlapping sub-regions =, 
1=0, +1, +2,---, by the relations 


(13) 24: Sargit Ss (1 +1 


The corresponding sub-regions of R, may without confusion be designated 
by the same symbol. Since the sub-region = on R; is fixed relative to Rz, 
the sub-region = in R, will be dependent upon and variable with p. 

When é is numerically sufficiently large, a condition which is to be indi- 
cated briefly by the symbolism |£|>WN, the solutions of the differential 
equation (7) admit of asymptotic representations. The solutions (11) were 
especially chosen so that their representations are peculiarly simple when & 
lies in suitably associated sub-regions (13), i.e., specifically 
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1 
Yom,1(2) = o(—)} forgin=@™ and 
(14) 


1 
= o(—)} , forgin and Z@™), 


The differentiation of these forms is permissible and yields 


Yom,1(2) = + o(—)} ; for in Z@™) and , 
¥(z) 
(14’) 


, = 1 
Yom,2(3) = + o(—)} , forgin=Z@"-) and E@™), 
2m,2 VS) 


A solution of the differential equation is generally found to become expo- 
nentially infinite with |$(£) |. When such is the case the solution will be de- 
scribed as of the dominant type for the range of values £ concerned. Excep- 
tionally, however, the solution approaches zero under the stated circum- 
stances. In that case it will be described as of the sub-dominant type. From 
the formulas (14) it is evident that in the domain common to the sub- 
regions and the associated solution yom,:(z) is sub-dominant, 
since in this domain $(¢)++ with |¢|. In the remaining parts of the 
specified sub-regions it is dominant. Likewise the solution yom,2(z) is sub- 
dominant in the domain common to Z°?"-) and Z°@™, since there 
3(é)——©, and in the remaining parts of these sub-regions is dominant. 
These facts may be briefly though loosely stated thus: For any index k, 
yx,1(2) is sub-dominant in the “upper half” and dominant in the “lower half” 
of =, while yz,2(z) is sub-dominant in the “lower half” and dominant in the 
“upper half” of EZ. Since any solution which is linearly independent of the 
sub-dominant one on a given range must include a component of the domi- 
nant one, it must evidently itself be of the dominant type. It follows that 
the solutions (11) are in fact determined uniquely (except for constant factors) 
by their properties of sub-dominance as described. 

The formulas (14), specifying as they do certain sub-regions (13), in 
general cease to be valid when £ passes out of these regions. This is the Stokes’ 
phenomenon. To obtain the representations when & lies in some other non- 
associated sub-region, say =”, it is, however, merely necessary to express 
the given solutions in terms of the solutions y, ,;(z), and to utilize the formu- 
las (14) for the latter. The relation between distinct pairs of solutions (11) 
which is thus brought into question is obtainable from the known relation 
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between the Bessel functions involved.* It is found in this way that when 


| > N, then 
Yom, = went o(~)| 


with coefficients as follows: 


(15) 


7 m~s+1 sin (2s — 2m — 1)Br 
= f— 1) 


sin Br : 
for in or Z), 
(m) m—s+1 1Sin (2s — 2m)Br 


ea. = (— 1) 


sin Br 


(16) 


(m) m—s+1 (2s — 2m)Br 
a2 = 1) 


sin Br 


m m—s i 2 — 2 1 
sin (2s m + 1)Br 


+ for in or 


sin Br ] 


The asymptotic form of the solution y:(z) is analogously given by the 
formulast 


(17) = cet E + o(-)| E + o(—)|! 


and 


(17’) y E +0(—)| — E 


with coefficients 


(2) —1/2¢ (2-1/2) (B+1/2) for in (2s—)) or 
(18) Co = (2m) for in or 
Since the coefficients (18) are different from zero for every index, the solu- 
tion y:(z) is seen to be of the dominant type in both the upper and the lower 
“half” of any and every sub-region (13). 
For subsequent use it may be observed that the expression 


looked upon as a ratio of determinants, is obviously independent of the choice 
of the solutions y, and y,. It follows that the expression 


* Watson, G. M., A Treatise on the Theory of Bessel Functions, Cambridge, 1922, p. 75. 
t Watson, loc. cit., p. 202. 


— 
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{x(p, 21) — w(z1) 


which is to be used below, may equally well be written 


{x(o, £1) —w(21) } er, 


(19b) Q(z, 21) = 


with any choice of the index k. 

5. The solution u:(z) when lé|<N . It is convenient for the considera- 
tions at hand to designate briefly as a “I' curve” any ordinary curve upon 
which as seen in R; the ordinate varies monotonically with the arc length, and 
upon which the variation of arg — remains below a (some) finite bound inde- 
pendent of the particular curve. Inasmuch as this description is relative to R; 
the curves in question as seen in R, depend, of course, upon p. The following, 
which is to be made an hypothesis, therefore essentially applies to a conjunc- 
tion of the admitted range of values p with the configuration of the region R,. 


(iv) The region R. is such that for any (every) admitted value of p each point 
may be connected with the origin by some “T curve” which lies entirely in the 
region. 

Let the function 0(p, z) be defined by the formula 


A(p, 2) = x(p, 2) — w(z). 
It is clearly analytic in z and bounded uniformly as to p in any finite portion 
of R.. Since the differential equation (2) may be written in the form 


1 


the left member of which is identical in structure with that of the equation 
(7), it follows that the formula 


with any limit zo independent of z, relates a solution of equation (2) with any 
solution y(z) of the equation (7). This relationship will be indicated con- 
sistently by the use of similar subscripts. 

The differentiation of (20) yields the associated formula 


(20’) = + f (s)ya(si) — yd (2) }0(0, 
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| 
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The path of integration, to be inferred from (20) or (20’) as in R., may with 
greater convenience be considered in the region R;, the transformation being 
facilitated by the use of formula (10). If the fixed limit of integration is 
chosen as the origin, and this is to be the case in the present and the following 
section, the path may and will be chosen as a curve of the type I’. With the 
introduction of the abbreviations 

21 Y,(s) = — y,(z), U:(z) = —— u,(2), 
(21) 1(z) yi(z) 1(2) 1(z) 


the relation (20) may then be written in the form 
1 
U,(z) = Vi(z) + Q(z, Uy 
pe 


with Q(z, 2:) the quantity defined in (19a). This is an integral equation for 
U,(z). By the familiar process of successive iteration it leads formally to the 
relation 


(22) Ui(z) = ¥i(z) + 


n=1 


with 
1 
p¥Jr 


and Y,“(z)=Y;,(z). Whenever it is uniformly convergent the relation (22) is 
a true formula for U;(z). It is to be shown that this is the case whenever | p | 
is sufficiently large. 

Consider the relation 


4nutut+s 


(24) = : ——O(1), when < N, 
pi™ 

with O(1) representing a function which is bounded uniformly as to n. The 
relation is evidently satisfied when m =0 because of the formulas (9) and the 
boundedness of |é |. It may be shown as follows, however, that the validity 
of the relation for any m implies it for the next larger value, so that by induc- 
tion the relation will be established for all n. 

Since the region | é | <N lies entirely in R; the path of integration in (23) 
may be taken straight. Then from the formulas (9) and (19a) it is seen that 
if 80 the character of the relation (23) is 


r 1 
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But on setting ¢=£,/£ this may be written 
1 
{O(1) + #8O(1) } 
and since y is positive and the real part of 6 is not negative this establishes 
(24) with m replaced by u+1. If 8=0 it is found in a similar way that 


1 


dé, 
(n+1) = 4(n+1) 
J ee {log £1 — log £}O(1) 


and since this may be written 

1 

= log t O(1)dt, 

0 

the conclusion again follows. The relation (24) is therefore generally valid. 
It is evident now, in virtue of (24), that the uniform convergence of the 

series in (22) over the region | £|<N is assured when | p| is sufficiently large. 
Since that is a blanket assumption for the entire discussion it follows that 


Ui(z) = Yi(z) +—— O(1),_ when SN, 
p 


i.e., more explicitly 


\ when | < N. 
p 


28) = + 

The formula (25) describes the solution u:(z) near the origin. Since it is of 
the order of +8, i.e., of the order of z'/?+4, while the exponents of the dif- 
ferential equation relative to z=0 are 4+4A, it is seen that when R(A) >0, 
u(z) is the solution which vanishes at the origin to a higher order than any 
which is linearly independent of it. It may also be observed in connection 
with the formula (25) that the second term, i.e., the vague correction term, 
is of the order of z? as well as of the order of p- relative to the explicit first 
term. 

Finally, the substitution of the values (25) and (9’) in the right-hand 
member of the derived relation (20’) yields for the integral concerned a form 


+ #8O(1)} dt. 
p 0 


Hence it may be concluded in precisely the manner above that 


(25’) ui (z) = yz when | <N. 
p 
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This formula is precisely that which is obtained by a direct formal differenti- 
ation of (25). 

6. The solution u(z) when | é| >N. When |é| is large the first or the 
second term of the formula (17) for y:(z) is dominant according as $(é) is 
negative or positive. The deductions for the solution ™(z) are to be based 
largely upon this formula and must, therefore, be appropriately adapted to 
the location of £. Since such adaptation extends merely to formal and rather 
obvious detail the explicit argument will be given only say for $(¢) <0. The 
function Y,(z) defined in (21) is then of the structure £-'/?O(1) when 
| & | >W,* the same being true moreover of the functions defined by the form- 
ulas 

et 
= V2) ye,1(2), 
ig 


Y;,2(z) = 


provided & is the index of the sub-region (13) in which £ is located, i.e., 


(26) 


(27) = #-20(1), = 1, 2, when | > N, and is in 
Let p, be defined appropriately to the value of uw in the manner 
(p, if u> i, 
(28) pu = \p/log p, if 
if u<}. 
It evidently becomes infinite with p in every case. When u=0 the relation 


—1/2 


(29) Y\(z) = O(1), when 
Py 


is valid, as was observed above. It is to be shown on the basis of the relation 
(23) that it is valid for all n. 

For the consideration of the integral in (23) let the I curve of integration 
be sub-divided into the following component arcs: T',, the arc on which | &; | 
=N;T:, the arc on which | & | >N but whose image in R, lies within a (any 
specified) finite portion of R.; T's, the remaining arc if any. If R, is finite no 
arc I’; need be considered. 

* The formula (21) was in fact designed to produce this result. If — is to be taken in an upper 


half-plane the formula (21) should be modified by replacing —i by i, a change which in no way 
affects the reasoning in §5. 
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The relations (19b) and (10) may be used to show without difficulty that 
the following are equivalent formulas, i.e., 
iW?(z,)0(p, 21) 
Vx,1(2) Ye,2(21) 
i¥4(z1)0(p, 21) 
Vz,2(21) 
(30) Q(z, = 2 
— } 
i0(p, 21) 


{ Vx,2(21) 


dz, 
dé, 


They are to be used respectively for evaluating the integrations in (23) over 
the arcs T;, T: and I's. The exponential factors are then bounded, since 
$(€—£:) $0 whenever &, is on a I’ curve which joins the origin with the point 
£. With the use of the formulas (27) when the variable is z; the formulas (12) 
and (24) when the variable is z, on T':; and (27) and (29) when 2 is on I, or 
I’; it may then be shown that the relation (23) is structurally as follows: 


ntl dé, 


Pu 21) 

In this the integral over T; and its coefficient are obviously bounded. The 
integral over I: is of the order of £:—, log &, or 1, according as 4y is greater 
than, equal to, or less than 1. Since on this arc the value of £ is at most of the 
order of p, the order of the integral is seen to be the reciprocal of its coef- 
ficient so that the product of the two is bounded. The coefficient of the in- 
tegral over I’; is bounded. To insure finally the boundedness of this integral 
as well, the following is to be added as an hypothesis upon the given differential 
equation: 


(v) In the region R, a relation 


S| 
dz 


is satisfied by some constant M, uniformly with respect to all arcs of integration 
which are of the type T for some admitted value of p, and on which |z|=Ni>0. 


4 

4 
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The form of Y,+» has thus been shown to be as given by (29), and the 
latter, therefore, to be valid for all . The convergence of the formula (22) 
when p is suitably large is therefore assured, whence it may be drawn that 


gu-1/2 
Ui(z) = + O(1), when > WN, 
Pu 


O(1) 
Pu 


uy(z) = yi(z) + 


This is the result obtained on the assumption that £ remains in a lower half- 
plane. The form correspondingly obtained when £ is in an upper half-plane 
differs from it only in that the factor e* is replaced by e~*. For unrestricted 
variation of — the result may, therefore, be expressed by the formula 


e#O(1) + e-#0(1) 


Pu 


(31) = yi(z) + when | > 


A discussion entirely similar to that given but based upon the derived 
formula (20’) may be made to yield the representation of x (z), or alterna- 


tively the direct differentiability of (31) may be justified. Upon substituting 
for y:(z) its forms (17) and (17’), it is to be concluded that when | ¢ |>N, 


+ +0 =)+ o(— 


(32) 


and 


(32’) 


+O 
¥(z) 
with the coefficients (18). 


— +O 

THEOREM 1. Under the hypotheses (i) to (v) the solution of the differential 
equation (2) with the exponent $+ A relative to the origin has the form (25), 
(25’) for values of z such that |&|<N, and the asymptotic forms (32), (32’) 
with coefficients (18) when |£|>N. 

7. The sub-dominant solutions. The results of the preceding section 
show that the solution u(z) is of the dominant type for all admitted ranges 
of the variable. It is to be shown now that the differential equation admits 


i.e., that 
Pu 
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also solutions which are of the sub-dominant form in appropriately associated 
domains. These solutions are analogous to the solutions y,.,;(z) of the related 
equation, and will, of course, be linearly independent of (2). 

The domain common to a pair of adjacent sub-regions (13) lies wholly in 
either an upper or a lower half-plane. Its boundary, a portion of the boundary 
of R:, either contains a point to be denoted by &y, at which $(&) is numeri- 
cally a maximum, or else $(£) is unbounded, the domain extending to in- 
finity. A distinction between these cases will be avoided by permitting £y to 
designate either the finite or the infinite point. There will be one such point 
for each pair of adjacent sub-regions (13). Inasmuch as these points are fixed 
relative to R; the image points zy in R, in general vary with the parameter. 
The following hypothesis (the final one to be made) therefore again concerns 
the configurative character of R, together with the admitted range of values p. 


(vi) The region R. is such that for any (every) admitted value of p each 
point Ey may be connected with any (every) point of R; in its respective half- 
plane by a curve of the type T lying entirely in R:. 


It will be evident that in virtue of the earlier hypothesis (iv) each point 
£4 may be connected by aI curve not merely with any point of its own half- 
plane as stated, but in fact with any point of the two sub-regions (13) within 
which it lies. 

A specific point £y lies either above or below the axis of reals and some 
adaptation of the details to the case in point must be made. In principle, 
however, the argument is general and the explicit discussion will therefore be 
given only say for a case in which $(£~) <0. The regions =“ in which éy is 
included are then given by k=2m—1 and k=2m with a suitable integer m. 
The variable £ will be supposed to remain in these same sub-regions through- 
out the discussion of this section. 

Let the formula (20) be written with the roles of y(z), zo, and u(z) taken 
by yx,2(2), 2a, and wu, 2(z), the path of integration being chosen as a I’ curve. 
With the use of the abbreviation 


et 
Ux,2(z) = 


V(z) 


the relation may then be written 


Uom—1,2(2) = Uom,2(z), 


1 
Uom,2(2) = Vom,2(z) + —f Q(z, o(21)dé1, 


and this by iteration leads to the formal relation 


3 

4 

4 

i 
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(33) Usm.2(2) = Yom,2(2) + 


n=1 
with 


(n) 


n 1 t(&—€, 
(34) Vim (3) = — f Q(z, 


and VY 2(z)=Vom.2(2). It is to be shown that for all n 
(n) gu-1/2 
(35) = —-—O(1), when >. 
p” 


This is a fact when  =0, since the relation is then included in (27). 

When £ lies in the region | £|>WN the same may be assumed of the entire 
curve I’,* and the latter therefore consists of at most arcs I, and I; as such 
were described in §6. Upon these arcs the second and third of the formulas 
(30) multiplied by e?*¢-*2 may be respectively used to give the kernel of the 
formula (34). The exponentials involved are seen to be bounded since 
§(€—&) 20 when & is on a I curve joining € with a point £y such as is being 
considered. If then the relation (35) is assumed to hold for any n, the struc- 
ture of (34) is 


1 


(21) 


and the members within the brace are bounded as was found in §6. The rela- 
tion (35) is thus generally valid, the formula (33) accordingly convergent, 
and in consequence 

u—1/2 


Uem,.2(2) = Yom2(z) + : O(1), when |é| 


Pu 


Hence 


U2m—1, 2(z )= U2m, 2(z), 


O(1) 
(36a) t2m,2(2) = Yom2(2) + » when |é| > N, 
p 


and é is in or 
and the formula may be shown to be differentiable. 


* The distortion of the curve which may be necessary to circumvent the domain || <N is 
always slight and is readily seen to be negligible. 


[May 
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When éy lies in an upper half-plane it is contained in a pair of sub-regions 
ZGm), Z@m+), The discussion corresponding to that given above and based 
on the abbreviation 

= VW tx ,1(2) 
is found then to lead to the result 


Uom+1,1(2) = tom,1(Z) , 
O(1) 
(36b) Uom,1(Z) = Yom,1(z) + » when |é| >, 


Pu 


and is in Z@™ or , 


On substituting the forms (14) it is thus established that when | £|>N 
1 1 
= + 0(2)}, 
Pu 


V(z) g Pu 


for é in (2m) and 


1 1 
Pu 


for in and Z@™), 


8. The solutions u,,;(z) for unrestricted values of z. When lé|<N the 
path of integration in the formula (34) may be chosen as a I’ curve from éy 
to the edge of the domain | ¢ | <NV, and thence to the point £ as any ordinary 
curve on which | £, | decreases monotonically and arg £, is bounded. The initial 
part will thus consist of at most arcs of type I’; andI:, and on these the equiva- 
lent forms 


2¥(z) 


O(z, = 
{ — } 


may be respectively used in conjunction with the relations (35), (27) and 
(12). For the integration over the remaining arc, which will for convenience 


| 

| 

; 

be 

é 

i 
| 
(37) 
; 

H 

} 
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be denoted by I, the formula (19a) may be drawn on for Q(z, z:), and used 
in conjunction with (9). If it is assumed then that the relation 


-8 
if 8 0, 

(38) V2m,2(2) = when |¢| < N, 
== O(1), if B= 0, 


holds for any specific value of m, it is found that when 840 (34) is of the 
form 


O(p, z d 
prt Jry $(21) p* 


Pu 
Pe. +00 | 
p*# 


$l 


The formula when 8 =0 differs from this in details which will now be familiar. 
The terms involving the integrals over I'3 and I are of forms which have 
previously been discussed, and found to be bounded. In the integral over I, 
the quantity (£/£,) never exceeds unity in numerical value and is of bounded 
argument, while (28) 0, and as a result the term in question is seen to be 
likewise bounded. Hence the relation (38) remains valid when n is replaced 
by n-+1, and since it is evidently so when m=0 it is valid for all n. 
From (38) and (33) it follows that the formula 


O(1), if B¥0, 
= Yami) +) lel sy, 
if B= 0, 
Pu 


holds when j =2. An entirely similar discussion may be made to show that it 


holds also when j7=1. The conclusion to be drawn is, therefore, that when 


|£|<N and arg z is bounded, 
O(1) 
if 8B ~0, 
W(z)& log if B=0. 
Pu 


(39) tom, i(2) = Yom,i(2) + 


The associated result 


| 


1935] ASYMPTOTIC SOLUTIONS AND STOKES’ PHENOMENON 


—u-B 
he 0, 
WV(z) Pu 


log p*O(1) 
V(z) Pu 


is obtainable by the substitution of (39) into the derived relation (20’). 

The formulas (39), (39’) give the descriptions of the solutions u;,;(z) for 
values of z such that | é | < N. It only remains, therefore, to consider the forms 
of these solutions when | ¢|> WN and £ is not in one of the specially associated 
sub-regions (13) indicated in the concluding formulas of §7. In this connec- 
tion the following considerations may be made. 

Every value é is included in some sub-region (13), and hence any given & 
may be said to lie in =” since this amounts merely to a specification of the 
index h. The associated solutions u,;(z) are then of the forms which have 
been deduced above. In terms of them the solutions of any arbitrarily chosen 
pair, say “,,;(z), may be expressed linearly, i.e., 


(40) Up, = Cy, + Co, 


(39) Yam, i(2) + 


» if B=0, 


with coefficients C;,; independent of z. The identities between the corre- 
sponding solutions of the related equation may be written 


(41) i(2) = Ci, + Ca, 


Now when | é| <N the solutions involved in (40) are given by the formulas 
(39), and hence (40) is also expressible in the form 
O(1) 
ye, i(2) + = C1, ;¥n,1(2) + C2, 


Pu 
On subtracting (41) from this it is accordingly found that 


o(1 
— C1,1) + — = (1) ‘ 
Pu 


a relation which in virtue of the forms (12) implies that 


O(1) 
= Cig + 2. 
Pu 
On inserting these evaluations in (40), however, and allowing é to take large 
values in =‘ the comparison of the right-hand members of (40) and (41) 
leads to the conclusion that 


415 
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e€O(1) + e-*O(1) 


Pu 


when > N. 


Since the index / is not in evidence, this formula is valid for an arbitrary loca- 
tion of £ in the region | ¢ | > WN. Finally, if the forms (15) are inserted for the 
solutions y,,; the results are the following: 


Uom,1(Z) = Uom+1,1(2) , Uom—1,2(2) = 


tom, = wee + o(—) + o(-)] 
+ é Cj,2 + — + — 
Pu 


with coefficients dependent upon the location of ~ as given in (16). These 
formulas include the formulas (37). However, when they are applicable the 
latter are more precise, since in (43) the vanishing of the entire coefficient 
of an exponential cannot be directly inferred from the vanishing of the con- 
stant ¢;") involved, and the identification of a solution as of the sub-domi- 
nant type may thereby be made impossible. 


THEOREM 2. Under the hypotheses (i) to (vi) the differential equation (2) 
admits of fundamental pairs of solutions ux,;(%), 7 =1, 2; +1, +2,---, 
which are of the forms (39), (39’) for values of 2 such that |&|<N, and for 
values of z such that |€|>WN are generally of the forms (43) with the coefficients 
(16), and more specifically of the forms (37) in the sub-regions for which the 
latter are indicated to be valid. 
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A PRIORI LIMITATIONS FOR SOLUTIONS OF 
MONGE-AMPERE EQUATIONS* 


BY 
HANS LEWY 


Introduction. As has been well known since the fundamental papers of S. 
Bernsteinf on the generalization of Dirichlet’s principle, one of the main 
points in proofs of existence for elliptic equations, and the most difficult one, 
is to obtain suitable estimates for solutions and their derivatives under the 
assumption of their existence, the so-called a priori limitations. Since the 
purpose of this paper is merely to establish such limitations in the case of 
analytic elliptic Monge-Ampére equations, we do not intend to repeat here 
once more the classical reasoning of S. Bernstein. 

The method used in this paper will be found different from those generally 
adopted for similar purposes in the case of quasi-linear equations. It seems 
to the author that the adaptation of a Monge-Ampére equation to a scheme 
permitting the application of the sharp a priori limitations for linear equa- 
tionst is efficient as long as there exist estimates for the third derivatives, but 
is no longer available, if, as in the present paper, we try to establish estimates 
for the third derivatives assuming the knowledge of bounds for the absolute 
values of the solution and its derivatives up to the second order. 

Our method consists in an analytic continuation of the solution into a 
complex domain similar to that which we introduced in a former paper§ in 
order to prove the uniqueness of Cauchy’s problem. In the case of a Monge- 
Ampére equation we can, however, use a simpler system of characteristic 
equations than in the most general non-linear case of analytic elliptic equa- 
tions. After this has been done a study of the behavior of the analytic con- 
tinuation is undertaken in order to prove that it has a certain property of 
“Schlichtheit.” This is the principal feature which makes the application of 
Cauchy’s integral formula possible. This Schlichtheit is proved by some sim- 
ple topological considerations. 


* Presented to the Society, September 5, 1934; received by the editors October 1, 1934. 

7 S. Bernstein, Sur la généralisation du probléme de Dirichlet, Mathematische Annalen, vol. 62 
(1906), p. 253, and vol. 69 (1910), p. 82. 

t See for example Julius Schauder, Uber lineare elliptische Differentialgleichungen zweiter Ord- 
nung, Mathematische Zeitschrift, vol. 38 (1934), p. 257. 

§ Hans Lewy, Eindeutigheit der Lisung des Anfangsproblems einer elliptischen Differentialgleich- 
ung, Mathematische Annalen, vol. 104 (1931), p. 325. 
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In a subsequent paper we intend to give an application of our present re- 
sults to an important existence problem of differential geometry in the large. 

1. We start with a discussion of the analytic continuation of solutions 
mentioned in the Introduction. Let A, B, C, D, E be analytic functions of the 
five complex arguments u, v, x, ~, g in a complex neighborhood N of a real 
point To(%o, vo, Xo, po, Yo), $1, which assume real values for real 
values of the arguments. Suppose moreover that at the point 7; the expression 


A = 4(AC + DE) — B? = 2a?, a>0, 


so that 
4(AC + DE) 2 2a?. 


Now let M>0 be a given number. Then there exists a sufficiently small sub- 
neighborhood NV, of To of the form 


— uo| Se, |v— Se, | — xo — po(u — uo) — go(v — 


|p — po| S 2eM, |q 2eM, >0, 

and a constant K >0, such that at every point T of N,, 

(1) |A| > a, | 4(AC + DE)| > a?, 

and that all the functions A, B, C, D, E are analytic in NV, and remain, to- 
gether with their first partial derivatives, less than K in absolute value. We 


omit the obvious proof and state that the numbers a, e, K are functionals of 
A, B, C, D, E and functions of the number M. In JX, the two roots of the 


quadratic equation in \ 
(2) 2 — AB + (AC + DE) = 0 
are distinct and given by 
2\, = B+ iA’? and = B — iA!??, 

We now take for x an analytic and real-valued function of two real variables 
u, v, defined in the square 
| — uo| Se, lv — | Se, 
and denote, as usual, by #, g, 7, s, ¢ its first and second partial derivatives. 
We suppose 

V0) = Xo, %) = po, q(uo, = go, 
and assume that in the square S, 
(1.1) |s|, Jel 
and that throughout S, the Monge-Ampére equation holds: 
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(3) Ar+ Bs+Ct+ D(rt — s*) = E. 


Condition (1.1) implies that, for every point of S., (u, v, x, p, g) lies in N.. 
We take two points of S., P and Q, and map the line segment PO affinely 
onto the line segment from the point (—1, 1) to the point (1, —1) of the line 
vy+6=0 of the y, 5-plane. Thus to every point z of the latter segment there 
belongs a pair of functions u(7), v(a), which serve to define three more func- 
tions of 


= x(u(r), = p(u(r), o(7)), g(r) = g(u(r), 
With that segment as initial curve and u(7), v(r), x(x), p(x), g(r) as 
initial values we set up the following hyperbolic system (of characteristic 
equations of (3)): 
(4.1) Xy — Puy — qdy = 0, 
(4.2) Aiuy — Avy — Dg, = 0, 
(4.3) A2us — Avs — Dgs = 0, 
(4.4) — Ev, + Cqy + up, = 0, 
(4.5) — Ev + Cos + reps = 0. 


Concerning this problem we prove the following 


THEOREM. There exists a positive number €,<«, which depends only on «, a, 
K, M, such that 
(i) solution u(y, 5), v(y, 6), ---, 8) of (4.1-4.5) exists throughout the 
square |y| <1, |5| <1; 
(ii) for every point of this square (u, - - - , q) belongs to N.; 
(iii) the solution has continuous derivatives with respect to y and 5 and depends 
analytically on the coordinates of the points P and Q, used in the determination 
of the initial values; 
(iv) in the square |y| <1,|8| <1 the first derivatives of the functions u,v, x, p,q 
with respect to y and 6 remain bounded by 2rz, z =PO, and moreover 


(5) | 8) — u(y, — S Bs, 


provided P and Q lie both in the square 


— S41, lv — | <4; 


the numbers 7, B are functions of a, K, M, «, to be specified later. 


We first derive certain bounds for our functions x(u, v), p(u, v), g(u, 2), 
r(u,v), s(u, v), t(u, v) for real u, v in S,. In view of (3), 


A = 4(A + Dt)(C + Dr) — (B — 2Ds)?. 
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Hence, by (1), 
4(A + Dt)(C + Dr) > a?. 


The factor A+ Dt, being continuous, never vanishes and may, without loss 
of generality, be assumed positive. We then have 
2 a? 


6 A Dt > C + Dr > 
(6) + + Dr + M) 


4K(1 + 
B 2 
—-—Ds 

(6’) (2 ). —A C+ Dr + MY 
A+D/ 4A+D)?| A+Dt A+Dt~ a? 


(7) |A| < 9K?, | Al? < 3K, 
the last inequality being valid in the whole V,. We now define a non-negative 
angle ¢:<7/2 by the equation 
4K(1+ M 
(8 


If |¢| <¢u, we have cos ¢ =cos ¢ >0. If, on the other hand, r—¢:>¢2¢1, we 
deduce the following inequalities: 


B 1 
tan S tan | cos ¢- < sin @:(A + Dt), 


B 1 
5) +sing-(a + Di) 2 = sin 6:(4 + Dt) 


cos (2: 


(4 + Dt) = a? sin 

8K(1 + M) 

In order to solve the above stated hyperbolic problem, we reduce it to a 
system of five equations of second order. Thus we shall need to know the 
initial values of the first derivatives of the solution whose existence we are 
going to establish, along the initial line y+6=0. The equation of the line in 
the u, v plane joining P and Q has the form 


v cos — “usin ¢ = const., 
where ¢ is the angle of the direction from P to Q with the positive wu axis. 
On the other hand let us denote by (’) the operation of differentiation with 


respect to the arc length of the line y+ 65 =0. We evidently have for any func- 
tion f(y, 5), having continuous first derivatives, 


: [May 
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ay 
2 


Thus we find 


21/26! = (rcos#¢+ssing), 21/29’ = (s cos ¢ + 9), 


22x! = p(uy — us) + g(vy — %). 


This together with the equations (4.1-4.5) yields the following values for 
the initial values of u,, “3, vy, v3, account being taken of the non-vanishing 
of the determinant 

i-g 0 
0 -A 

-A (Ar — d2)2(AC + DE) 

0 0 -E 


— A(AC + DE); 


2(A1 do) 


[— (Ae — Ds) cos ¢ + (A + Dé) sin 9], 

[- (A. — Ds) cos + (A + Dé) sin 

(Dr + C) cos ¢ + — Ds) sin 


[— (Dr + C) cos ¢ + (Az — Ds) sin 9], 


ted 


Ly = puy + = pus + 
py = Tuy + Sry, ps = rus + Sv, 
qy = Su, + tr,, qs = Sty + 


This leads to an important set of inequalities for the real and imaginary parts 
of uw, on the initial line y+6=0. If || <¢1, we have 


(12;) R(u,) = cos ¢ = = COS 
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Similarly for 


(122) R(u,) = cos <- cos ¢). 


If, on the other hand, ¢1<¢<—qy, we find, on account of (9) and (7), 
a? sin 


(123) — 2 


and, for 
(12,4) — 3(u,) 


— a’ sin 
96K2(1 + M) 


This may be expressed in the following form: the entire range of ¢ splits up 
into four sectors such that within the first sector (u,) is bounded below by 
282, within the third sector R(u,) is bounded above by —28z, within the sec- 
ond sector —$(u,) is bounded below by 28z and within the fourth sector 
—%(u,) is bounded above by —26z. It is sufficient to choose for 28>0 the 
smaller one of the two numbers } cos ¢; and a? sin ¢:/(96K?(1+M)) which 
both depend only on a, K, M. Hence 8 depends only on a, K and M. 

We notice furthermore that our formulas (11) show the existence of a 
positive number 7, depending only on a, K, M, e, such that, on y+6=0, 


(13) | < rz, <7z,---, | qs| < rz. 


We now indicate briefly a methodf of solving the system (4.14.5). Differ- 
entiate (4.1), (4.2), (4.4) with respect to 6 and (4.3) and (4.5) with respect 
to y. We obtain five equations containing second derivatives of the unknown 
functions only of the type 02/0705. We solve with respect to these, which is 
possible since A+0. The equations so obtained have the form 


(14) Au,s; = quadratic form in u,, us, , Gy, 5 


with coefficients which are polynomials in A, B, C, D, E and their partial 
derivatives with respect to u, v, x, p, g, in other words with coefficients limited 
in absolute value by a suitable polynomial g(K)>0 as long as u, v, x, p, g 
remain within NV. Under the same condition | A| >a?. We now apply succes- 
sive approximations to system (14) with initial values as determined above by 
two points P and Q of S,, where « satisfies the following inequalities: 


a. <€, 800g(K)r- < a?, + 8-2'/27) < e, 
(15) €:(2M + 8-2'/*7) < 2Me, €:(4Me + 24-2127) < 4Me?, 
800g(K)r?- 23/%e, < a8. 
t Cf. Hadamard, Lecgons sur le Probléme de Cauchy, Paris, Hermann, 1932, pp. 488-501. 
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Postponing the definition of the first approximation, let us suppose that any 
one of the successive approximations exists in |y| <1, |6| <1, and that 
(u, v, x, p, g) isin N,, while the partial derivatives with respect to y or 6 are 
in absolute value <2rz. Then for the derivatives of the next approximation 
u*, - - - ,q* which certainly exists in |y| <1, | 6] <1, we find from (14) 


K 
| uys| < 
a? 


On integrating this and taking into account (13) and the relation PQ =z 
< 2°/e,, we have 


800g(K) 


a? 


800¢(K) 


rg? ro(1 


rs) S 27z, 
(16) 


-++, S272 for |y| <1, |6| <1. 
On the other hand by (1.1) we have for the initial values of the u, v, x, p, ¢ 


|u—m| Sa, Sa, |p — pol S$ |g — go| 2Mar, 
| x — Xo — po(u — uo) — go(v — v0) | < 4Me?. 
Hence on integrating (16) and in view of (15) and | fo| <1, |go| <1, we have 
for |y| <1, | 4| <1, 
| p* — po| S + 2Me, 
| g* — qo| S 2Me, 
| u* — Se: + Se, | — Se, 


| — ao — po(u* — uo) — go(v* — S 4Me? + < 


(17) 


This shows that all the functions u*, v*, x*, p*, g* remain within W,, pro- 
vided we define a suitable first approximation. We do this by setting as a 
first approximation a solution of the system 


Uys = 0, gs =O, 


with the given initial data. 

Since for this solution the values of u,, - - - , gs at any point y, 6 coincide 
with some initial value, the above inequalities (16), (17) hold for the first 
approximation and thus for all of them. 

It may now be shown that the successive approximations converge uni- 
formly together with their first derivatives to limit functions and we get a 
solution of the system (4) assuming the given initial values. This solution is 
the only one having continuous first derivatives and can be differentiated 
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with respect to y and 6 as well as with respect to any parameter as many 
times as the initial data themselves.f 

Obviously the solution satisfies the same inequalities (16) and (17) that 
are satisfied by all the approximations. 


Moreover, by (14), 
02. 
dé| = 800 rz? S Bz. 


This is the desired inequality (5). Thus all the statements of our theorem on 
page 419 have been proved except the analytical dependence on the coordi- 
nates of P and Q. 

This last property results from the fact that our initial data are analytic 
functions of these four coordinates. Let us denote the coordinates of P by 
a; and by, those of Q by az and be. If we give ai, bi, a2, be complex values, but 
very near to those real values for which we made the above construction, we 
get new initial data which differ as little as we please from the former ones; 
we may assume that the inequalities (13) remain valid for the new initial 
data. If now we construct the solution of the modified initial problem, we get 
again a solution for the whole square || <1, | 6| <1 and this solution stays 
as near as we please to the former solution on account of the continuous de- 
pendence on the initial data. We thus get a solution depending on four com- 
plex parameters and the two real variables y, 6. Denote by 7 =7+7m2 any 
one of the complex parameters. The initial values, being analytic functions 
of 7, satisfy the Cauchy-Riemann equations which evidently can be written 
in the following form using the abbreviation V =0/01+70/0n2: 


YVu=0, YVo=0,---, Va=0. 


g(K) 


On the other hand, on operating with VY on the system (4.1-4.5) we get 


0 0 0 
— (V«) — p— (Vu) — (V2) = 4 VP + 7, V9, 
oy oy Oy 


0) + C (V9) ( V2) = 


i.e.,a hyperbolic system, linear and homogeneous, with a non-vanishing “de- 
terminant” (10) for the unknowns Yx,---, Vg. Since a solution of this 
system is Vx= --- = Yq=0 and the solution is uniquely determined by 
initial values, we conclude 


{ For the proof of all these statements, see Hadamard, loc. cit. 
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Vu = Yq = 0. 


This implies the desired analytic dependence on a, bi, a2, be in the square 
|y| <1, |6| <1, expressed by means of the Cauchy-Riemann equations. 

2. We return to real values of ai, 1, de, b2. The manifold of solutions 
seems to depend on these four variables and the two variables y, 6. It is pos- 
sible, however, to reduce the dependence to that of a1, b:, de, b: only. If we 
substitute for y a variable y’=ky-+/ and for 6 a variable 6’=k’5+/’ with 
kk’ #0, a solution of the system (4) becomes a solution of the same system in 
vy’, 5’ because of the homogeneity of (4) with respect to the derivatives 0/dy, 
0/06. Now let P’, Q’ be two points of, and in the same order as, PQ. The 
range of the initial values of the problem (4) determined by P’ and Q’ may be 
transformed by the above substitution into a part of the range of the initial 
values of the PQ problem. The same must then be true for the range of the 
corresponding solutions of the P’Q’ problem and of the PQ problem. If there- 
fore we agree to consider only the point y =1, 6=1 of the PQ problem and to 
write the solution at this point as a function of a, b;, a2, b2 only, the whole 
square will consist of points at which the solution is the same function with 
different values of the argument ay, b;, de, b2. In particular, the line 6=1 cor- 
responds to fixed (a:, b:) while (a2, b2) varies along a line through (a, 6:). 
This shows that we have on 6=1 the following rule: The differentiation 0/dy 
of our solution, considered as function of y, 5 and of the four parameters 
a1, by, a2, b2, reduces to the operation 


( + sing ) 
sin 9 — 
2 b 


if we write our solutions as functions of a, bi, a2, b2 only. Notice that the 
solution is defined for |a:—uo| Se, |bi1—v0| Se, Se, | b2—v0| Ser 
and that the originally given functions in the real uw, v-plane now appear as 
functions of the four arguments for coincident P and Q, i.e., for a; = de, b; = be. 

3. We now set up another hyperbolic system for two functions u(7, 5) and 
v(y, 5) to be determined for || <1, | 6| <1. The initial values are given on 
+6=0 in the same way as on page 419, but the equations are 


(18.1) (Ai — Ds)u, — (A + Dét)v, = 0, 
(18.2) (Az Ds)us (A = 


Here the quantities x, p, g, 7, s, t are to be considered as analytic functions 
of « and v, determined by the originally presented solution of the Monge- 
Ampére equation. On writing 
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— Ds 
 A+Dt 


(19) p 


this becomes 
(18.3) Vy — pu, = 0, 
(18.4) 1% — pus = O. 
We conclude 
Aity — Avy — Dg, = 0, Agus— Avs — Dgs = 0, — Ev, + Cqy + Arp, = 9, 
since, in view of (2) and (3), 
(dur + Cs)(A + Dt) + Qus + Ct — E)(1 — Ds) = 0. 
Similarly we obtain the relation 
— Evs + Cas + = 
We also mention the identity 
— — qdy = 0. 

Thus the introduction of the new initial problem leads to a set of functions 
u(y, 5), - - - , g(y,-5) which turns out to be a solution of (4.1-4.5) with the 
same initial conditions. In view of the uniqueness theorem the two solutions 
must coincide wherever they exist simultaneously, which is true for P suffi- 
ciently near Q. 

Equations (18.3) and (18.4) admit of a simple interpretation. For in- 


stance, if y varies alone, the differentials of u and v are connected by the 
ordinary differential equation 


dv — pdu = 0. 


Returning to the variables a, 61, a2, b2, we may say that if (a, 6;) is fixed 
while (a2, b2) varies along any line through (a, b:), then (w, v) moves on a 
certain two-dimensional surface M, of the four-dimensional complex u, 2- 
space, called characteristic “megaline.”* For (de, 62) sufficiently near (a, b:) 
the equation of M, has the form 


v = analytic function of u. 


Thus, for Q sufficiently near P, we may write the corresponding Cauchy- 
Riemann equations in the form 


(20) — Vd,Ma, = 0. 


* Hadamard, loc. cit., p. 512. 
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But in view of the above stated analytical dependence on (a, bi, de, be) this 
relation holds on the whole range of the values of (a, 61, a2, be). Similarly we 
find 


(21) Va,Uo, — = 0. 


From (20), (21), (18.3), (18.4) we uerive a fact of fundamental importance 
for our discussion, namely that the quotient ua,:u», is independent of a, bi. 

Indeed, since on M,; we have 0 =dv—pdu, the relation 
(22.1) Va, — PUa, = O 
is satisfied on M, and holds for any M,, or, in other words, for any qi, d:. 
Similarly 
(22.2) vo, — plo, = 0, 
(23.1) Va, — Pua, = 0. 
Now differentiate (23.1) with respect to a: and bs, (22.1) with respect to a: 
and (22.2) with respect to a:. This gives 


Va,b, — — — = 0, 


Va,a, — PUaya, — Pvtla,Va, = 


Va,b, — PUa,b, — Pulld,Ua, — 


Va,a,%b, — Va,b,4a, — = Ua,b,Ua,) 0, 
— — P(Ma,a%d, — Ua,d,%a,) = 0. 
p¥ gives 
Ua,a,4b, — Ua,b,4a, = 0, 


which shows that u,.,:%», does not depend on a. 

In an analogous manner we find that «.,: 4», does not depend on d;. Hence, 
in order to compute the value of u.,:», for any (41, 61, a2, 62) we may compute 
it for a;=d2, b} =be, i.e., for (@2, be, a2, be). In view of the known values (11) 
for the initial values of wu, and our remark on page 425 we get 

2 
— Uy COS + SIN Uo, 


(24) 


[— (2 — Ds) cos ¢ + (A + Dé) sin 9]. 
— Ne 


, 
= 0. 
By (20) 
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Taking ¢ =0 and ¢=7/2 gives finally 
(25) Uo, = 


We notice that this expression has a positive imaginary part. Since x, p, ¢ 
are analytic functions of « and v and thus of u alone on M,, we have on M, 
the Cauchy-Riemann equations 


— = 0, 
(23) Pato, — Po,%a, = 0, 
— Jo,%a, = 0, 
and these relations again hold for all a1, b;, a2, b2 in question. 


4. We now proceed to establish a fact which forms the salient point of 
the present investigation. 


THEOREM. The function u(uo, Vo, a2, is “schlicht” for |u—wuo| <2Be1, or, 
in other words, the equation 


u(uo, Vo, be) = U 


has one and only one solution (az, bz) in |a2—uo| Se, |be—v0| Se: provided 
| <2Be. 


Let us write (5) in the form 
ty(y, 6) = u(y, — 7) +h, |h| S Bz. 


The value u,(y, —7) satisfies the inequalities (12;-12,). Hence, for |y| <1, 
<1, 


= Bz for |¢|<d, 
R(u,) S — Bz forr7-—G Gi, 
— 3(u,) 2 Bz for 
— 3(u,) S — pz for 7+ ¢15¢ — 
An integration from y = —1 to y= +1 along 56=1 yields 
R[u(1, 1) — wo] = 262 for |¢| < 
R[w(1, 1) — wo] S — 262 
— $[u(1, 1) — = 262 hi, 
— $[u(1, 1) — uw] S — 262 for r+ ¢1 ¢ S — oy. 


Let us take for P the point (mo, v9) and let (a2, b2) vary in the square R: 
|@2—wo| Se, |be—v0| Se. Imagine the complex conjugate quantity @(uo, v0, 


(26) 


(27) 
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a2, bz) —% as a vector* attached to the variable point (a2, b2) of R. Formulas 
(27) show that %#(uo, v0, a2, b2) —u%o forms an angle less than 7 with the vector 


dz — Uo + i(be — 2) 


which is #0, provided (a2— 1)? + (bz — v0)? #0. If we follow along any closed 
Jordan curve contained in R and such that (mo, v9) lies in its interior, the 
rotation of after one circuit must equal that of i.e., 
27. On the other hand the vector % — 1» depends analytically on a2, b2 and has 
for every subdomain of R only a finite number of singularities. (The same 
will be true for any vector 1(uo, 20, @2, b2) - U, U being a constant.) We con- 
clude that the point az = mo, bz = v9 is a singularity of the field v0, d2, b2) — 
with index +1. 

By (27), the expression #—U does not vanish along the contour of R if 
| U—1o| <26a, since z=PQ=« as long as Q varies along the contour of R 
and P is the center (mo, vo) of R. For reasons of continuity, the rotation (along 
the contour of R) of #— U equals that of 7—1, so that we may say that the 
vector field #— TU has at least one singularity within R for | U—u| <2Be, and 
the sum of the indices of all singularities in R equals +1. On the other hand 
it follows from the lemma below that any such singularity has an essentially 
positive index, hence there can be at most one singularity, which is the de- 
sired result. 


Lema. Let, without loss of generality, the origin of an a, b-plane be a zero of 
a complex vector u(a, b), analytic near the origin and such that the quotient 
Ui» =x has a negative imaginary part at the origin: ¥(ko) <0. Then the singu- 
larity of the origin has a positive index. 


We prove this lemma by developing u in a Taylor series in b+ x a and 
b—xoa. Let k>0 be the smallest degree for which there are non-vanishing 
terms so that the series begins as follows: 


w= Koa) * + koa) *-1(b + koa) + “oe + + koa) * + 


Form the expression u,.—«u, and develop it into a power series in a and ); 
it must vanish identically. On the other hand the terms of lowest degree in 
u,— ku» have the form 


— 2xo[kei(b — Koa) + - + + Koa)**] 
so that we conclude c,=¢c2= - - - =c,=0. Thus the Taylor series of u begins 
with the term ¢441(b+koa)*, cx410, and the singularity of uat a=b =O is that 
of Cx41(b-+xoa)* and has the index k>0. 


* For the notions concerning vector fields used in this paragraph, see for instance W. Fenchel, 
Elementare Beweise und Anwendungen einiger Fixpunktsdize, Matematisk Tidsskrift, (B), 1932, p. 66. 
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5. The theorem of the preceding section enables us to write the megaline 
M, in the form 


v=analytic function of u 


for u varying within the circle I’: | «—1o| <2. Within R none of the partial 
derivatives of u(wo, Yo, a2, b2) with respect to az or be vanishes. For we con- 
clude from (26) and (24) that there is at least a linear form in u,., and wo», 
which differs from zero. On the other hand the quotient u.,:“», has a positive 
imaginary part and cannot vanish, which proves that u,, #0, u»,40. 

Hence, the relations (20) and (23) yield the analytic dependence of 2, x, 
p,qgon won the megaline M,, provided u lies inT. 

Integration of (13) gives, for |a2—uo| Sa, | b2—v0| 


|vo—wl,---, |g — qo| S 


Let us denote by d/du the differential quotient on M, (u in T). Cauchy’s in- 
tegral formula yields for u =p 


1 (v—)du dv n! (v — v)du 


2riJr (u — du" (u — 


d"q n! 2123/27¢, n'23/27¢, 
dun)’ "|du"|~ (2Be:)" (2Be1)” 


The differentiation d/du at the point «=» of M, is connected with the par- 
tial derivatives 0/du and 0/dv at the point wo, vo by the relation 


Thus the above inequalities for the successive derivatives at the point uo 
yield inequalities for the partial derivatives of the given functions x(u, 2), 
p(u, v), g(u, v). And anyone of these inequalities yields two estimates if we 
take account of the reality of these functions for real w, v. 

6. As mentioned in the introduction, the most important of the a priori 
limitations are those for the third derivatives of x. We easily can establish 
them at the point wo, vo. 

We have at uo, % 


dv 

d"q 

du” 
d 
du Ou Ov 
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da? 


v 
= + + $, 
r p pie + 


( Su + 2ptu + pt +(2), 
u Plu du2 


and the conjugate equations 


du? 7 Ou p= + + 


du? Ou ar ™ du? 


The determinant of this system is 
1 
1 A? 


0 


and is in absolute value >a*/[K*(1+M)*] (see (1)). Moreover |r|, |s|, |¢| 
<M and 


|p| = S 2'/27/8 and 


|’ 21/27 /(B%e,). 


Hence by solving the above linear system with respect to ru, Su, tu, tv we easily 
obtain upper bounds for |r.| , |Sul, |éu], |], depending on a, e, K, M only. 
We shall not carry through the computations. 

7. The estimates for the higher derivatives are not much more compli- 
cated, but for the applications it is important to know that they can be 
chosen in such a way that they insure a lower a priori bound for the radii of 
convergence of the Taylor series for x at a point uo, vo. 

We observe that there are two megalines M, and M; through the point 
(uo, Yo), conjugate to each other. The values of u, v, x, p, g at their points will 
be referred to by u(uo, V0, d2, b2)=u(uo, %; Q),--- and u(ay, bi, Uo, %) =u(P; 
Uo, Vo) respectively. Consider the megaline passing through (uo, v0, Q) which 
consists of points (a, b:; Q) with variable (a:, 6:) and fixed Q, and the 
megaline through (P; mo, vo) consisting of points (P; de, b2) with variable 
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(a2, b2) and fixed P. The two megalines evidently intersect at (P, Q). Let & 
denote the variable u on M, and n the same variable on M2. If both vary 
within the circle of “Schlichtheit,” i.e., for | <2Be. and |» —uo| <2Be1, 
they are in unique correspondence with Q and P respectively. We there- 
fore may write u(P, Q),--- as functions of — and yn. We say that they are 
analytic functions of these complex arguments. 

We have evidently 


= £(a2, be) = £1 + ike 


and the independence of u.,:u», on ai, 6; shows that u.,:u», or, what is es- 
sentially the same, u;:,:“;, are independent on 7. Hence we may compute its 
value by setting 7»=%. But on M, we have Cauchy-Riemann equations 
Uz, = Similarly we find the Cauchy-Riemann equations u,,:u,,= 
Thus depends analytically on and for | £—uo| <2Bea, | n 
The equations (20), (21), (23) show that for any function w of the set u, v, x, 
we have 


an 
O(a2, be) b1) 


This yields the analytic dependence of all of them on £ and » for | §—uo| <2Be:, 
—10| <2Be:. Moreover x, p, g admit bounds for their absolute values, 


depending only one, a, K, M. 
On the other hand we find for =, 7 =» the following lower bounds: 


Ou 1 ov a Ov a 


v) a 


 K(i+ 

We therefore are able to introduce u, v as independent variables* instead of 
and within a domain | u—w0| <e, |v—v0| with depending merely 
on a, ¢, K, M. In this domain we may develop x in a power series in u—14p 
and v—%; it will converge there and its coefficients will have absolute bounds 
in terms of a, e, K, M. Even the majorant series formed with these bounds 
instead of the derivatives of x at will converge for | — <é2, 
|v—v0| <é:. We state the final result in the following form: 


THEOREM. The derivatives of an analytic solution of the analytic Monge- 
Ampére equation (3) existing for |u—uo| <e, |v—v0| <e can be developed into 
@ power series in U—Uy and v—vo whose associated radii of convergence and 


* This step is justified in §8. 
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whose coefficients can be bounded, the former from below, the latter from above, by 
certain numbers which depend only 

(i) on the bound M for the moduli of the second derivatives, 

(ii) on the value 2a? of A>0 at u=u0, 

(iii) on the bound € such that in a neighborhood N, of the 10-dimensional space 
of complex x, p, q, U, Vv around Uo, Vo, Xo, Po, Yo the coefficients A, B,C, D, E 
remain regular, and |A| >a?, 

(iv) on the bound K for these coefficients and their first partial derivatives in N,, 
provided we have p?+qé? <1. The power series in u and v, formed with the 
bounds of the coefficients, has the same bounds for its associated radit of conver- 
gence. 


8. We have made use of the following lemma concerning the inversion of 
a system of analytic functions in the neighborhood of the origin. 


Lemma. Let 
u=ax+by+ 


t+k22 
v=catdyt cuxty*. 

t+k22 
Suppose |ad—bc| >A>0, 0<Bi<|al, |b|, |c|, |d| <Bs. Suppose further- 
more that > aix‘y* and > ci.x‘y* converge for |x| <p, |y| <p and that there 
|u|, |v| <C. Then there exists a neighborhood of the origin |u| +|v| <h, anda 
fortiori a neighborhood |u| <h/2, \v| <h/2, for which we can solve with respect 
to x and y, with h depending only on A, By, Bo, C, p. 


Though the proof of the possibility of inversion in a sufficiently small 
neighborhood is well known, we were unable to find the above estimate for 
the neighborhood mentioned in the literature. We therefore sketch a simple 
method of establishing this estimate. 

We have on account of the assumptions 


Cc 
| ase | and | ew 


du — bv 
aly’, 
ad — bc i+k22 


—cu+ av 


= —— =yt+D cit 
ad — bc i+k22 


and | |, |cs | <C’/p*t* with C’=C’(A, Bs, C). For |x| +|y| <p/2, we 
conclude 


| 
Hence 
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2C’ 
| — < — lel s +] 
i+k22P 


with M=M(C’, p)>0. Upon introducing the further restriction 


1 
smin 21 


we get on the boundary of this domain for | U’| +| V’| <min {1/(4M), p/4}, 

2 


These relations show that the vector of the four-dimensional space with 
the components u’—U’, v’—V’ has in |x| +|y| <min {1/(2M), p/2} the 
same sum of indices of its singularities as the vector with components 2, y. 
This sum is +1. On the other hand the vector u’ — U’, v’ — V’, being analytic, 
admits only singularities with positive index. Thus there is precisely one 
solution, x, y, of the equations u’=U’, =V’ for |U’|+|V’| <min 
{1/(4M), p/2}. This can be expressed in terms of u, v which proves our 
lemma. 
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AN ENUMERATIVE PROBLEM IN THE ARITHMETIC 
OF LINEAR RECURRING SERIES* 


BY 
MORGAN WARD 


1. Let m be a fixed positive integer greater than one and let 
(1.1) = C12 + + c.Q, 


be a linear difference equation of order k& with rational integral coefficients 
C1,C2,°- +, Cx. Tf 


(U): Uo, U4, U2,--+, 


is any sequence of rational integers satisfying (1.1), then after a certain point 
the sequence becomes periodic when considered modulo m. Its least period is 
called the characteristic number of the sequence (U) modulo m. 

In a recent paper in these Transactions, I have considered the problem 
of determining this characteristic number given m, ¢1, ¢2,--- , c, and the k 
initial values Uo, Ui, - - - , Ux_y of the sequence (U), and I have reduced it 
to certain basic problems in the theory of higher congruences.{ 

In the present paper, I am concerned with the following problem which 
I shall similarly reduce to a problem in the theory of higher congruences: 

Given any positive integer s: to find the number of distinct sequences (U) 
modulo m whose characteristic number is exactly equal to s. 

2. I obtain here the following results. 


(i) It suffices to determine the total number of purely periodic sequences (U) 
modulu m whose characteristic number is at most equal to s. (§3.) 

(ii) It suffices to confine ourselves to the case when m= p™ is a power of a 
prime p, and when the polynomial 


(2.1) f(%) = — — — --- — 
of degree k associated with the difference equation (1.1) is of the form 
f(x) = B(x) = (mod 9) 


where o(x) is irreducible modulo p and a is a positive integer. (§4.) 


* Presented to the Society, December 27, 1934; received by the editors August 1, 1934. 

T Vol. 35 (1933), pp. 600-628. I shall refer to this paper as Trans I. 

t Notably, to finding the least value of m such that A(x)(x"—1)=0 (modd p”, B(x)) for any 
prime p and any assigned polynomials A (x) and B(x). 
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(iii) The problem thus delimited is equivalent to determining the total number 
of distinct polynomials U(x) of degree <k—1 modulo p® such that 


(2.2) U(x)A(x) = 0 (modd B(x), 


where 
A(x) = «#*-1 (modd B(x)). 


This number can be immediately written down provided that we know 
the elementary divisors corresponding to the prime p of the matrix E of the 
Sylvester eliminant of A(x) and B(x). (§5.) 

In another paper in these Transactions* I have made a detailed study of 
the congruence (2.2) and shown that if V <) (where Pp’ is the first elementary 
divisor of the matrix € of (iii) corresponding to the prime /) there exists a 
unique polynomial U(*)=A)_y(x), modulo p, satisfying (2.2) of minimal 
degree in x and leading coefficient unity. Let the degree of A,_w(x) be ay_y 
(N =1, 2,---,X), and let 


On = + + (WN = 1,2,---,d). 
Then 
(iv) The total number of distinct polynomials modulo p™ of degree <k—1 
satisfying (2.1) is 
if and pn if N=X. 


(§6.) In this latter case, the number is therefore independent of NV. 
3. In the sections which follow, we shall use the German capital I$ for 


the double modulus m, f(x), writing 
A(x) = 0 (M) for A(x) =0 (modd m, f(x)). 


We shall otherwise use the same notation and terminology as in Trans I. In 
particular, the sequence (U) will be said to be “purely periodic” modulo m 
if it contains no non-repeating residues when considered modulo m. From 
Theorem 4.1, Trans I, it suffices to enumerate all the purely periodic sequences 
(U) with fixed characteristic number s. For if the number of such sequences 
be denoted by ¥(s), the total number of sequences with characteristic number 
s may be obtained by multiplying ¥(s) by a factor which is independent of s. 
(Trans I, part IV.) 

By the fundamental theorem on page 606 of Trans I, the enumerative 
problem for purely periodic sequences is equivalent to the following problem 
in the theory of congruences to a double modulus: 


* Vol. 35 (1933), pp. 254-260. I shall refer to this paper as Trans II. 
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To determine the total number of distinct polynomials U(x) modulo m of de- 
gree <k—1 such that 


(3.1) U(x)(«#8 — 1) = 0 (M), 
(3.2) U(x)(#® — 1) 0 (M) (i= R<S). 

We can omit the restriction (3.2). For assume that (3.1) holds, and also that 
(3.3) U(x)(x® — 1) = 0 (M). 

Then it is easily seen that for any integers L and M, 

— 1) = 0 (M). 

Choose L and M so that LS+MR=D, the greatest common divisor of S$ 

and R. Then 
U(x)(x? — 1) = 0 (M). 

That is, if (3.3) holds, it must hold for some integerR =D which is a divisor 
of S. We may therefore replace condition (3.2) by 
(3.21) U(x)(x® — 1) € O (M), R any proper divisor of S. 


Furthermore, if (3.3) holds, there is a smallest value of R for which it holds 
dividing all other such R. 


If ¢(s) is the total number of polynomials U(x) satisfying (3.1) and y(s) 
the total number of polynomials satisfying both (3.1) and (3.21), it is clear 
then that 


= Div(R). 


R\|S 
Therefore by Dedekind’s inversion formula, 


W(S) = u(D)o(S/D). 
The summation here extends over all divisors D of S and u(D) denotes 
Mobius’ function. It suffices therefore to determine ¢(s). 
4, For the moment, write u(s;m; f(x)) for the function ¢(s) defined above. 
Then first of all, it is readily shown as in Trans I, part III, that if m=ab, 
(a, 6) =1, then 


u(s;m; f(x)) = u(s; a; f(x))-u(s; b; f(x)). 


That is, u(s; m; f(x)) isa multiplicative function of m. We can assume therefore 
that 


(4.1) m = ~%, pa prime, N21. 


ESE OF LIBERAL ARTS 
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Secondly, it is readily shown that if 
S(*) = fi(x)-fo(x) (mod m), Res {f:(x), fo(x)} prime to m, 


then 
u(s;m; f(x)) = u(s; m; fi(x))u(s; m; fo(x)). 


Since m= p’, we have by Schénemann’s second therem* a decomposition of 
f(x) modulo p* of the form 


f(x) = filx)fo(x) (mod p”) 


where f;(x) is primary and congruent to {¢,(x)}*, modulo p, for i=1, 
.,**+,¥, while the polynomials ¢;(x), @2(x), - - - , @-(x) are distinct and ir- 
educible modulo p. 

Since 


Res {fi(x), fi(x)} #0 (modp) (i,j =1,---, 
we can assume that 
f(x) = B(x) = {¢(x)}¢ (mod 7), 
(x) irreducible modulo p. 
5. Let : 
B(x) = + + Dn. 
Then we have reduced our problem to determining the total number of poly- 
nomials U(x) of degree <m—1, distinct modulo p”, such that 
(5.1) U(x)A(x) = 0 (modd B(x)), 
where # is a prime, while 
(5.2) A(x) = (modd B(x)). 
In Trans I, pp. 622-623, I have shown how to determine a polynomial 
A(x) satisfying (5.2) of degree less than B(x) under the assumption that we 
know that solution of the difference equation associated with B(x) with the 
m initial values 0, 0, - - - , 0, 1. But here we shall not make any assumption 
about the degree of A (x). Indeed, we shall show that the number of such poly- 
nomials U(x) can be theoretically determined without restricting the form 
of the polynomial A(x) in any way. 
For let 
A(x) = + +--+ + ay. 
* Fricke, Algebra, vol. 2, Braunschweig, 1928, chapter 2. 
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The congruence (5.1) may be written in the equivalent form 
(S.3) A(x)U(x) + B(x)V(x) =0 (mod p¥), 


where U(x) -- +4m1, V(x) =v0x"-!+ are to be de- 


termined. 
Let E€=(e,;) denote the transpose of the matrix corresponding to the 


Sylvester eliminant of A(x) and B(x). Then if we let 
= (i = 0, 1,---,m-—1), = Vi-m (i = m,m +1, - -+,m+n—1), 


(5.3) is equivalent to the set of +m congruences 


m+n 
(5.4) Det; =0 (mod p¥) (i =1,2,---,m+n). 


j=l 


It is clear then that the number of distinct polynomials U(x) satisfying the 
conditions of (5.1) equals the number of distinct solutions 2, 22,--- , Zmin 
modulo p® of the system (5.4). 

This number was determined by H. J. S. Smith in a classical memoir.* 
Namely, let p, p*:,--- , p* be the successive elementary divisors of the 
matrix € corresponding to the prime p. Then if r is so chosen that A,_.>N 
=,, the number of distinct incongruent solutions of (5.4) is prNt+Ht---+%, 


6. We can express the number of solutions of the congruence (5.1) in 
quite a different manner by using some of the results obtained in my paper 


Trans II. 
Let us assume that V2X, where p* now denotes the first elementary di- 


visor of the matrix € defined in §5 corresponding to p. Then (Trans II, p. 255) 
U(x) must be of the form 


(6) U(x) = + pQi(x)Ai(x) + + 


where A,(x) is the unique polynomial of minimal degree and leading coef- 
ficient unity such that 
A,(x)A(x) =0 (modd B(x)). 


Let the degree of this polynomial be denoted by a,. 

The procedure by which the polynomials Qo(x), Q(x), - - - are determined 
is then as follows: 

Let U(x) = p¥>Vo(x). Then A(x) Vo(x) =0 (modd p*, B(x)) and, as proved 
in Trans II, Vo(x) =Qo(x)Ao(x)+Vi(x) where Vi(x) is of lesser degree than 


* On systems of linear indeterminate equations and congruences, Collected Papers, vol. 1, Oxford, 
1894, p. 399, 
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Ao(x). Then Vo(x) is of degree Sm—1, Ao(x) is of degree ao, and V;(x) of 
degree Sao—1. Hence Q(x) is of degree S<m—ao—1, so that we can write 
Qo(x) = qix™ + + + 

where 0 <q; <p (j=1, 2, ---, m—ay). 


Therefore, there are p“"-«® possible polynomials Qo(x) for a given U(x). 
Next, we have 


A(x)V,(x) =0 (modd B(x)), 


Vi(a) where V2(x) is of lesser degree than A(x). Then 
V(x) is of degree ao—1, Ai(x) of degree a;, and V2(x) of degree <a; —1. There- 
fore Q,(x) is of degree Sa o—a,—1, and reasoning as before, we see that there 
are p®—)(ec-a) possible polynomials Q,(x) for a given U(x). 

Continuing in this manner, we see that there are p®)@"™*@) possible 
polynomials Q,(x) (OSr<\-—1; a1=m). Therefore there are in all 


polynomials U(x) satisfying the congruence (5.1); for it easily is seen that each 
choice of Qo(x), - - - , Qx-1(x) in formula (6.1) leads to a distinct polynomial 
U(x). 
If we assume that NV <X, we have 
U(x)A(x) = 0 (modd p”, B(x)), 
U(x) = + PVi-w4i(2), 
Vy-w4i(%) = + 
and so on. 

On determining the degrees of the polynomials Q)_w(«), Qr-w4i(x),---, 
we find that in this case there are p¥"-@—Nt+ar-N+i+--+a—) possible polynomials 
U(x). 

On writing oy for a,1+a,-2+ --- +a yw and k for m, we obtain the 
final result stated in the second section of this paper. 


INSTITUTE FOR ADVANCED STUDY, 
PRINCETON, N. J. 


INTEGRATION IN GENERAL ANALYSIS* 


BY 
NELSON DUNFORD 


L. M. Gravest and others have defined and developed the theory of the 
Riemann integral for functions whose values are in a complete linear vector 
space. T. H. Hildebrandtf and S. Bochner§ have defined the Lebesgue in- 
tegral for the same type of function. The present paper, which approaches 
the theory of the integral in a manner analogous to the Cantor definition of 
a real number, is concerned chiefly with the convergence of a sequence of 
integrals and is not as extensive in scope as that of Bochner which contains 
certain results pertaining to multiple integrals, Fourier series, and the class 
L,. In what follows no use is made of the theory of integration for numerically 
valued functions other than a knowledge of the properties of an additive 
class of point sets and of a completely additive function on such a class. In 
fact the method when applied to such functions seems in many ways more 
direct than the classical one. The proofs in the section on types of conver- 
gence are omitted since they may be carried through exactly as in the case of 
real-valued functions. In the last section it is shown how the theory holds, 
with slight modifications, for a function having an arbitrary metric space as 
its domain and a Banach space for its range. 

1. Basis. A class of point sets is said to be additive if for every pair of 
sets E, D and every sequence { E,.} of disjoint sets in the class the sets E—D, 
>-E, are also in the class. A function a(Z) on an additive class of sets A is 
said to be completely additive if for every sequence { E,} of disjoint sets in A, 
a(>°E,) =>Sa(E,). In what follows, A will be used to denote an additive class 
of point sets which contains all Borel measurable sets belonging to a funda- 
mental bounded and closed interval J of a euclidean space of dimensions. 
The notation a(Z) will always be used for a completely additive function on 
A to the real number system and §(£) will stand for the total variation of 
a on £. Radon|| has constructed such systems (A, a, 8) corresponding to a 

* Presented to the Society, April 20, 1935; received by the editors October 31, 1933, and in 
revised form, October 30, 1934. 

1 Graves, Riemann integration and Taylor’s theorem in general analysis, these Transactions, 
vol. 29 (1927), pp. 163-177. 

t Hildebrandt, Lebesgue integration in general analysis, this Bulletin, vol. 33 (1927), p. 646. 

§ Bochner, Integration von Funktionen deren Werte die Elemente eines Vektorraumes sind, Funda- 
menta Mathematicae, vol. 20 (1933), pp. 262-276. 

|| Radon, Theorie und Anwendungen der absolut additiven Mengenfunktionen , Sitzungsberichte der 
Akademie der Wissenschaften, Wien, Mathematisch-Naturwissenschaftliche Klasse, IIa, vol. 122, 
pp. 1295-1438. oan 


% 
i 
| 
4 
A 
a 


442 NELSON DUNFORD . [May 


given function of bounded variation. The properties of a and A which are 
used below are consequences of their additive nature and not of any particu- 
lar method of construction, and hence, since we postulate the existence of a, 
Radon’s procedure is not needed in what follows. 

2. Types of convergence. The functions f(P) to be considered through- 
out are functions on a subset of J to a complete linear vector space X. The 
sequence {f,(P)} is said to approach the function f(P) (converge) almost 
uniformly with respect to a on E in case for every ¢>O there exist sets E,, 
E! such that E! isin A, > E—E,, B(E/) <e and f,(P)—f(P) ({fn(P) } con- 
verges) uniformly on E,. The sequence {f,(P)} is said to approach f(P) ap- 
proximately with respect to a on E if for every integer m and every e>0 there 
exists a set E’(n, €) in A containing the set E(n, e) = E|||f,(P) —f(P)|| >] and 
such that lim, B[E’(n, «)]|=0. The convergence of a sequence approximately 
with respect to a on E is defined similarly by replacing the sets E’(n, e), E(n, €) 
by the sets E’(m, n, €) and E(m, n, e) =E[||fm(P) —fn(P)|| >e] respectively. 
In what follows, the notations E(u, e), E(m, n, €) are used as above. The 
notation O, will sometimes be used for a set contained in one on which 6B =0. 
It is assumed that all such sets are in A. 


Lemma 1. Of the three types of convergence (applied either to the approach 
to a function or to the convergence of a sequence) 

(1) almost uniformly with respect to a on E, 

(2) almost everywhere with respect to a on E, 

(3) approximately with respect to a on E, 
(1) implies (2) and (3), and if E(n, €) and E(m, n, €) are in A, then (2) implies 
(1) and (3). 


Lemma 2. If E is in A, f,(P)—f(P) on E—Oz, and the set E[||f,(P)|| >€] 
is in A for every n and e>0, then the set E|||f(P)|| >e] is in A. 


Lemma 3. If f,(P)-—-f(P) and f,(P)—f'(P) approximately with respect to 
a on E then f=f' on E—O, and {f,(P)} converges approximately with respect 
to a on E. 


Lemna 4. If the sequence {f,(P)} converges approximately with respect to 
a on E, E being a set of A, then there exists a function f(P) on E to X and a sub- 
sequence {f,,(P)} such that f,,(P)—f(P) almost uniformly with respect to a on 
E. Furthermore if \fm;(P)\ is any subsequence and f*(P) any function on E 
to X such that fm P)—f*(P) approximately with respect to a on E then f =f* on 
E—O.,. In case the functions fm are uniformly continuous on E there exists a 
set F belonging to A and contained in E such that F is closed in E and B(E—F) 
is arbitrarily small, and f as on F is uniformly continuous on F. 
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Let U=(u), U’ =(u’), be arbitrary sets of elements and R, R’ be transi- 
tive order relations on UU, U'U’ respectively having the composition prop- 
erty as defined by Moore and Smith.f Then with limits defined in terms of 
these order relations we have 


Lemna 5. If x(u, u’) is on UU' to X and lim, x(u, u’) exists for each u’ 
and lim, x(u, u’) exists uniformly with respect to u then the following limits 
exist and are equal: limy,u x(u, uv’), lim lim, x(u, u’), lim, lim, x(u, wu’). 


3. The integral. Let So(£) denote the class composed of all functions uni- 
formly continuous on E. Let rzg=(i, - - - , Ex) represent a partition of the 
set E which is supposed to be in A, and (P, P’) represent the euclidean dis- 
tance from P to P’. The norm, n(zz), of the partition rz is defined as the 
least upper bound of (P;, P/) for P; and P/ in E; and fori=1, - - - , k. Then 
the distance function 


Ul = f = tim 
E n(x)=0 Tez 
(P, being any point in £,) is surely defined for f in So(£). For let 


be the sums corresponding to the partitions 7 = (Z,), 7’ =(£,’) respectively. 
Then 


and 
w[n(x) + n(x’) 
where 


w[5] = sup | — |. 


Thus the lim,,.)-oS exists for f in S)(Z). The integrals 


are defined in a similar manner. 

By a Cauchy sequence of functions in So(Z) is meant one for which 
|| fm —fn|| +0, and two Cauchy sequences {f,} and {gm} are said to be eguiva- 
lent in case ||fm—m||—0. 


+ Moore and Smith, A general theory of limits, American Journal of Mathematics, vol. 44 (1922), 
p. 103. 
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Lemna 6. To each class of equivalent Cauchy sequences of functions in So(E) 
corresponds uniquely except for a set on which B=0, a function f(P) on E to X 
such that if {fm} is any sequence of functions in the class defining f then there 
exists a subsequence {fm,} with fm,(P)—f(P) almost uniformly with respect to 
a on E. Furthermore the limits 


Lim tim f fulP)AB, 


tim f tim a 


all exist and are independent of the particular Cauchy sequence in the class of 
equivalent Cauchy sequences. 


The set E(m, n, €) is the product of a region and the set E£, and is thus 
in A. Now 


E(m,n,e) 
< — fa(P)||d8 0 


so that {f,,} converges approximately with respect to a on E. The existence 
of f(P) follows from Lemma 4, and its uniqueness may be established in a 
manner similar to that used in the proof of Lemma 4. Since 


f fal P)dee — J < — fal P)|| a8 0, 


it follows that the lim, /zf,(P)da exists. It is independent of the sequence 
{fm} since 


E E 


if {f.} and {g,} are equivalent. In the same manner the other limits may 
be shown to exist. 

A function f(P) is said to be summable with respect to a on E in case it is 
the correspondent in the sense of Lemma 6 of some class of equivalent Cauchy 
sequences of functions in So(Z). The class of such functions will be denoted 
by S(E). The integral fxf(P)da of a function in S(Z) is defined as the lim, 
Sef.(P)da where {f,(P)} is any sequence in the class defining f. The integrals 
fef(P)dB are defined similarly. 

Note that || fzf(P)dal| < 
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THEOREM 1. If f is in S(E) then the set E[\|f(P)|| >e] is in A for every e>0. 
This is a corollary of Lemmas 1, 2. 
THEOREM 2. Every function f(P) in S(E) is approachable almost uniformly 


with respect to a on E by a sequence fm(P) of functions uniformly continuous 
on E and such that Jx\|fm(P) —f(P)||d8—0. 


The first part of the conclusion is a corollary of Lemma 6, and the second 
part follows from the fact that for a fixed value of m the sequence fm(P) —f,(P) 


is a Cauchy sequence of functions in So(Z) belonging to the class defining 
fm(P) —f(P). Thus 


E " E 


and the conclusion is immediate. 


THEOREM 3. If f is in S(E) and e>0, then there exists a set F belonging to A 
and contained in E such that F is closed in E, f as on F is uniformly continuous 
on F and B(F)=B(E) —«. 


This is a corollary of Theorem 2, Lemma 1, and Lemma 4. 


THEOREM 4. The space S(E) of functions summable with respect to a on E 
with the norming operation || f|| = fx||f(P)||d8 is a complete linear vector space. 


Let {fn} be a Cauchy sequence of functions in S(Z); then by Theorem 2, 
for every m there exists a function gm in So(E) such that ||fn—gm|| <1/m. Now 


llgm — gall S — + [lfm — fall + — gall, 


so that {g,,} is a Cauchy sequence of functions in So(Z) and thus defines a 
function f(P) in such that ||g, —f|| +0. Thus 


|| fm — fl] < — + — +9, 


and S(£) is complete. The rest of the proof follows immediately from the 
definition of the terms involved. 

A function /(£) on an additive class contained in A to a linear vector 
space is said to be absolutely continuous with respect to a in case limgcz)—0 
=0. 


TueoreM 5. If f(P) is in S(E) then the integrals [.f(P)da, ff(P)dB, 
f(P)||d8 are all absolutely continuous with respect to a. 


If f(P) is in So(E) then ||f(P)|] is bounded on EZ and so 


¥ 

| 
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f mace). 
Now if fn is a Cauchy sequence in So(£) with ||fn—f|| +0, we have for each m 


lim | fn(P)da = 0, 
B(e)=0 e 


and since 


| f (fm(P) — f(P))da|] ||fm — f|| +0, 


it follows that 
tim f Sn(P)da = f f(P)da uniformly with respect to e. 


Thus by Lemma 5 


lim | /(P)da = 0. 
B(e)=0 e 


TueoreEM 6. If f(P) is in S(E) then each of the integrals listed in Theorem 5 
is a completely additive function on the class A(E) composed of all sets e in A 
and such that ec E. 

If f(P) is in S.(E) and e;,i=1, - - - , k, are disjoint sets in A(£), it fol- 
lows from the definition of the integral on the class S(Z) that 


fi f(P)da = 


Thus for any {(P) in S(£) the same equation holds. Now for a sequence {e;} 
of disjoint sets with > e;= e, 


J f(P)da — f = | f | +0 


by Theorem 5. 
THeoreM 7. If f and fm are in S(E) for every integer m and if || f—f\|—0, 


then fn—f approximately with respect to a onE,||fm|| is bounded, and J.||fm(P)|\dB 
is absolutely continuous with respect to a uniformly with respect to m. 


Since f —f is in S(E) the set E(m, €) is by Theorem 1 in A. Now 
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so that f,,—/f approximately with respect to a on E. Also since ||fn|| <||fn—f\| 
+|{fl|, ||fm|| is bounded. The remaining part of the conclusion follows from 
the inequality 


and Theorem 6. 


Tueoreo 8. If {fn(P)} is a sequence of functions in S(E) and f,(P)—f(P) 
approximately with respect to a on E, and if J.|fn(P)\|dB is absolutely continu- 
ous with respect to a uniformly with respect to m, then f is in S(E) and J.\\f.(P) 
—f(P)||\d8—0 uniformly for e in A(E). 


By Lemma 3 the sequence {f,,(P) } converges approximately. By Theorem 
1, E(m, n, €) isin A. Now 


E—E(m,n,€) E(m,n,e) 


< — E(m, + 
E(m,n,e) 
Thus ||fn—fn|| 0 and by Theorem 4 there exists a function f’ such that 
\|fm—f’|| 0. By Theorem 7 and Lemma 3 it is seen that f=f’ on E—O, and 
thus f is in S(E). Since f.||fm(P) —f(P)||d8 <\|fm—f|| the proof is complete. 


Corottary 1. If the sequence {fn(P)} of functions in S(E) approach f(P) 
approximately with respect to a on E, and if there exists a function g(P) in S(E) 
such that || f,(P)|| <||g(P)|| on E—O. for every n, then f is in S(E) and J.\|fm(P) 
—f(P)||d8-0 uniformly for e in A(E). 


Coro tary 2. If f is in S(E) and @(P) is a real-valued function summable 
with respect to x on E and bounded on E—Oz, then o(P)f(P) is in S(E). 


THEOREM 9. [f f,, and f are in S(E) and fn—f approximately with respect 
to a on E, then the following assertions are equivalent: 

(1) limn fefmda = f.fda on A(E). 

(2) limn Jefmda = uniformly on A(E). 

(3) The limm Jefmda exists on A(E). 

(4) lims-olimm || =0. 

(5) limgeo =0 uniformly. 

The proof will be made by demonstrating the following implications: 
(2) (4), where each arrow is directed from hypothesis 
to conclusion. To see that (4)—>(1) first note that (4) is equivalent to the 


f 
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! 
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statement that for every «>0O there exists a 5>0 such that for each e in 
A(E) with <6 there is such that || <e for alln=n,.. Now let it 
be supposed that f,—-f almost uniformly with respect to a on E. To show 
that /.fnda—ffda, note that 


Fix e such that 6(E—e) <6 and f,,—/ uniformly on e. For this e there is an 
m, such that 


f Um(P) — f(P))da}] < f at) — f(P))dal|}<e, mam. 


Thus fzfmda—»fzfda. The same proof holds for an arbitrary e in A(E). The 
same conclusion follows if f,—f approximately since by Lemma 4 and the 
above proof every subsequence of { /.fmda} contains a subsequence approach- 
ing {.fda. That (1)—+(3) is obvious. For the proof of the implication (3)—(5) 
we refer to a paper by Saks.* Now (5)-—>(2), for 


Now 


| f (fm — < «8(B), 


¢(m,e) 
and there exists an m, and a 6>0 such that B[E(m, e)]<6 for m2mp» and 
- 
for all m and e with B(e) <6. Thus since e(m, e) c E(m, ¢) it follows that 
Gate) «(1 + for m = mo. 
Finally in view of Theorem 6 and the fact that (2) implies that 


the implication (2)—>(4) is obvious. 


* Addition to the note on some functionals, these Transactions, vol. 35 (1933), p. 967. 
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THEOREM 10. If Eis in A; am, a are completely additive functions on A(E); 
for each set Et found in a sequence of partitions =(E*) 
with n(x;)—0; and if the sequence {Bm(E)} is bounded; then 


lim f = f fa 


for any function f(P) in So(£). 
From the proof given at the beginning of §3 and the boundedness of the 
sequence {8,,(E)} it follows that 


lim f(Pian(E.) = 
t=o 
uniformly with respect to m. Also for each 7 
lim f(Ps)am(Es) = f(P#)a(E:). 
m k k 


The conclusion follows from Lemma 5. 


THEOREM 11. If E is in A; Om, a are completely additive on A(E); f(P) 
summable with respect to am and a on E; a,(e)—a(e) on A(E); and if the se- 
quence {Bm(E)} is bounded; then 


f Sian J fda on A(E) 


lim Tim | = 0. 


Ble) =0 m=a 


We have 


J — fs + J saan fsa seal 


Now for e>0 there is a 5>0 such that for every E—e with B(E—e) <6 there 
is an integer mo such that m= my implies 


faa. saa <e. 


Fix e with 8(E—e) <6 so that f as on e is uniformly continuous on e. Then 
for m sufficiently large (Theorem 10) 
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| f fae <e 


and thus for m sufficiently large 


| ff ff fac < 


The conclusion follows for an arbitrary e in A(£) since all the hypotheses are 
satisfied by e when they are by E. 


CoroLiaRyY. Suppose E in A; am, a, y completely additive on A(E); 
m(e)—a(e) on A(E); Bn(e) <y(e) on A(E) for every m; and f is summable with 
respect to y on E; then f is summable with respect to am, aon E and f{ fdan—f fda 
on A(E). 


4. The generalization to the case where J is a metric space. The 
above theory of the integral holds if the domain of the function f(P) is 
a general metric space rather than a euclidean space of m dimensions. The 
few alterations and additions in the arguments that are necessary will be 
enumerated here. 

J will now be interpreted as an arbitrary metric space not necessarily of 


bounded diameter. The class So(£) will be the class of all functions f(P) uni- 
formly continuous and bounded on E. By a partition of the set E in J will be 
meant a set (£,) of disjoint sets (possibly non-denumerable in number) such 
that E=)-E, and which is found in the following manner. Let ¢ be an arbitra- 
ry positive number and (P), denote all pointsP’ in E for which (P,P’) <e. Take 
any point P; in E; then E,=(P;).. In general P, is any point in E—)>>;.,E; 
and E,=(P,).<—>-r<,E;. The sets E, form a partition r(£) of E with 
n(x(E)) <2. It should be mentioned perhaps that such partitions will only 
be allowed in the definition to be given of fzf(P)da and not in the definition 
of B(£), the latter remaining unaltered. The partition just defined is devised 
to avoid assuming the separability of J as well as to eliminate the possibility 
of using a partition of certain connected sets each set of which consists of a 
single point. 

Since 8 is completely additive, 8(Z,) =0 for all except at most a denumer- 
able number of the sets £, in any partition r(Z) =(£,). This follows from the 
fact that for an arbitrary integer m there can be at most a finite number of 
the sets E, for which B(E£,) >1/m. If those sets E, of the partition 7(Z) for 
which 6(E,)0 are arranged into a sequence { E;} in any order, it is possible 
to associate with the partition r(Z) a sum 
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f(P)a(E,) 


t=1 


for m’>m 


t=m i=m 


Now let 


> f(Pia(E), «2 = f(P/)a(E/) 


t=1 i=1 


be the sums for two different arrangements of the sequence { Z;}. For every 
e>0 there is an integer m, such that, for m=m, 


f(P)a(E,) | <€, 


t=1 


)a(E/ ) | < €, 


Dae) < ¢/sup ||f(P)]|. 


Now suppose mz the largest value of 7 for which the set Z/ is one of the sets 
E,,---, Em,; and Ef’, kR=1,---, me—m,, are those E/(1<i< mz) which 
are not found among the sets , Em,. Then and 


i=1 i=1 


k=1 


lA 


Thus S3e, =X. 
The integral {zf(P)da is now defined as 
lim >> f(Pia(E;). 
n(x)=0 

The proof given in the text for the existence of this limit for f in So(Z) holds 
verbatim with the additional point involved in the justification of the 
equality 


where P; now stands for any point in £,. If f(P) is in So(£), the above sum 
exists and is independent of the particular arrangement of the terms in the 
sequence {£,}. First the sum exists for any particular arrangement, since 


if 
} 


ii 
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This equality is established immediately with the use of Lemma 5. 
In the proof of Theorem 6 another argument must be added. It is neces- 
sary to show that if f(P) is in So(Z) and e’, e’’ are disjoint subsets of E, then 


S(Piale:) = S(Pi ales) + S(Pi' 


where e/ (e/’) are those sets of a partition of e’(e’’) on which 80 and the 
partition of the set e=e’+e’’ is formed by a combination of the two par- 
titions. Let 


a= f(Pidale), 2 = ale"); 
i=1 i=1 
then for e>0 there is an m, such that, for m=m, 


t=1 


| — 2’ || 


i= 1 


| —x"l< €, 


t=1 


< P)Il. 
He + < ¢/sup ||/(P)| 
Let mz be the largest value of i for which the set e; is one of the sets e/, 
, m, and let e,’’’,i=1, -- - , m2—2m,, be those of the sets ¢,, 
- , m2, which are not found among the sets e/, e/’, i=1,--- , m; 


| )a(e’) + S(Pi' )] = | 


= ale!) | < sup ||/(P) | C4 + ef’) 


and so ||x’+2'’ —2|| <4e, 
We see no way of proving Theorem 10 unless the hypothesis is strength- 
ened to the extent that a,,—a on A(£). It is then possible to show that 


lim = f(Pida(E;) 


then 
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for any partition z of the set Z, where now the >, is to be taken over all sets 
E, of the partition for which any one of the inequalities B(Z,) 0, 8,,.(EZ,) #0 
hold. We have 


lim f(Pdan(E:) = f(Pda(E,) 


for each n, and 
lim s(Pdan(E:) = 


uniformly with respect to m. To see this, note that the functions a» are abso- 
lutely continuous with respect to the completely additive function 


Bale) 
10-2 


and thus by a theorem of Saks* they are absolutely continuous uniformly 
with respect to m. Thus for e>0 there is a 6>0 such that 


| am(e) | < (€/2) sup ||f(P)|| 


for every m provided (e) <5. Now there is an m such that 


i=n, 


If s, denotes the set of all integers i=m, for which a,,(Z;)=0 and s_ those 
for which a,(E;) <0, 


and for n>m, 


| | < sup | am(E;)| Se. 


Thus, by Lemma 5, 
lim f(Pidan(Es) = f(Pia(E,). 


* Saks, loc. cit. 
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ON CYCLIC FIELDS* 


BY 
A. ADRIAN ALBERT 


1. Introduction. The most interesting algebraic extensions of an arbi- 
trary field F are the cyclic extension fields Z of degree m over F. I have re- 
cently given constructions of such fields for the case = p,f a prime, when the 
characteristic of F is not p, and for the case n= p*t when the characteristic 
of F is p. Moreover it is well known that when F contains all the mth roots of 
unity then Z =F (x), x"=a in F. 

The last result above does not provide a construction of all cyclic fields Z 
over F since in general F does not contain these mth roots. Moreover if we 
adjoin these roots to F and so extend F to a field K the composite (Z, K) 
over K may not have degree §n. Finally even if (Z, K) over K does have degree 
n then it is necessary to give conditions that a given field K(x), x"=a in F, 
shall have the form(Z, K) with Z cyclic over F. This has not been done and 
is certainly not as simple as the considerations I shall make here. 

It is well known that if =p," - - - p,¢¢ with ; distinct primes, then Z is 
the direct product Z=Z,X --- XZ, where Z; is cyclic of degree p over F. 
Hence it suffices to consider the case n= p*, p a prime. I have already done 
soft for the case where F has characteristic p. In the present paper I shall 
make analogous considerations for the case where F has characteristic not p 
by first studying the case where F contains a primitive pth root of unity ¢ 
and later giving complete conditions for the case where F does not contain ¢. 

2. Algebraic units of Z. Let Z be cyclic of degree m over a field F and S 
be a generating automorphism of the automorphism group of Z. Then we 
define the relative norm 
(1) Nzjr(a) = aaS--- 

a quantity of F for every a of Z. We shall now give a new proof of a theorem 
of Hilbert.|| 

* Presented to the Society, September 7, 1934; received by the editors July 30, 1934. 

+ See my paper in these Transactions, 1934,On normal Kummer fields over a non-modular field. 
The results and proofs hold if F is any field of characteristic not p. 

t Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 625-631. 

§ For let Z be the field of the 2”*! roots of unity so that Z has degree 2" over R, the rational 
field. Then K is actually a sub-field of degree 2”~ of Z and Z has degree 2 over K. 

|| Cf. Hilbert’s Abhandlungen I, p. 149. Hilbert’s proof uses the assumption that F is infinite 


and is very different from the rather interesting proof given here. The proof here also goes more 
deeply into the true reason for the theorem. 
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THEOREM 1. A quantity a of Z has the property 
(2) Nzjr(a) = 1 
if and only if there exists a quantity b¥0 of Z such that 
(3) a = bS/b. 


For obviously if a has the form (3) then Nz,r(a) = Nz,r(b)Nz,;r(d-') =1. 
Conversely let Nz;r(a) =1. 

Consider the cyclic algebra M whose quantities are all }-?2z.y‘ with s; 
in Z and 1, y,---, y"~' left linearly independent in Z. Let 


(4) = 1 (z in 2), 


so that M is equivalent to the algebra of all n-rowed square matrices. Then Z 
may be thought of as a field of m-rowed square matrices, y is a matrix whose 
minimum equation is y"—1=0, its characteristic equation. The matrix 
a~!y =p has the property yo" = N(a-') =1 and has the same minimum equa- 
tion as y. Since this equation defines the only invariant factor of y which is 
not unity, the two matrices y and yp have the same invariant factors and are 
similar. Thus yp=AyA- with A and 


yA = aAy = = 


Then az; =2,° ~0 for at least one z; so that we take b =2;40. 

3. Cyclic fields of degree p* over K. Let K be a field of characteristic not 
p containing a primitive pth root of unity ¢ and let Z be cyclic of degree p* 
over K, e>1. Then Z contains a unique cyclic sub-field Y of degree m= p*-* 
and Z is cyclic of degree p over Y. But then* 


(5) Z=Y(z), 2? =ainlY. 


Let S be a generating automorphism of Z so that S may also be considered 
as a generating automorphism of Y. Then S"=Q, Q?=1, the identity auto- 
morphism of Z, and YF is the set of all quantities of Z unaltered by the cyclic 


group (J, Q, Q>-"). 
We compute =a?=a. Then z® is a root of =a and hence 


(6) = (OSu< pp). 
If 4=0 then z°=z is in Y contrary to our hypothesis that Z=Y(z) ¥Y. 
Hence >0 is prime to 

(7) Huo = 1+ wip, (uo, p) = 1, 


for integers wo, Define Qo so that So is a generating auto- 


* For every cyclic field of degree » over Y containing ¢ is a Kummer field Y(z), 2?=a in F. 
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morphism of Z, Qo is a generator of the group (J, Q,--- , Q?-'). Then 
= Hence by properly choosing S we may assume 

(8) 2° = f2, 


instead of (6). 
Now (z°)?=a* so that, by a well known theorem on Kummer fields,* we 
have z° =62z’, Bin Y, 1<v<p. Then 


if = = = B,2”" = tz 


and hence 2”-!=6;"{ is in the field Y. But then y»"=1 (mod ) and, since 
m= p*-! so that y"=v (mod p) we have v=1 (mod p), v=1. 
Then 


(9) 2S = Bz, Bin Y. 
Also 
= BSBz,---, 25" = = - 
and 
(10) Ny;x(8) = &. 
The quantity 8 is in Y and has the property (10) so that Nz ;x(§) 
= Ny/x(8*) =¢?=1. By Theorem 1 applied in Y we have 


as 
(11) ain Y. 


But now =(z5)? so that 


(12) (aa)S = aa", 


and hence a=da with d in K. 

We may finally prove that in fact Z=K(z). This will obviously be true 
if 2? =a generates Y. Hence let a be in a proper sub-field of Y. Then a is in 
the unique sub-field H of degree p*-* of Y and if m=pr, R=S’, we have 
R?=(, a® =a. Then a’ =af?, a® - - - that ]?=1, 
Nu jx(8) =f, Ny ;x(8) =f? =1, a contradiction. We have proved 


THEOREM 2. Let Z be a cyclic field of degree p* over K, e>1, S be a generating 
automorphism of Z, and Y its unique sub-field of degree p*-' over K. Then 
Z=K(z) where z?=a in Y and Y contains a quantity B such that 


(13) Ny;x(8) = §, a! = B?. 


* Cf. Hasse’s Bericht tiber Klassenkirper, Jahresbericht der Deutschen Mathematiker Vereini- 
gung, vol. 36 (1927), pp. 233-311; p. 262. 
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Moreover the generating automorphism S of Z is given by that in Y and 
(14) 2S = Bz. 
We may now prove 


THEOREM 3. A necessary and sufficient condition that a cyclic field Y of de- 
gree p*' over K, e>1, shall possess cyclic overfields of degree p* over K is that 
Y shall contain a quantity B such that Nz)x(8) =. Every such cyclic overfield* is 
a field K(z),2”=do, with generating automorphism (14), where ao9=Xa, a is any 
root of 


(15) aSq~) = B?, 
and d ranges over all quantities of K. 


For if Z is cyclic of degree p* over K then the existence of 8 is given by 
Theorem 2. Conversely let Nz;x(8) =¢ for 8 in Y. By Theorem 1 there exists 
a quantity a in Y such that (15) is satisfied. If a=)? for 6b in K then aSa-! 
= B=¢"bSb-!, Ny ;x(8)=1, a contradiction. Hence the field 
Z=Y(z), 2?=do, has degree p over Y for every solution ao of aSa-!=£?. 
Moreover a) =a for any fixed solution a. In our proof of Theorem 2 we showed 
that in fact Y=K(ao) so that Z=K(z). Finally Z is evidently a field of 
Theorem 2 and is cyclic with generating automorphism given by that in Y 
and by (14). 

Suppose now that Z, is a new cyclic overfield of Y of degree p* over K so 
that defines a quantity Bo with =¢. Then =1 and 


(16) Bo = BdSd-, 


with d in Y by Theorem 1. Moreover Z)=K(z:), 2? =a, where a:Saz! =B,?. 
But if ao: =dad? with) in K and aSa—! =8?, then a$,an' But 
then is a constant multiple of a,, and, by proper choice of \, = = dad”. 
The field Z)= K(z), z=d-'z,, 2? =a is evidently equivalent to K(z). More- 
over 2° = (d5)—1z,5 = = Bz as desired. 

We have determined the structure of cyclic fields of degree p* over K 
when K contains a primitive pth root of unity ¢. We now study the more 
general case where ¢ is not in the reference field F. 

4. The field K =F({). Let F be any field of characteristic not p so that 
the equation «”=1 is separable and has as roots the primitive pth roots of 
unity 


(17) (i= 1,2,---, p—1), 


* Such cyclic overfields define new quantities 8) but we prove below that in fact we may replace 
Bo by 
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and unity itself. Suppose that (x) is the irreducible factor in F of x?—1 
which has / as a root. Then the field K =F(¢) is a normal field whose auto- 
morphisms form a group which is isomorphic to a subgroup of the cyclic 
group of order p—1 which replaces ¢ by its powers (17). Every subgroup 
of a cyclic group is cyclic and hence K is cyclic of degree m over F. Moreover 
a generating automorphism of K over F is given by 


where m divides p—1 and is prime to , ¢ is an integer belonging to the expo- 
nent (mod 
(18) i" = 1 (mod p), 1 (mod p), e <n. 
If we define 
(19) = ¢%, t, (mod p), 1 S te < 
(20) pt = 1 (mod 9), px = p*—' (mod p), 
then I have proved* 
Lemma 1. A quantity u=u({) of I has the property 
(21) = = 
with 6 in K if and only if there exists a quantity \=X({) in K such that 


(22) 


We shall also require the known* 

Lemma 2. A cyclic field of degree p over K, Zo>=K(z), 2? = in K, is 
cyclic of degree pn over F, so that 
(23) Z=ZXK, 
where Z is cyclic of degree p over F, if and only if w satisfies (21). 


5. Cyclic fields of degree p* over F. Let Z be cyclic of degree p* over F. 
Then Z)=Z XK is evidently cyclic of degree mp* over F and cyclic of degree 
p* over K. Moreover Z contains a cyclic field Y of degree p* over F and the 
field Yo=Y XK is cyclic of degree np*-! over F with automorphism group 


SiT? (i =0,1,---,n—1). 


By Theorem 2 we have 


* Cf. On normal Kummer fields, etc., Lemma 3, Theorem 2. 
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THEOREM 4. Let Z, Zo, Y, Yo be defined as above. Then Yo contains a quan- 

tity B such that 

(24) Ny,x(8) = 

and 2? =a in Yo such that 

(25) = 


Let a be a fixed quantity satisfying the equation (25) in @ so that every 
solution a of (25) satisfies the condition 


(26) a=ha, K. 

Then we have proved that z may always be chosen so that 

(27) 2 = Bz, 

for any 6 satisfying (24). We may then normalize the quantity 6 and prove 
THEOREM 5. The quantities B, a may be chosen so that 

(28) BT = 6°8', a? = d?a', 

with 6, d in Y. 


For we have aS =af? and may define 


(29) Bo = ao = 
k=l kewl 


so that by Lemma 1 we have fo? = 5o?Ao', ao? =do?ao'. Since ST = TS in Y, we 
also have 


(30) 
= = Br. 


k=l 


We also compute 


k=l bal 
where 
(31) T= = (tp) =n (mod 


k=l k=l 


Hence Ny,/x(Bo) We let un=1 (mod a1 =a" so that 


| 
} 
H 
; 
| 
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(32) Ny,x(B1) = = 6, 

and obviously 

(33) = BY. 

Moreover 

(34) Bi” = (Bo™)* = (5o”Bot)* = (50%) = 
(35) = (ao7)* = (doPao')* = (do)? = 


as desired. We have provedjTheorem 5S. 
The automorphisms S and T of Y are commutative so that N(87) 
= [N(8)]7=st=N(6") with N(8) defined as Ny,/x(8). Then by Theorem 1 


(36) = 
with f in Yo. Also 
= (87)? = = 

(37) = (dSd-") 
so that 
(38) BT = 
We shall only need (38) and a7 =d?a*‘ in our further study of the field Z. 

We now take as basic in our study the given field Yo=Y XK of degree 
p* over K where Y> is also cyclic of degree np*—' over F and assume that VY 
contains a quantity 8 such that NVy,/«(8) =¢. We have then shown that there 
always exists a quantity a of Y such that aSa—! =8? and moreover that 8 and 
a may be so chosen that (38) and 


(39) a? = d?a' (d in Y) 
both hold. We now seek necessary and sufficient conditions that Y shall 
possess cyclic overfields of degree p* over F. We shall in fact prove the funda- 
mental result 


THeEoreEM 6. The field Y possesses cyclic overfields Z of degree p* over F if 
and only if in (38) v=0. Moreover every such field is determined by Z,=Y,(z), 


2?=ain Y such that 


(40) a = ha, A? = 


with o in K, where then Z,>=Z XK, Zo 1s cyclic of degree np* over F. 
For we may write Y)= Y(¢) so that if Z is cyclic of degree p* over F with 


[May 


1935] ON CYCLIC FIELDS 461 
Y as sub-field then Z,) = Yo(z), z?=a=)a with d in K. Moreover Z is cyclic 
of degree p over Y and by Lemma 2 we have 
(41) al? = ya! 
with y in Y. Hence 
(42) Aa? = ATdPat = 
and 
(43) AT = 

The quantity x,=d-'y has its pth power x?=p=A™A~ in K. Hence 
either Y =do with o in K or X19 = K(x) is a cyclic sub-field of Yo of degree p 


over K. But Yo =Y XK so that then Xip=X1XK where X is cyclic of degree 
p over F and in fact 
(44) p? = op', 
with y in K. Then implies 
(45) 3 3 ,2 2 3 2 
AT =X! (a7) Pp? = p* . 


so that finally 


(46) A™ = 


The quantity \"-'=),? since “=1 (mod p). Hence p® is the pth power of a 
quantity of K where ¢=nt"~" is prime to p. This evidently implies that p is 
the pth power of a quantity of K contrary to hypothesis. Hence 2,=0 in K 
and we have proved that (40) holds. 

We have shown that z may be so chosen that z5 =@z with (38), (39). Then 
(38) may be replaced by 


(47) BP = 
since =ad, =ad'. 

Since ST=TS in Z we obtain (27)? =a? =Wrat =yz'?, with 
O<e<p. Then =£z gives 


(48) 2TS = = 2ST = (Bz)? = 


so that =1,v=0. 

Conversely let Y be cyclic of degree p*-' over F, Yo=Y XK, B and a be 
chosen in Y> and satisfying Ny,;x(8) =¢, (38), (39). Let \ range over all 
quantities of K such that (40) holds so that a satisfies (47). We have proved 


{ 
| 
t 
i 
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that then Z,= Y(z) has the property Z)= K(z) and is cyclic of degree p* over 
K. It remains merely to show that then Z, is actually cyclic of degree pn 
over F if y=0. We define the automorphism T of Z> by that in Y» and by 


2? = y2', y = od, 


where a? =a‘. Then we require only to show that ST = TS so that the auto- 
morphism group of Z» over F is actually the cyclic group (S‘7‘) (¢=0, 
1,---, p*—1;7=0, 1,---, 2-1). But this immediately follows from the 
computation in (48) with e=0, and Theorem 6 is proved. 


Unrversity oF CHICAGO, 
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A CANONICAL POWER SERIES EXPANSION FOR A 
SURFACE* 


BY 
ERNEST P. LANE 


1. Introduction. In studying the projective differential geometry of an 
analytic surface in ordinary space it is frequently convenient to use a power 
series expansion for one non-homogeneous projective coordinate of a variable 
point on the surface in terms of the other two coordinates. Such an expansion 
can be reduced to various canonical forms by means of suitable choices of 
the projective coordinate system, that is, of the tetrahedron of reference and 
the unit point. The purpose of this paper is to deduce and apply such a 
canonical expansion, which does not seem to have been considered hitherto, 

The form of the canonical expansion with which we are concerned was 
suggested in the first place by the exigencies adherent to the investigation of 
problems of a certain type which will be discussed more fully in §3. For the 
moment it is sufficient to say that the desideratum was a canonical expansion 
for which one edge of the tetrahedron of reference was an arbitrary non- 
asymptotic tangent at an ordinary non-parabolic point of a surface. This 
consideration led to the deduction of the canonical expansion which will be 
explained in detail in §2. There the method followed is predominantly geo- 
metrical and the coordinate system employed is completely interpreted 
geometrically. 

In §4 the connection between the canonical expansion introduced in this 
paper and a canonical expansion long known in the theory of conjugate nets 
is established, and some of the results of previous sections are applied in the 
theory of conjugate nets. 

2. The canonical expansion. In this section a canonical power series ex- 
pansion for a surface will be deduced. The geometrical significance of the 
successive steps in the work will be fully explained. 

In projective space of three dimensions let us establish a point coordinate 
system, in which a point that has non-homogeneous coordinates x, y, z also 
has homogeneous coordinates %1, x2, %3, x4 whose ratios are defined by placing 

%2 x3 %4 


x1 


* Presented to the Society, April 20, 1935; received by the editors December 5, 1934. 
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Then let us consider an analytic surface S whose equation is 

(1) z= f(x, y). 

It is well known that if the origin O, namely, the vertex of the tetrahedron 
of reference having non-homogeneous coordinates 0, 0, 0, is an ordinary 
point on the surface S, and if the face z=0 of the tetrahedron is the tangent 
plane of S at O, then the equation (1) of the surface can be expanded by 
Taylor’s series into 

(2) = a(x, y) + B(x, y) + 

where a, 8, y, - - - are forms which can be written as follows: 


a(x, y) = + + 
B(x, y) = + 3bix*y + 3bexy? + day’, 
y) = coxt + + + + 


(3) 


the coefficients a,--- , G,--- being constants. Let us assume that the 
origin O is not a parabolic point. Then the discriminant A of the form a, 
defined by 
(4) A = 4(aoa2 — 
is not zero, and the two asymptotic tangents at the origin, represented by the 
equation a=0, are distinct. 
The principal purpose of this section is to prove the following theorem: 
By means of a suitable choice of the coordinate system, the equation (2) of a 
surface can be reduced to the canonical form 


(5) y? + + + coxt* tay +---, 


the unwritten terms being of degree at least five, and the edge y=z=0 of the 
tetrahedron of reference being an arbitrary non-asymptotic tangent at the non- 
parabolic point (0, 0, 0). 

The proof begins with the observation that the coefficient a; can be made 
to vanish by taking for the edge x =z=0 of the tetrahedron of reference the 
tangent which is the harmonic conjugate of the edge y=z=0 with respect to 
the asymptotic tangents of the surface at the origin O. We shall suppose from 
now on that this has been done, so that a,=0. 

The next step in the proof consists in establishing the following lemma: 


The coefficient b, vanishes if, and only if, the vertex (0, 0, 1, 0) corresponds 
to the face y=0 in Segre’s correspondence, and similarly bz vanishes in case the 
vertex (0, 1, 0, 0) corresponds to the face x =0. 
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Let us recall in this connection that Segre’s correspondence associated 
with a point O of a surface S is by definition the correspondence between the 
osculating plane at O of any curve C on S through O and the ray-point of the 
curve C at O, namely, the point of intersection of three tangent planes of S 
constructed at O and at two consecutive points on C. Segre studied* this cor- 
respondence, using a notation not differing essentially from ours, and proved 
that the equations of the correspondence can be written in the form 

6 a(u, v)a,(u, v) a(u, v) 

Aa(u, v) — J(u, Aa(u, v) — J(u, 
the meanings of the new symbols appearing here having the following expla- 
nation. The symbols X, Y represent the first two non-homogeneous coordi- 
nates of a point in the tangent plane of the surface S at the origin O, the third 
coordinate being zero. Then u, v are coordinates of a plane through O, the 
equation of this plane being 


(7) 2= x — uy. 


Subscripts indicate partial differentiation, and J is the jacobian of. the 
forms a, B: 
(8) J= — A By. 

Writing out equations (6) by means of equations (3) with a, =0, placing 


v=0, and then allowing u to become infinite, we find that the homogeneous 
coordinates of the point corresponding to the plane y=0 are 3),, 0, ao, 0. 
Similarly, placing «=0 and then letting v become infinite, we find that the 
point (3b2, a2, 0, 0) corresponds to the plane x=-0. One sees immediately 
that the first point is the vertex (0, 0, 1, 0) of the tetrahedron of reference if, 
and only if, b: =0; similarly, the second point is the vertex (0, 1, 0, 0) in case 
b,=0. Thus the lemma is established. We shall suppose from now on that 
b; = be = 0. 

It is geometrically obvious that the face « =0 may still be any plane what- 
ever through the tangent x =z=0, except the tangent plane, and likewise the 
face y=O is an arbitrary plane through the tangent y=z=0. This fact can 
also be verified analytically in the following way. Let us make the trans- 
formation 

x’ + Bz’ y’ + D2’ 
(0) 1 + + 2a2Dy’ 1 + 2a Bx’ + 2a2Dy’ 


z= ’ 
1 + + 2a,Dy’ 


* Segre, Complementi alla teoria delle tangenti coniugate di una superficie, Rendiconti della Reale 
Accademia dei Lincei, (5), vol. 17 (1908), p. 405. 
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from the old coordinates x, y, z to new coordinates x’, y’, 2’, the coefficients 
B, D being arbitrary. This transformation makes the two planes whose equa- 
tions in the old coordinate system are 


(10) x— Bz =0, y—Dz=0 


become, respectively, the two faces x’=0 and y’=0 of the tetrahedron of 
reference of the new coordinate system. Moreover, this transformation carries 
the equation (2) of the surface, with a;=b,=2=0, into another equation of 
the same form in which the coefficients of the terms of the second and third 
degrees are absolutely unchanged. The calculations in support of this state- 
ment will not be reproduced here, but are straightforward, and complete the 
analytic verification aforementioned. 

The transformation (9) can be used to reduce both of ¢;, cs; to zero. If the 
transformed coefficients of the terms of the fourth degree are calculated, it 
is found that, in particular, the coefficients c:, c; obey the laws 


(11) cl = — = C3 — 


Therefore, if B, D have the values 
(12) 


then the transformed coefficients c/, c{ are zero. The equations in the old 
coordinate system of the planes which must be taken as the faces x’ =0 and 
y’ =0 of the new tetrahedron in order to effect this reduction are found, by 
substituting the values of B, D from (12) into (10), to be 


(13) Qob3x — 2c32 = O, — = 0. 


A geometric characterization of these planes is contained in the following 
lemma: 


The first of the planes (13) is the plane that passes through the tangent line 
x=2z=0 and touches the cone of Segre associated with the point O of the surface; 
likewise the second of the planes (13) is the plane through the tangent line 
y=2z=0 and touching the cone of Segre. 


Beginning the proof, let us recall that the cone of Segre at a point O of a 
surface S is by definition the envelope of the planes through O which are able 
to serve as stationary osculating planes at O of curves on S through O and 
having at O stationary ray-points. The equation of the cone of Segre, when 
the equation of the surface is in the general form (2), was shown* by Segre 
to be 


* Segre, ibid. 
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(14) 5a(Buud» 2Bu + Bova? — 2AB) 2B] ak => 0, 


in which the arguments of the functions are the plane coordinates u, v, and 
the symbols A, J have the same meanings as in equations (6), while K is the 
jacobian of the forms a, : 


(15) K = — 


To complete the proof it is sufficient to write out equation (14) by means of 
(3) with a; =b,=6;=0, and then, on comparing each of equations (13) with 
equation (7), to show that the equation of the cone of Segre is satisfied by 
the values of u, v given by 


and is also satisfied by 


We shall suppose from now on that c,=c;=0. 
The position of the vertex (0, 0, 0, 1) on the edge x = y=0 of the tetra- 

hedron of reference is still at our disposal. It will now be shown that this 

vertex can be chosen so as to reduce ¢, to zero. In fact, the transformation of 

coordinates 


x’ y’ 


1 + Hz’ 1+ 1+ Ha’ 


in which the coefficient H is arbitrary, makes the point whose coordinates in 
the old coordinate system are H, 0, 0, 1 become the vertex (0, 0, 0, 1) of the 
tetrahedron of reference of the new coordinate system. Moreover, this trans- 
formation changes the equation of the surface into another equation of the “ 
same form in which the coefficients of the terms of the second and third de- i 
grees are absolutely unchanged, and in which the coefficients c/ and cj are I, 
still zero, while the coefficient cy is given by the formula 


(17) 
Therefore, if H has the value given by 


(16) x 


. 


(18) H = 


then c{ =0. The homogeneous coordinates in the old coordinate system of the 
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point V which must be taken as the vertex (0, 0, 0, 1) of the tetrahedron of 
reference of the new coordinate system in order to effect this reduction are 
(19) » 0, 1. 

A simple geometric construction for the point V is certainly desirable. The 
following discussion shows how to construct this point by means of its rela- 
tions to certain other points on the line x = y=0, namely, the points distinct 
from the origin O, in which this line intersects certain quadrics associated 
with the point O of the surface S. 

First of all, the equation of the canonical quadric of Wilczynski can be 
found by means of the characteristic property discovered* by Bompiani to 
the effect that this quadric is an asymptotic osculating quadric of a curve on 
a surface which has an inflexion at the point under consideration. The details 
of the calculation of the equation need not be reproduced here, but the re- 
quired equation of the canonical quadric of Wilczynski turns out to be 

3 bs 


3 
(20) = + + — — as + — — ys + 
4 ao 4 a2 


the coefficient W being given by the formula 


(21) [ 4 + 3 

The equation of the quadric of Lie can be found by means of its definition 
as the quadric determined by three consecutive asymptotic tangents of one 
family constructed at the point O under consideration and at two consecutive 
points on the asymptotic curve of the other family through O. The required 


equation of the quadric of Lie has the same form as equation (20) except that 
the coefficient W is replaced by a coefficient L given by 


(22) L = 3 | + + C4 
As a matter of fact, the equation (20) with W arbitrary represents any quad- 
ric of Darboux. 
The equation of an asymptotic osculating quadric at the point O for the 


curve cut on the surface by the plane y=0 can be found from its definition 
as the quadric determined by three consecutive asymptotic tangents of one 


* Bompiani, Fascio di quadriche di Darboux e normale proiettiva in un punto di una superficie, 
Rendiconti della Reale Accademia dei Lincei, (6), vol. 6 (1927), p. 187. 
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family constructed at O and two consecutive points on the curve. We find 
that the equations of the two asymptotic osculating quadrics at the point O for 
the curve y=0 can be written together in the form 

(23) Z = dox? + + xz + 
a 


where w is defined by 


(24) 


(25) 


The analogous equation of the two asymptotic osculating quadrics at the point O 
for the curve x =0 can be written by symmetry and is 
9 bs _ 15 b3w 


(26) = dox? + ay? + — — y2 — — x2 + K2?, 
4 ade 4 a2 


where the coefficient K is given by 


(27) = 


The coordinates of the point distinct from O in which the line x=y=0 
pierces the canonical quadric of Wilczynski are W, 0, 0, 1. We may speak of 
this point as the point W, since W is a non-homogeneous coordinate of this 
point on the line x =y=0. With similar terminology in analogous cases, the 
following construction locates the point H which we are seeking to character- 
ize. 


Let P be the harmonic conjugate of the point W with respect to the points L 
and O. Let Q be the harmonic conjugate of O with respect to B and K. Then the 
point H is the harmonic conjugate of Q with respect to P and O. 


The proof consists in showing first that the coordinates P, Q of the points 
P, Q are given by the formulas 


| + + 9 (= b? 


(28) 
E re 9 (= 4 b? 
ae a? 


ade 

and the coefficient B is given by ; 
2 ae 8 ae 3 
3 

Pp = — 
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and in then showing that the point H, given by equation (18), is such that 
the cross ratio of the points O, P, Q, H in the order written is —1. 

The vertices of the tetrahedron of reference are now completely specified 
when the point O and the tangent y=z=0 are given. We shall suppose from 
now on that c.=0, and have shown how to reduce the equation (2) of a sur- 
face to the form 


(29) Z = dox? + aay? + + + cox* + caytt+---, 


the unwritten terms being of degree at least five. 

There remains the transformation of unit point, 
(30) = lz’, y=my’, 
the coefficients /, m, m being arbitrary. If this transformation is effected on 
equation (29), if the transformed equation is solved for z’ and the coefficients 
aj, a2, bf are equated to unity, the following conditions on /, m, n are ob- 
tained: 
(31) aol? = = = n. 


Solving these equations for /, m, n, we find 


(32) 


0 


and thus arrive at the following lemma: 

The unit point can be chosen so as to make ay = a2 = bo =1. 

The theorem stated at the beginning of this section has now been proved. 
However, it still remains to describe geometrically the’point whose coordi- 
nates in the old coordinate system are 


Ge 
(33) 
bo ade 


which becomes the unit point in the new coordinate system. This point will 


be located as the intersection of three planes. 
First of all, this point obviously lies on one of the two planes whose 


equation is 

(34) aox? — = 0. 

These are the planes determined by the line x = y=0 and the associate conju- 
gate tangents of the tangents x =z =0 and y=z=0, that is, the tangents which 
separate the latter harmonically and also separate the asymptotic tangents 
harmonically. 


bo \ ae be? 
ag 
cam § 
be 
? 
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To find a second plane containing the point (33) let us observe that the 
equation of the quadric of Moutard for the tangent y=z=0 is 


b be 
(35) Z = + + xg + 


do af ag 


as can be verified by finding the locus of the osculating conics at the point O 
of the curves of section of the surface made by planes through this tangent. 
The equation of the tangent plane of this quadric at the point (0, 1, 0, 0) is 


(36) 2a¢ x + bos = 0. 

The harmonic conjugate of the plane x =0 with respect to the tangent plane, 
z=0, and the plane (36) has the equation 

(37) agx + bos = 0. 

Finally, the harmonic conjugate of the plane (37) with respect to the planes 
z=0 and x=0 is represented by the equation 

(38) aga — boz = 0, 

and obviously contains the point (33). 


A third plane containing this point can be found in the following way. 
The cubic surface whose equation is 


(39) Z = dox? + + box? + 


is completely characterized by the following properties: it has third-order 
contact with the surface at the point O; it has a unode at the point (0, 0,0, 1); 
and its uniplane is the plane x;=0. Now the polar plane of the point (0, 1, 
0, 0) with respect to the cubic (39) has the equation 

(40) + 3box2 = 0 


in homogeneous coordinates. The equation of the harmonic conjugate of 
this plane with respect to the planes x, =0 and x2. =0 is 


(41) aox%1 — 3boxe2 = 0. 


The equation of the harmonic conjugate of the plane (41) with respect to 
the plane x, =0 and the plane (40) is 

(42) ao%X1 + boxe = 0. 

Finally, the harmonic conjugate of the plane (42) with respect to the planes 
x,=0 and x,=0 has the equation 


(43) Ax — box, = 0, 
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and evidently contains the point (33), whose geometric description is now 
complete. 

Two remarks may be adjoined. Since the derivative 0*z/dxdy calculated 
from equation (39) vanishes identically, it follows that the pencils of planes 
whose axes are the lines x =x,=0 and y=x,=0 cut on the cubic surface (39) a 
conjugate net. In the second place, a similar remark can be made about the 
quadric surface whose equation is 


(44) Z = dox? + acy’, 


and which is completely characterized by the following properties. It has 
second-order contact with the surface at the point O; the lines z=x,=0 and 
x=y=O0 are reciprocal polars with respect to it; and it passes through the 
point (0, 0, 0, 1). 

3. Plane sections through a tangent. The canonical expansion deduced 
in the preceding section was designed to be used in solving problems of a 
certain type which may be identified as follows. Let us pass a plane through a 
non-asymptotic tangent at a point O of a surface and consider geometric 
elements projectively associated with the point O of the plane curve of inter- 
section of the surface and plane. The problem is to discuss the loci of these 
elements when the plane turns around the tangent line. 

Moutard was probably the first to solve a projective problem of this type 
when he proved that the locus of the osculating conics of the plane curves of 
section made by planes through a tangent is a quadric surface, which now 
bears his name. Kubota and Su have also solved* projective problems of this 
type, by showing among other things that the locus of the projective normals 
is a cubic cone of the third order. The purpose of this section is to continue 
and extend the investigations of Kubota and Su. Since the projective normal 
at a point of a plane curve is a nodal tangent of the eight-point nodal cubic, 
it is proposed here to consider all the eight-point cubics, and the osculating 
cubic, of a plane curve of section of a surface, and to investigate their loci 
and the loci of various points and lines associated with them, when the plane 
turns around the tangent. 

Let us consider a surface S whose equation in non-homogeneous projec- 
tive coordinates has been reduced to the canonical form 


x? + y? + + + But + Cyt + + Exty + Fx*y? 
(45) + Gury? + + Hx? + + Jxty? + + + Lxty 


* Kubota and Su, Eine Bemerkung zur Projektivdifferentialgeometrie der Flachen, Science Reports 
of the Tohoku Imperial University, (1), vol. 19 (1930), p. 293. 
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all the coefficients of which are absolute invariants of the surface, the terms 
written being the only ones that will be needed hereinafter. The equation 


(46) y = nz (n # 0) 


represents a plane z through the line ¢ whose equations are y =z =0 and which 
is an ordinary tangent of the surface S at the origin O (0, 0, 0). The plane r 
cuts through the surface S in a curve whose projection from the point 
(0, 0, 0, 1) onto the tangent plane, z=0, of S at O is a curve C. The equation, 
in the tangent plane, of the curve C is found, by eliminating z between 
equations (45), (46), to be 


y? + x? ++ Ay® + But + Cyt + Da’ + Exty + y* 
n 
(47) 


+ + -- + + + Jxty? +--+ + Kx? + Lxty 


If this equation is solved for y as a power series in x, the result to terms of the 
eighth degree is 
(48) = m(x? + + + + + + bax? + ---), 
the coefficients ,, - - - , be being defined by the formulas 
b, = n? + B, 
bs = 2n? + D, 
be = + An? + (2B + 1)n?+ En +H, 
by = 6n* + + (2B + 2D+F)n?+ (E+ ])n+K, 
bs = 5n® + 5An'+ (6B +C + 6)n* + (3A + 3E4+G + 3AB)n' 
+ (2D + 2F+ 2H +J + B*)n? + (1 +L+ BE)n+ M. 
The equation of the osculating conic of the curve C at the origin O is found 
by writing the most general equation of the second degree in x, y and then 


demanding that this equation be satisfied by the series (48) for y identically 
in x as far as the term in x*. The result is 


(50) 
where R is a polynomial defined by placing 
(51) R=n?+B-1. 


The equation of the quadric of Moutard for the tangent ¢ at the point O is 
found, by eliminating ” between equations (46), (50), to be 
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(52) x? — y? — xz — (B— 1)2? = 0. 
Let the left member of equation (50) be denoted by Q, so that 


2 


n 


Then substitution of the series (48) for y yields, to terms of the fifth degree, 
(54) Q=Snxt+---, 

the coefficient S being defined by the formula 

(55) S = —n?*—3B+D+2. 


The two values of 2 which make S vanish yield, when substituted in equation 
(46), the equations of the two planes producing sections of the surface which 
are hyperosculated by their osculating conics. These equations can be written 
together in the form. 


(56) y? — (— 3B + D+ = 0, 
which establishes the following theorem: 


At a point O of a surface S the two planes through a tangent t which produce 
sections which are hyperosculated by their osculating conics separate harmoni- 
cally the tangent plane and the plane through the tangent t which touches the cone 
of Segre. 

The equation of all eight-point cubics at the point O of the curve C is 
found by writing the most general equation of the third degree in x, y and 
then demanding that this equation be satisfied by the series (48) for y identi- 
cally in x as far as the term in x’. The result can be written in the form 


2 3 
s|y- nx? — nx? — (R-+ — (S + 2R)z— — (V + 25 + 
n n 


(57) 

n n 
in which / is a parameter and V, W are two polynomials defined by the 
formulas 

V = An* — (2B — 3)n? + En+ 10B —4D+ H — 2B°—-5, 
(58) W= (D—F — 2)n?— 
— 3BD + 5B’. 


The equation of the eight-point nodal cubic is 
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(59) (se = @. 
nN nN 


The nodal tangents of this cubic are the tangent t, whose equation is y=0, 
and the projective normal, whose equation is 


(60) 
n 


The equation of the flex-ray, that is, the line containing the three inflexions 
of the eight-point nodal cubic, is found to be 


(61) S? — (2VS + S*)x + (V2 — RS?) =0. 


The flex-ray is known to be tangent to the osculating conic (50) at the point 
of intersection of the flex-ray (61) and the projective normal (60), namely, the 
point 


( VS Sm 
V2+VS+ RS?’ VS + 


Moreover, the flex-ray intersects the tangent ¢ at the point 


S 
(63) 0). 
2V+S 
All the eight-point cubics (57) intersect, besides at the origin O, also in 
the Halphen point, 
( ST(VT — S4) 
(VT — 4+ ST(VT — S*) + TX RS? — T) 


(64) 


S?T2n ) 
(VT — S4)2+ ST(VT — S*) + TRS? — T)/’ 


wherein T is a polynomial defined by the formula 
(65) T = V? + 2VS + 2RS? — SW. 
The equation of the line joining the origin to the Halphen point is 


(66) STx— (VT — S‘) =0. 
nN 


The eight-point cubic of Sannia is by definition that eight-point cubic 
which passes through the point (63), or equally well, that eight-point cubic 
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which passes through the point (62). Either way one finds that for the eight- 
point cubic of Sannia the parameter / in equation (57) has the value 


67 h= o(—+1 
(67) ). 


With this value of 4 in equation (57), the equation of the eight-point cubic 
of Sannia can be written in the form 


— (VS + S%)x + (V?— RS) + 


(68) 
s+(sx = 6. 


n nN 


Moreover, it is evident on inspection that equation (53) defining Q is equiva- 
lent to 
y y\? 
S70 =| S? — (2VS + S?)x + (V? — RS?) — | y — Sx — V—). 
n n 
Therefore the flex-ray (61) meets the eight-point cubic of Sannia, besides in 


the points (62), (63), also in the point where the flex-ray intersects the line 
(66) joining the origin to the Halphen point, namely in the point 


S(VT — 
(VT — S*)(2V + S) — T(V? — RS?) 


(69) 


S?Tn 
(VT — S4)(2V + S) — T(V? — 


The osculating cubic is represented by equation (57) when the parameter 

h has the value obtained by demanding that (57) be satisfied by the series 
(48) for y as far as the term in x*. Thus the value of h for the osculating cubic 
is found to be given by 
Th = S[An' — (B —C + 1)n* — (E —G+ AB)n! 

+ (2F + J — 2H + 2B? + 3)n? — (3E—I—L+ 3BE)n 

— 6B + 6D — 3H + M+ 6BD — 4BH — B* — 2D? + 3B?| 

— (V+4S)W. 


(70) 


The right member of this equation reduces to a polynomial of the sixth de- 
gree in n, as does T also. 

The osculating conic (50) intersects any eight-point cubic (57), besides at 
the origin also at the point 
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( — S(V + 25 + hS) 


on) (V + 25 + hS)? — S(V + 2S + hS) + RS?” 


S2n 
(V + 25 + hS)? — S(V + 2S + 


For the value of h given by (67) this point becomes the point (62), and for 
the value of / given by (70) this point is the residual intersection of the oscu- 
lating conic and the osculating cubic. The equation of the line joining the origin 
to the point (71) is obviously 


(72) Sz + (V +25 + 4S) > =0. 
n 


It is now easy to write the equation of the cone of Kubota and Su, which is 
the locus of the projective normals. Elimination of m between equations (46), 
(60) yields the desired equation, 


[y? — (— 3B + D+ 2)z*]a + Ay? + (— 2B + 3) + Eyz? 


(73) 
+ (10B — 4D + H — 2B? — 5)2* = 0. 


The form of this equation makes it evident at once that the tangent f, 
y =z=0, is a double line of this cone, as remarked* by Kubota and Su. More- 
over, the equation of the nodal tangent planes of the cone along this line is 
obtained by setting equal to zero the coefficient of x in equation (73), and 
is precisely equation (56). Thus the following theorem is proved. 


The nodal tangent planes of the cone of Kubota and Su along its double line 
are the planes through this line that cut the surface in curves which are hyper- 
osculated by their osculating conics. 


Furthermore, the cone of Kubota and Su cuts the tangent plane, z=0, in 
the line 


(74) x+Ay=0, 
besides the tangent /. Finally, the plane containing the three inflexional 
generators of the cone is represented by the equation 

4(3B — D — 2)x + [E+ 3A(3B — D — 2)]y 


= + [(2B — 3)(2 — 3B + D) + 3(10B — 4D + H — 2B? — 5)]z = 0. 


For the purpose of facilitating calculation it is convenient to introduce 
seven constants a, b, c, d, e, f, g defined by the following formulas: 


* Kubota and Su, ibid., p. 300. 
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a=86-1, 
b= —3B+D+2, 
c= —2B+3, 
= 108 —4D+ H — 2B* — 5, 
e=—-D+F++2, 
= —2E+T, 
g= —5B+5D—-—3H+K — 3BD + 5B’. 


Then one can rewrite quite simply the definitions of R, S, V, W: 
R=n'*+ a4, 
S=-—n'+65, 
V = An* + cn? + En+d, 
W = — n*+ en? + fn+g. 
Actual calculation now yields 
T = (1 + A2)n® — 4A(B — 1)n5 + ant + Bn? + yn? + in +e, 


(77) 


where a, 5, € are defined by 
a = 2a— 3b—2c+e+c?+ 2AE, 
B = 2(Ab+ Ad + Ec — E) +f, 
y = 2bc + 2cd — 2d + 2b? — 4ab — be + g + E’, 
5 = 2E(b + d) — df, 
€ = 2bd + 2ab? — bg + a?. 
The values of m which satisfy the equation T=0 make the Halphen point 


(64) coincide with the origin, which is then a coincidence point on the cor- 
responding curve of section. Thus one arrives at the following theorem: 


Through an ordinary tangent at a point O of a surface there pass six planes 
which cut the surface in curves having a coincidence point at O. 


It is known that at a coincidence point the eight-point nodal cubic is the 
osculating cubic. It is suggested to inquire whether the eight-point cubic of 
Sannia can be the osculating cubic. Demanding that equation (68) be satis- 
fied by the power series (48) for y as far as the term in x°, we find that m must 
be a solution of an equation of the ninth degree, 


(78) + A*)n?+---+9=0, 


the unwritten terms being not needed for our purposes. Thus the following 
theorem is established. 
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Through an ordinary tangent at a point O of a surface there pass nine planes 
which cut the surface in curves each of which is osculated at O by its eight-point 
cubic of Sannia. 


Besides the projective normal there are other lines whose loci are of in- 
terest. For example, the locus of the flex-ray is an algebraic ruled surface of 
the sixth order, as remarked* by Kubota and Su, whose equation is found, 
by eliminating m from (61), (46), to be 


2(y? — — x[— 2A y® + (4B — 5)y4z + 2(Ab — E)yiz? 
+ 2(be — b — d)y%s* + 2Ebyz* + (2bd + b?)z5] + (A? — 1)y8 
+ 2A(3 — 2B)y*s + (2AE + c? + 2b — a)ytz? + 2(Ad + Ec) yz8 
+ (E* + 2cd — b? + 2ab)yz* + 2Edyz' + (d? — abd?)z* = 0. 


(79) 


This surface has the tangent ¢, y=z=0, for quintuple line, and intersects the 
tangent plane, z=0, also in the line whose equation is 


2Ax + (A?—1)y =0. 


The locus of the line from the origin to the Halphen point is found from (66), 
(46) to be an algebraic cone of the ninth order, and the locus of the line from 
the origin to the point of intersection of the osculating conic and osculating cubic 
is found from (72), (46), (70) to be also an algebraic cone of the ninth order. 
The equations of these cones can be written without difficulty, but will not 
be included here. 

The loci of three cubic curves which we have considered will now be dis- 
cussed. The equation of the locus of the eight-point nodal cubic is found, by 
eliminating m from equations (59), (46), to be 


(g — — y? — xz — az*)[x(y? — bz*) + Ay® + + Eys? + dz*] 


(80) + 2(y? — bz*)? = 0. 


Therefore this locus is an algebraic surface of the fifth order, which intersects 
the tangent plane, z=0, in the asymptotic tangents, «?+y’=0, and in the 
line (74), besides having the tangent ¢, y=z=0, for double line. Moreover, 
this surface intersects the quadric of Moutard (52) in the asymptotic tangents, 
and is tangent to the quadric of Moutard along the conics cut on this quadric 
by the planes (56). The locus of the eight-point cubic of Sannia is found from 
(68), (46) to be an algebraic surface of the eighth order, and the locus of the 
osculating cubic is found from (57), (46), (70) to be an algebraic surface of the 
twelfth order, but the equations of these surfaces will not be included here. 


* Kubota and Su, ibid., p. 300. 
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There are four points whose loci will now be briefly examined, namely, 
the intersection of the flex-ray and the projective normal, the Halphen point, 
the intersection of the flex-ray and the line from the origin to the Halphen point, 
and finally the intersection of the osculating conic and the osculating cubic. The 
parametric equations of the locus of the first point are obtained by setting 
x and y respectively equal to the coordinates given in (62), by adjoining the 
equation z=y/n, and by then replacing the polynomials V, S, R by their 
expressions in terms of m given in (77). Thus one finds that the locus of the 
intersection of the flex-ray and the projective normal is a unicursal curve of 
order six, as Kubota and Su* have remarked. Similarly, one finds that the 
loci of the other three points in the order just named are unicursal curves of 
orders seventeen, twelve, and eighteen. A more detailed study of the proper- 
ties and relations of the loci mentioned in this section is reserved for another 
occasion. 

4. Applications to conjugate nets. The theory developed in the preceding 
section has interesting connections with the theory of conjugate nets. The 
coordinates x of a point on a surface referred to a conjugate net in ordinary 
space, and the coordinates y of the point which is the harmonic conjugate of 
the point x with respect to the foci of the axis of the point x, satisfy a system 
of equations of the form 


Luu = px tax,+ Ly, 
(81) = 6X + axy + 
= + bx, + Ny. 
The ray-points of the net at the point x are given by the formulas 
(82) x, = — ax, = — bx. 
Some of the invariants of the net are given by 
8B’ = 4a — 26 + (log r),, r= N/L, 
86’ = 4b — 2a — (log r)u, 
H=c+ab— a, =c+ab+b,— 
K =c+ab— dy, KR =c+ab+a,— a. 


(83) 


If the four points x, x_,, x1, y are used as the vertices of the tetrahedron of 
reference of a local coordinate system, it is not difficult to calculate by 
familiar methods a power series expansion for one non-homogeneous co- 


* Kubota and Su, ibid., p. 300. 
t Lane, Projective Differential Geometry of Curves and Surfaces, University of Chicago Press, 
1932, p. 138. 
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ordinate z of a point on the surface in terms of the other two coordinates 
x, y. Thus one obtains, to terms of the fourth order, 


1 4 
s= (Lx? + Ny?) + + NB’ y*) + coxt + 


(84) 
+ t+---, 


where the coefficients Co, ¢1, Cs, cg are defined by 
[126’ + (log 4c, = ¢L(H — §), 


(85) 
= 4N%’[12B’ + (log B’r—/2), ], = §N(K — &), 


and the coefficient of x?y? is zero. G. M. Green calculated* an expansion 
essentially the same as this one to terms of the third order, and showed that 
the coefficient of x*y* is zero, but apparently did not concern himself with the 
other terms of the fourth order. 

Comparison of the expansion (84) with the expansion (29) leads to in- 
teresting results. Equations (13) show that the equations of the planes which 
must be taken as two faces of a new tetrahedron of reference to reduce (84) 
to precisely the form of (29) are 


(86) 8LB'’x — (K —)z = 0, 8NC’y — — $)z = 0. 


The points which are used in place of the ray-points as vertices of the new 
tetrahedron are the points 
(87) 8H’ x + %-1, x V1, 
and the line which is used in place of the axis as an edge of the new tetrahedron 
joins the point x to the point 

(88) a+ 1 

It is knownf that the ray curves and the axis curves of a non-harmonic con- 
jugate net coincide in case H = §, K =8. In this case the points (87) are the 
ray-points (82), and the point (88) is the point y on the axis. Then the ex- 
pansions (84), (29) automatically agree to terms of the fourth order. 


* Green, Projective differential geometry of one-parameter families of space curves, and conjugate 
nets on a curved surface (Second Memoir), American Journal of Mathematics, vol. 38 (1916), p. 287. 
t Lane, ibid., p. 147. 
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The inverse of the transformation (30) of unit point, with /, m, m given 
by (32), can be used to change the equations in the notation of §3, based on 
equation (45), to the notation based on equation (29) with arbitrary unit 
point. Thus, for example, equation (74) becomes 


(89) + dobsy = 0. 
In the notation of the theory of conjugate nets this equation becomes 
(90) C’x + B’y = 0. 


This is the line joining the point x to the point of intersection of the ray 
and the associate ray, which has been called* by Davis the second canonical 
tangent of the conjugate net and its associate conjugate net. Thus the follow- 
ing theorem is proved. 


The cone of Kubota and Su associated with a tangent of a conjugate net at a 
point of a surface intersects the tangent plane, besides in the tangent itself, also 
in Davis’s second canonical tangent at the point. 


* W. M. Davis, Contributions to the Theory of Conjugate Nets, Chicago Doctor’s Thesis (1932), 
p. 19. 


UNIVERSITY OF CHICAGO, 
Curcaco, 


CONVERGENCE PROPERTIES OF FOURIER SERIES* 


BY 
OTTO SZASZ 


I. INTRODUCTION 


1. In our previous paperst we were concerned with Fourier series 


SO) + > (a, cos v0 + sin v6) 


y=] 


the coefficients of which satisfy the conditions 


va, = — K, vb, = — K, v= 1, K a non-negative constant. 


These conditions characterize a special case of “slowly oscillating” series, 
and it is natural to generalize our results in this direction. In what follows 
the knowledge of our previous papers is not presupposed, except for the proof 
of Lemma 5 below. 

2. We start with some preliminary notions. A series of real terms }/9 ¢,, 
or the corresponding sequence of its partial sums {s,}, is called slowly oscil- 
lating from below if to any positive e there corresponds an integer NV = N(e) 
and a positive number 6 =6(e) such that 


Sntk — Sn > —€,n >N,O<k < b(n +1). 
It is readily seen that this condition is equivalent to 


lim liminf min (Saiz — Sa) 2 0. 


We denote by (A) the class of such series, or sequences. 
A series is called slowly oscillating from below in the generalized sense if 
there exist two positive numbers g and 6 such that 


Sntk Sn > —Qq; n=0,1,2,---; 0< k <d(m+1), 
which is equivalent to 


liminf min — 5,2) > — ©. 
0<k<d(n+1) 


The class of such series will be denoted by (A). It is obvious that (A) ¢ (A). 


* Presented to the Society, September 6, 1934; received by the editors August 4, 1934. 
t See [5, 6]. The numbers in brackets refer to the list of the author’s previous papers at the end 
of the present paper. 
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These notions are important for converse theorems of the theory of sum- 
mability.* 

Let (A’) be the class of series satisfying the condition lim inf ,...c,>— ©. 
Then we have (A’) ¢(A) ¢(A). If {6,} is any bounded sequence of non- 
negative numbers and then also This property 
was used in our papers [5, 6]. An analogous but larger class of series is ob- 
tained if we observe that, in order that the series }-5°c,5, ¢ (A) for an arbi- 
trary bounded and non-negative sequence {6,}, it is necessary and sufficient 
that it belong to (A) in the special case 


5, = 1, or 0, according as c, < 0, or 2 0, 


in other words that the series }°5 3(c,—|c,|) ¢ (A). The class of such series 
we denote by (B). Thus (B) is the class of series such that }°9°c,6, ¢ (A) 
whenever >, c, ¢ (A). We have the inclusion relation (A’) ¢ (B) ¢ (A) ¢ (A). 

Similarly we say that ¢ (B) if 3(c,—|c,|) ¢ (A). The class (B) 
is identical to the class of series }°o'c, such that }-9°c,6, ¢ (A) for an arbitrary 
bounded and non-negative sequence {6,}, whenever >. c, ¢ (A). It is plain 
that (A’) ¢(B) ¢(B) ¢(A). 

3. In the present paper we propose to prove the following theorems. 

THEOREM 1. Let cos v0,0 <r <1, represent a harmonic function and 
let 


(i) ¢ (B), 


(ii) dar =O(11), <1. 


v=1 


Then also 
(ii’) a, = O(1) 


vel 


Conversely, the assumption (ii’) implies (ii). If, in addition to (i) and (ii) we 
assume that for a fixed 0=6, 


(iii) a,r’ O(1), OSr< i, 
then also 


(iii’) > a, cos vAg§j= O(1) 


y=] 


* Cf. [2], p. 332; [3], p. 30; [4], p. 326. 


4 
(n= 1,2,3,---), 
(n= 1,2,3,--+). 
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Conversely, (iii’) implies (iii). Finally, if 
o(0) ~ a, cos vO 
is a Fourier series and 


> a, cos v9 = O(1) (mn = 1, 2, 3,---), 


f + t) + o(% — t)} dt = O(h) ash-0. 


THEOREM 2. Let and as r1—0. Then a, con- 
verges to s.* If in addition, for a fixed 0=8o, 


ar’ cos — asr +1 — 0, 
then COS v0 converges to s(0). Finally, if 
o(0) ~ a, cos vO 


v=1 


is a Fourier series and >-;°a, cos v0 converges to s(o), then 


h 
[ {600+ + — — a5 
0 


THEOREM 3. Let 
~ b, sin v6 
y=] 


be a Fourier series and (B). Let 


h 
f w(t)dt = O(h) as hh 0. 
0 


> vb, = O(n) 


If, in addition, 
> b,r’sinv® = O(1), OSr<1, 


v=] 


* This is a well known result of R. Schmidt. 
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> 4, sin v9 = O(1) 


Conversely, if 


> 4, sin v9) = O(1) (nm = 1, 2,3,---), 
v=] 


{ + + — t)}dt = O(h) as h— 0. 
0 


THEorEM 4. Let (B) and 


2 h 
w(t)dt-> das h—0.* 
0 


1 n 
— >> asn>~, 
N ym us 


If, in addition, 


sin — s(09) as r—> 1 — 0, 


then >-;°b, sin v0 converges to (00). Conversely, if sin vOo converges, then 
2 h 
—f { + t) + w(% — t)} dt — s(0o) ash—0. 
0 


In proving these theorems we are using methods analogous to those of our 
papers [5, 6]. Similar theorems hold with respect to the uniform boundedness 
or uniform convergence in a given interval a<@<{. In the hypotheses of 
our theorems the sums >>;°3(a,—|a,|), >-13(b,—|0,|) may be replaced by 
the sums respectively. 

Analogous theorems may also be stated for double Fourier series, as well 
as for almost periodic functions or for Fourier integrals. 

The treatment of the cosine series is conspicuously simpler than that of 
the sine series, the reason being that to the value 6=0 in the first case there 


* The quantity d may be interpreted as the generalized jump of w(0) at 6=0. 
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corresponds the series > ;"a, while, in the second case, all terms of the series 
vanish.* 
II. THE COSINE SERIES 
1. Proof of Theorem 1. We begin by establishing some lemmas. 


Lemma 1. Pui 
n n 
Dd = Sn, = Mn, = So = = 0, 


and assume that there exist two numbers, p>0 and w>0, such that 

(1) 15k <1+ n(n +1) (n = 0,1, 2,--- 
Then 

(2) Untk — — p(n + k) 


and 


1 
(3) %>—>?p n>0.f 


Since 
n+k 


n 
mn = (Sn — = Dy — Sv) 
v=0 v=0 
we have 


n+k 


Unt+k Un = (n + 1)(Sn4e Sn) + Sy) = p(n + 1) p(k 


which is the desired inequality (2). Now put 
n, = [n(1 + 
so that 


v=0 


where only a finite number of terms are different from zero. In view of the 
obvious inequality , —m,41<1+p(1+,+4:) we have 


m= — pL m=z — = 
v=0 v=0 


* The results of this paper were communicated in the author’s seminar during the spring term 
at the Massachusetts Institute of Technology, and also at the colloquium at Brown University 
May 18, 1934. 

t Cf. [2], p. 333; [4], pp. 326-327. 
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which proves (3). 
Lemma 2. Under the assumptions (1) and 


(4) OS2x<1, 


1 


we have 


2+ 
| sa| < M(1 + 8e) —— 


(2+ 4)(i+ 


+0(1 + 4e 


We set 
=, cx” = P(x); 


then from 
Un 


iy? 
(m + 1) ds 


it follows that 


= (1 — x)-'P(x) f “Pod — t)-*dt, 


0 


and, by (4), 


Vy 


<2M(1 — 
< 2M(1 — x) 


Hence 


1 1 
+p es 2M(1 — x) — x), 
v+i 


The coefficients of the power series of the left-hand member are positive, by 
(3). Consequently, for x=1—1/("+1), 


< | 


< (2m + p 


+1), 


whence 


[May 
| | 
— 
vel V + 
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n 1 n 


ye] V 


< (2M + cin +1). 


On the other hand, again by (3), 


v=] v 


Now, on setting 


(n + 1)"'>> Sy = On, 


v=0 


P(t)(1 — t)-*dt = > 


we have 


Vy 


and* 


0 


n 


Uy 
+ 
By (4) 


| (1 — f P(é)(1 — | S M. 
0 
On combining this with the preceding inequality we have 


1 
| on| < M+ 20(2m + =*) 


* Cf. [1], Theorem 1, with va, replaced by »,/(v+1). 
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Vy 
| < e(2ar + 0, n>0. 
+ 1 

n n Up i 
| 
yal V + 1 
Un, 

n+1 
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whence, for x=1—1/(n+1), 


1 
< M+ 4e( + p n>1. 


Consequently 
Un 1+ 
n+1 
On the other hand we have* 


n+1 
k 
whence, for u(n+1) <k<1+y(n+1), 
Sn < My + 2Mi/u + 


Lemma 2 follows at once by combining these two inequalities for sy. 
We now pass on to the proof of Theorem 1. Under the hypotheses (i) and 
(ii) Lemma 2 implies 


1 k 
Sn = Ont+k + (Ontk on) (Sats 


Sn = >, a, = O(1) (n = 1, 2,3,---). 
Conversely, if this condition is satisfied then 
=O11), OS «<1. 


Furthermore, the series >> ;°a,(1—cos v0) also ¢ (A). Then, if (iii) is satis- 
fied, by Lemma 2, 
a,(1 — cos = O(1), and >> a, cos  =O(1) (nm =1,2,3,---). 
The converse is proved by the same argument as before. 
To prove the last statement of the theorem we observe that 


h 
(2h) f + t) + — t)}dt = >> a, cos vO(sin vh)/(vh). 


By assumption >-;°(a,—|a,|) ¢ (A), and we have proved that }“ta,=O(1). 
Hence the series —)>;°a, as well as —>°;’|a,| ¢ (A). This means that, for 
suitably chosen p and yp, 

nt+k 


* cf. [3], p. 31. 
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Then, by Lemma 1, 


1 
n>0O. 


»| < np 


Now put 


> a, COs vOo(sin vh)/(vh) = > a, COS VOy + = a, COS vOo((sin vh)/(vh)— 1) 


+ > a, cos vOo(sin vh)/(vh) = Sy + + Ss. 


In the previous argument we have proved the existence of a constant G such 


that 
From 
0 S 1 — (sin vh)/(vh) S 
we have 
n n 1 a 
(5) | Sa] »*| < p——* 
Finally, on writing t,,=>.*14| a,| /v we have 


n+k 


mS (n+1)* > 


Let mo, mi, - - - be a sequence of integers such that 


1), No = Nn. 


Then 
nk ny, Nk k-1 
LD +1) 
p(1 + 2) 
since 
m +12 (1+ 4)(m1+ 1) (1 + + 1). 
Thus 


+ pw) 
(n+ 
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= p(1 + 
S3| > “ar < 
| | h(n + 1)u 


On choosing n= [1/h], h<1, we finally obtain 
+h 


h 7 
(2h) {6 +1) +6 <G4+—>p 
0 


2. Proof of Theorem 2. By hypothesis >>;°(a,—|a,|) ¢(A). Sinced-a, 
converges, —).; |a,| also ¢(A). Hence cos v0 ¢(A) for every 6. If 
now 


> ar’ cos — as r>1—0, 
the theorem of R. Schmidt mentioned above implies 
COS = (Oo). 


It remains to prove the last statement of Theorem 2. We write 


h 
0 


sin vh 
( > a, cos vO) — + 4, cos 1) 
v 


sin vh sin vh 


An 
+ > a, cos vp + > a, cos vO 


ven+1 v v 
where \,, > will be fixed later. For a given e, 0<e<1, choose N=N(e) so 
that 
(7) m>N. 
From (5) and (6) we have 


1 


1 


+ 
Let ho =ho(e) be so small that 


ho < >N, 
and put 
nm=[c/h], h< Io, 
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* Cf. [5], formula (21). 
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so that 
nh Se, > 2/(eh). 
Then 
1+ 1+ 
2a, te. 


To estimate Z, subdivide the range 0<vh<X,h<z/e into subintervals in 
each of which (sin vh)/(vk) is monotone (as function of v), the number of 
these subintervals being not greater than 1+[1/e]. An easy application of 
the partial summation formula together with (7) will show that 


|Z2| < (2/e)2e? = 4e. 
To complete the proof of Theorem 2 it remains to allow e—0. 
III. THE SINE SERIES 
1. Proof of Theorem 3. We shall need some additional lemmas. 
Lemma 3. Let 
w(0) ~ > b, sin vO. 


If 
h 
(8) f w(t)dt = O(h) as h- 0, 
0 
then 
vbr = O((1 — as 1-0. 
We have* 
d 
> vbr = — w(t) — p(r, t)dt, 0Osr<i, 
0 dt 
where 
t 
d 
— p(r, t) = — 2r(1 — r?) sin ¢/A?. 
dt 
On setting 
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and integrating by parts we have 
d 
vbr” = — — v(t) (sin ¢ A~*)dt. 
0 


In view of (8) an easy calculation yields 


> br = nf — = O((1 — r)-). 


v==l 


Lemma 4. If (8) holds and >°*b, ¢ (A), then 


in = >, vb, = O(n) (n = 1,2,3,--- 


y=] 


By Lemma 3 


> vbr = — r)-), 


while, by Lemma 1, 
(3’) 
with suitably chosen ~ and yw. Hence 
1+ 


(s+ = of + (1 - = 


v=] 


(a+? 


y=] 


Thus 


Vi = » = O(n?) (mn = 1, 2,3,---). 
y= 


On the other hand the relation 


k 


RVask Vase 


gives, in view of (2), 


kv, 


< Cn, 


where C is a generic notation for a constant, not necessarily the same in all 
formulas where it occurs. On combining this with (3’) we obtain a proof of 
Lemma 4, and also of the first statement of Theorem 3. 
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Now, if >-°b,¢(B), then >>7°),(1—sin v@) ¢ (4). If, in addition, 
> 4,7” sin vO) = O(1), O0Osr<i, 


yen] 


then, as in the proof of Lemma 2, 


> + sin 0) + + vd, sin = O((1 — r)—), 


while, by Lemma 4, 
vb,r? = O((1 — r)-), > + b,)r =O((1 — r)-*), 
and 
Thus 


> + — sin %) + --- + »b,(1 — sin = O((1 — r)-). 


We can now apply Lemma 1 obtaining 


(9) Sn = >> vb,(1 — sin) >—Cn, n21. 


Using the same argument as in the proof of Lemma 4 we get 


Re = S,/(v + 1) = O(n) (mn = 1, 2, 3,-->). 


Writing for simplicity Ro=0 we have 


=D 04+ +1) = +R — Ry) 


= (n+ 1)R, — FR O(n?), 


whence, again as in Lemma 4, 
Sn < Cn. 


On combining these results we have 
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n 


> vb, sin vo 


This, together with 
> 4,7 sin = O(1), 


gives 


> sin = O(1) 
ven] 


= O(n) 


Osr<i, 


(nm = 1, 2,3,---), 


by an argument analogous to that used in the proof of Lemma 2. 


Conversely, assume 


> 6, sin 
v= 1 


and write 


f { w(Oo + t) + w(o t) dt = 


= > sin b, sin 


v=1 vel 


=J,+J2+J3. 


Then, by assumption, 


Ji 


For J; we obtain the estimate 


| Jo] 


b, 


But, by Lemma 4, > -ivb,=O(n) and, 
| b,| ) >—Cn. Thus 


= >, 


and 
Jo = h?O(n*). 


Finally, on putting 


b, sin vO 


v=1 


O(1) (n = 1, 2,3,---), 


sin vh 
v 


vh sin vh 


+ > sin 


-) 


O(1). 


< jnh?> d,|. 


y=] 


since °b,¢(B), by Lemma 1, 


| = O(n) 


/v we have 
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n+k 


tne = >> — 


n+k—1 


— gn(m + + + — (v + 1)-2) 


ven+1 


ll 
“——™ 


Hence and 


n 
On choosing n= [1/h], h<1, we get immediately 
h 
f + t) + w(O — t)}dt = O(h). 
0 


2. Proof of Theorem 4. We first state two additional lemmas. 
Lemma 5. Let 
w(0) ~ > b, sin vO. 
If the limit 


2 
(10) lim — J w(t)dt = d 


exists, then 


d 
(1 — r) >> as r—>1—-0.* 
Lemna 6. If (10) holds and >°b, ¢ (A), then 


Un 2 d 
— =n") as n>, 
n 


By Lemma 5, 


d 
(1—1r)>> vbr’ > —asr—1, 


while, by Lemma 1, 


1+u 


» + p yJ> 0 (v= 1,2,3,---), 


* This was proved in our paper [5], Theorem 5. 
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with suitably chosen ~ and yw. Hence 


d 
(1 — 1)? —, 


T 


(» +? 


1 d 1 


By a theorem of Hardy and Littlewood, 


1+ 1+4\n! 


v=l 2 


Vi = dn?/(2r) as n> 


On the other hand the relation 


= (m — — + Vmn/(mn) — n-(m — b> (% — 


m>n>Od, 
combined with 


= n*(d/ (27) + &), 0, 
gives 
v,/n = (m — n)-1{ (m — n)d/(27) + mem — nen} + m(d/(21r) + €m)/n 


= > — vn) /(m(m — n)) 


= (1 + m/n)d/(2r) + €mm/(n(m — n)) 
— e,n/(m — n) — — Un)/(n(m — n)). 


Here we may use inequality (2) of Lemma 1 with 
p=e, ~0ase—0,7 
which gives 
cup S (2 + + (1 + 


On allowing here e—0 and y—0, we get 


lim sup S 
no 


[May 
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In a similar fashion the relation — 


Vm/m = (m — — V,/n) + Vn/(nm) + m—(m — (Im — 2») 


yields 
lim inf v,,/m = 


m2 


whence 
lim v,/n = d/r. 


This proves Lemma 6, and also the first statement of Theorem 4. Assume now 
> br’ sin as r—>1—0. 
yen] 
Then it is readily seen that 
(1 — 1) > (v + 1)-1(b; sin 05 + --- + vb, sin 0 as r— 1; 


hence 


(1 — r) — sin %) + - - - +.b,(1 — sin as r—1. 
ve=l 


Being combined with (9) this yields 
R= +1) ~ dn/s. 
Taking into account that 
and using the same argument as in the proof of Lemma 6 we conclude 


n 
S,—d/r, or n- >> vb, sin 0 as n> 


The relation 


Xo, sin $(0o) 
1 


now follows by the classical theorem of Tauber. 
Conversely, assuming that this relation is satisfied, we have 
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2 h 
J + t) + — — s(00) 


n bad sin vh 
= ( sin + sin ( -1) 
vh 
An sin vh - sin vh 


yen+1 v v 


= Uo t+ Ui + U2+ Us. 
Given e, 0<e<1, we first choose V = N(e) so that 


We also have 


vel 


| Us| > | by | /v < 


Now choose n= [e/h], \, = [x/(eh) ]. An estimate for U; and the final result 
2 h 
ak { + t) + — t)}dt—> as h-0 
0 


is obtained by precisely the same argument as in the proof of Theorem 2. 
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